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Abstract:

Accurately defining the yield surface is a cornerstone of constitutive modeling for sands, as it 

governs the onset and evolution of plastic deformation under various stress paths. This study 

proposes and compares some new anisotropic yield functions for K0-consolidated sands by 

introducing two shape parameters (n and χ) and one anisotropic state variable (α). For the 

proposed yield surfaces, the elastoplastic constitutive model is developed within a bounding 

surface plasticity framework, using a simplified form of the yield function as the plastic 

potential. Both inherent and induced anisotropy are captured through kinematic hardening 

and rotational evolution mechanisms. The performance of the proposed yield surfaces is 

evaluated through two complementary studies. First, the effects of degradation in n, χ and α 

on model performance are systematically investigated. Second, a parameter sensitivity 

analysis is conducted to assess the influence of key model parameters. Results show that with 

increasing anisotropic consolidation, the proposed model, characterized by flexible shape 

control and anisotropic state representation, achieves significantly improved predictive 

accuracy compared to existing models.
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1. Introduction

The formulation of an appropriate yield surface is a fundamental aspect of constitutive 

modeling for sands. Common yield surface types used in sand models include the linear yield 

surface (Poorooshasb et al. 1966, 1967; Dubujet and Doanh 1997; Li and Dafalias 2000; 

Yang and Li 2004), the double yield surface (Liang et al. 1991; Yin et al. 2016), and the 

droplet-shaped yield surface (Yu 1998; Yao et al. 2004, 2019), all typically defined in the 

mean effective stress and deviatoric stress ( p q¢ - ) plane. The linear yield surface starts from 

the origin and reflects a linear relationship between deviatoric stress and mean effective stress. 

When combined with a non-associative flow rule, it has been used to simulate both dilative 

and contractive behaviors of sand. However, due to its open form, the linear yield surface 

cannot capture yielding during consolidation under constant stress ratios when the stress ratio 

is below the critical state value. To address this limitation, the double yield surface has been 

introduced, which incorporates a cap yield surface intersecting the mean effective stress axis 

to better describe consolidation behavior under constant stress ratios. In the model proposed 

by Liang et al. (1991), a parabolic surface is adopted in place of the linear component. 

Additionally, the droplet-shaped yield surface has been widely employed in unified models 

for both clays and sands; under specific values of the shape parameter, it simplifies to the 

elliptical yield surface of the modified Cam-Clay model (Roscoe and Burland 1968).

For constitutive models that account for the anisotropic behavior of K0-consolidated 

sands, several types of inclined yield surfaces have been developed. These include the 

inclined open narrow wedge surface (Liu et al. 2019; Pan and Rotta Loria 2024), the inclined 
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closed narrow wedge surface (Taiebat and Dafalias 2008; Landivar Macias and Rotta Loria 

2023), the inclined elliptical surface (Asaoka et al. 2002; Zhang et al. 2007, 2011), and the 

inclined distorted lemniscate surface (Pestana and Whittle 1999). These models typically 

utilize anisotropic tensors or back-stress ratio tensors to characterize material anisotropy. 

Similar to the linear yield surface, the inclined open wedge surface fails to capture yielding 

during consolidation under constant stress ratios. On the other hand, both the inclined 

elliptical and distorted lemniscate yield surfaces have been incorporated into unified 

anisotropic models for clays and sands. Under certain parameter values, these yield surfaces 

degenerate to those of the original or modified Cam-Clay models (Roscoe et al. 1963; Roscoe 

and Burland 1968).

Notably, the MIT-S1 model proposed by Pestana and Whittle (1999) conducted 

numerical simulations of triaxial compression and extension tests on K0-consolidated sands. 

However, the predictive performance of the yield surface and the overall model remains 

unverified, as no direct comparisons with experimental data were presented. Despite these 

developments, none of the aforementioned anisotropic yield surfaces for sands have been 

rigorously validated against both triaxial compression and extension tests under 

K0-consolidated conditions. In particular, predictive validation under triaxial extension 

loading remains notably insufficient.

To overcome the limitations of conventional yield surfaces in representing the 

anisotropic response of K0-consolidated sands, this study extends a previously developed 

anisotropic yield function, originally proposed for clays, to sands. The proposed approach 
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introduces enhanced flexibility in yield surface geometry by incorporating two 

shape-controlling parameters (n and ) and one evolving anisotropic state variable (α). A new 

elastoplastic constitutive model is developed on this basis and incorporated into a bounding 

surface plasticity framework. Particular emphasis is placed on evaluating the model’s 

capability to capture the complex behavior of very loose K0-consolidated Hostun sand 

observed in undrained triaxial tests under both compression and extension conditions.

2. Anisotropic Yield Surface for K0-Consolidation Sand

2.1 Formulations of the Anisotropic Yield Surface for K0-Consolidated Sands and 

Parameter Analysis

Yin and Li (2025) proposed an anisotropic yield surface for K0-consolidated clays. 

Based on this yield function, an anisotropic elasto-plastic bounding surface model was 

developed, which demonstrated strong predictive capabilities by capturing the mechanical 

response of reconstituted K0-consolidated clays under both anisotropic consolidation and 

shear conditions, with good agreement observed between simulations and experimental 

results. The anisotropic yield function for K0-consolidated clays is expressed as follows:

1
23

d d2
c2

( ) : ( )
( )

n

Mf p p p
nM M

a
a a

+

é ù- -- ¢ ¢= + -ê ú+ -ë û

a ar r (1)

where d / p'= sr  is the stress ratio tensor; d p¢ ¢= -s s d  is the deviatoric stress tensor; d  

is the Kronecker delta; da  is the deviatoric fabric tensor (dimensionless and of the same 

form as ds ); parameter n control the shape of the yield surface, M is the slope of the critical 

state line in the p q¢ -  plane; q  is deviatoric stress; cp  defines the size of the yield 
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surface. For a cross-anisotropic specimen, d d3 2( : )a = a a  represents the inclination of 

the yield ellipse.

Yao et al. (2004, 2019) proposed an approach to extend a yield surface originally 

formulated for clays to sandy soils by introducing a shape parameter  . Incorporating this 

parameter, the Modified Cam-Clay (MCC) yield surface can be expressed in the following 

form:

3
2

c2 3
2

(1 ) :
:

f p p p
M




+ ¢ ¢= + -
-

r r
r r

(2)

The parameter   controls the geometry of the yield surface. When 0 =  , the yield 

surface reduces to the elliptical form characteristic of the MCC model. For 0 > , the yield 

surface adopts a drop-like shape. Moreover, increasing   leads to a flatter yield surface at 

elevated stress ratios ( /q ph ¢= ), which corresponds to a more pronounced strain-softening 

response.

Building upon the two yield surface formulations described above, namely the 

anisotropic yield surface for K0-consolidated clays proposed by Yin and Li (2025) and the 

shape-controlled yield surface for sands introduced by Yao et al. (2004, 2019), the present 

study extends the former to sands. Based on these two formulations, six possible combined 

yield surface forms are proposed as follows:

1
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1 c2 3
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The six yield functions can be classified into two groups. In the first group, both the 

numerator and denominator of the first term contain the parameter  , whereas in the second 

group, only the denominator of the first term includes  . Furthermore, within each group, 

the differences among the three yield functions lie in the specific form of the parameter   

appearing in the denominator of the first term, which takes the form of   3
2( : ) r r , 

3 3
d d2 2( : : ) -r r a a  and 3

d d2 ( ) : ( ) - -r ra a , respectively.

To ensure the mathematical stability of the yield surface expression, the denominator of 

its first term must remain positive. However, when the yield surfaces are defined by Eqs. (3) 

and (6), the denominator in the first term may become negative under large values of the 

shape parameter χ and the stress ratio η, potentially leading to numerical instability. 

Therefore, greater emphasis is placed on the comparative analysis of the yield surfaces 

defined by Eqs. (4), (5), (7) and (8) in the subsequent sections.

Although both n  and   influence the shape of the yield surface, they affect it in 

distinct ways (see Fig. 1). As n  increases, the right half of the yield surface expands while 

the left half contracts. The intersection of the upper part of the yield surface with the critical 
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state line in compression (CSLc) moves upward and rightward, whereas the intersection with 

the extension line (CSLe) remains relatively unchanged. When n  = 0.5, the surface is very 

close to that of original Cam-Clay model (OCC) (Roscoe et al. 1963) but with improvement 

of the horizontal, rather than inclined, outer normal direction of the yield surface at the right 

intersection with the a  line. When n  = 1, the yield surface converges toward that of the 

MCC model (Roscoe and Burland 1968).

In contrast, increasing   causes the yield surface to flatten, gradually forming a 

droplet shape. Its intersection with the critical state line shifts toward the origin, and 

ultimately coincides with it. It is important to note that, as the parameter   increases, the 

right portion of the yield surface defined by Eq. (7) progressively expands beneath the α 

line—an evolutionary pattern that stands in stark contrast to those exhibited by the yield 

surfaces defined by the other three formulations.

Fig. 2 illustrates the shapes of the four yield surfaces defined by Eqs. (4), (5), (7) and 

(8) for different values of the shape parameter χ. When χ = 0.25, the yield surface defined by 

Eq. (4) is slightly flatter above the α line but less flattened below it compared to that defined 

by Eq. (5). As χ increases to 1, the yield surface defined by Eq. (4) becomes overall less 

flattened than the one defined by Eq. (5). Compared to the yield surfaces defined by Eqs. (4) 

and (5), those defined by Eqs. (7) and (8) are generally less flattened under the same values 

of the shape parameter χ.
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Fig. 1 Influence of parameters (a) n and (b)-(e)  on the shape of the yield surface
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Fig. 2 The shapes of the four yield surfaces with (a)  = 0.25 and (b)  = 1

To properly model shear behavior in general stress space, the critical state line slope M 

is modified using the Lode angle-dependent function proposed by Sheng et al. (2000):
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where c c(3 sin ) (3 sin )c f f= - +  according to Mohr-Coulomb yield criterion; cf  is the 

internal friction angle; q  is the lode angle; h  is stress ratio defined by /q p¢ ; q  is 

deviatoric stress.

2.2 Error Analysis of the Proposed Anisotropic Yield Surface for Sands

To verify the applicability of the proposed anisotropic yield surface for sands, the 

experimental yield data of anisotropically consolidated Aio sand reported by Yasufuku et al. 

(1991) were selected. In their study, a series of triaxial tests were conducted under different 

initial anisotropies and stress levels to investigate the yielding characteristics of sand. Four 

groups of specimens were tested in total: two groups of specimens with an initial stress ratio 
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of η = 0.8 under low and high stress levels, respectively, and two additional groups of 

specimens with stress ratios of η = 0 and η = –0.8 under low stress levels. The yield points 

obtained from these four groups of specimens provide a comprehensive basis for evaluating 

the yielding behavior of sand under different consolidation states and loading directions, 

offering reliable experimental data for the error analysis of the proposed model.

Four yield surface formulations, namely Eqs. (4), (5), (7) and (8), were employed to 

simulate the experimental yield loci. For each experimental yield point, a radial line was 

drawn through the quasi-center point (located at demi-pc0 on the α0-line) and the experimental 

point, and its intersection with the theoretical yield surface was determined. The relative error 

was defined as the ratio of the distance Δi between the intersection and the experimental point 

to the radius Ri from the quasi-center point to the intersection. The standard error (SE) was 

calculated as 2
i i( / ) /

N
SE R N= Då  with N the total number of experimental yield points. 

Table 1 shows the parameters corresponding to the four yield surface formulations used for 

fitting the experimental data. The comparisons between the experimental data and the 

theoretical yield surfaces obtained from the four new formulations are illustrated in Fig. 3, 

where the results corresponding to Eqs. (4), (5), (7) and (8) are shown sequentially. The 

associated standard errors for different yield surfaces are summarized in Fig. 4. The results 

show that the proposed anisotropic yield surface can reasonably reproduce the experimental 

yield curves under different loading conditions, with overall good agreement. Among the four 

formulations, those defined by Eqs. (4) and (7) provide higher fitting accuracy, indicating 

that the inclusion of both the shape parameters n and χ effectively enhances the model’s 
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ability to describe the anisotropic yielding behavior of sands under complex stress paths. For 

clarity and simplicity, the subsequent model development and validation are based solely on 

Eq. (4), although Eq. (4) may be replaced by alternative formulations if required.

Table 1 Parameters and initial state variables for four yield surface formulations used for fitting

Parameters c e/M M n 
0a
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Eq. (7) 0.29
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Fig. 3 Comparison between experimental data and theoretical curves by the four new formulation for sand 

by (a-d) Eq. (4), (e-h) Eq. (5), (i-l) Eq. (7) and (m-p) Eq. (8)

Fig. 4 Comparisons of standard errors by different surfaces for sand

3. Elasto-Plastic Model of Sands

According to elasto-plasticity theory, the total strain increment tensor is additively 

decomposed into elastic and plastic components:
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where de  is the total strain increment tensor, and superscripts e and p denote the elastic and 

plastic parts, respectively.

3.1 Elastic Law

The elastic behavior of sand is assumed to be isotropic:
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where ¢s  is the effective stress tensor; p¢  is the mean effective stress; u  is 

Poisson’s ratio; E is Young’s modulus. The modulus E may be replaced by the elastic bulk 

modulus K using the relation  3 1 2E K u= - . The swelling line for sand is typically 

considered to be linear in either the log loge p¢-  plane or the loge p¢-  plane. The elastic 
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bulk modulus K is defined as 0 0(1 ) / ( ) (1 ) /K p e e p e ek k¢ ¢ ¢= + = + , where k ¢  and k  are 

the slopes of the swelling line in the log loge p¢-  plane and the loge p¢-  plane, 

respectively, and e is the void ratio. The relationship between k ¢  and k  is given by 

/ ek k¢ = . In the following, the parameter k ¢  is used to calculate the elastic stress-strain 

relationship. Depending on the specific case, k ¢  can either be determined from the slope of 

the swelling line in the log loge p¢-  plane or calculated from the known value of k .

3.2 Non-Associative Flow Rule

The plastic potential function g  is taken as a simplified version of the yield surface 

with fixed parameters n = 1 and  = 0, resulting in a non-associative flow rule:

3
d d2

c2

( ) : ( )
( )

Mg p p p
M M

a
a a

- -- ¢ ¢= + -
+ -

r ra a (13)

3.3 Anisotropic Bounding Surface Model

The model is establised within the unified hardening (UH) framework based on the 

bounding surface concept (Dafalias and Herrmann 1982), as formulated by Yao et al. (2009). 

When the isotropic consolidation line (ICL) for sand is considered to be linear in the 

log loge p¢-  plane, the hardening rule can be replaced by:

c c v
1d d

( )l k
+

=
¢ ¢-

ep p H
e

 with p
v v

1d dH e=
W

(14)

where the parameter l¢  controls the slope of the compression line at high stress levels in the 

double logarithmic log loge p¢-  plane. When the slope l  of the isotropic consolidation 

line in the loge p¢-  plane is known, l¢  can be determined using the relation / el l¢ = . W 

considering small strain stiffness is defined as follows according to Yao et al. (2016):
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where parameter k controls the effect of over-consolidation ratio to small strain stiffness.

For modeling induced anisotropy, various rotational hardening laws have been proposed 

in the literature (e.g., Ling et al. 2002; Wheeler et al. 2003; Dafalias and Taiebat 2013). The 

rotational hardening law proposed by Wheeler et al. (2003) was simply adopted, i.e.,

p pd d
d d v d d dd d da b

p p
w e w e

é ùæ ö æ ö
= - + -ê úç ÷ ç ÷¢ ¢è ø è øë û

s sa a a (20)

where ω controls the rate at which the inclination evolves with plastic strain, ωd governs the 

contribution of plastic deviatoric strain to the inclination evolution, and the parameters a and 

b define the target values of αd at large plastic volumetric and deviatoric strains, respectively. 

The MacCauley function  p p p
v v vd d d 2e e e= +  is used to ensure one-sided evolution. For 

simplicity, the subsequent validation assumes ωd = 1 and a = b = 0.

The plastic strain increment on the current surface for each incremental step can be 

expressed as
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pd g¶
= L

¶
e

s
(21)

where the plastic multiplier L can be derived from the consistency condition of the current 

surface in this incremental step

d
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a
a

(22)

With this, the stress–strain relationship can be fully determined.

3.4 Summary of Model Parameters

The model parameters and initial state variables are categorized into three groups:

(1) Cam-Clay parameters and state variables: u, k’, l’, M and pc0.

(2) Yield surface shape parameters: n and , determined from anisotropic consolidation 

or undrained triaxial tests.

(3) Initial and induced anisotropy parameters: a0 and w, calibrated using the aε q-  

curve.

4. Test Simulations 

To evaluate the effectiveness of the proposed yield surfaces, a series of validation 

studies is conducted. First, using one selected yield function, a systematic analysis is carried 

out to investigate how the degradation of the shape parameters n and χ and the anisotropic 

state variable α affects the model response. Second, sensitivity analysis is performed to 

quantify the impact of key model parameters on the overall response.

4.1 Comparative Analysis of Degraded Yield Surfaces

The undrained shear behavior of very loose Hostun sand under K0-consolidated 
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conditions, as documented by Doanh et al. (1997), is simulated to valid the predictive 

performance of the proposed yield function. The minimum and maximum void ratios of 

Hostun sand are emax = 1.041 and emin = 0.648, respectively. Fig. 5 presents the grain size 

distribution of Hostun sand, which falls within the typical fine sand range. The experimental 

database includes undrained triaxial shear tests, both compression and extension, performed 

on isotropically and anisotropically consolidated specimens prepared under different 

consolidation stress ratios (K0 = 1.0, 0.66, and 0.5). Each test consists of two stages: (1) 

anisotropic consolidation to a target mean effective stress 0p¢  under a specified K0 value, 

and (2) undrained shearing, during which axial strain is either increased (compression) or 

decreased (extension) while the total radial stress is held constant. For the specimens of very 

loose Hostun sand, strain localization develops only mildly even at relatively large axial 

strains. Therefore, its influence is considered limited and is neglected in the interpretation of 

the stress–strain behavior.

Fig. 5 Grain size distribution of Hostun sand
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To comprehensively evaluate the performance of the proposed yield surface defined by 

Eq. (4), predictions from constitutive models incorporating four different yield surface 

formulations are compared. These four configurations are defined as follows: 1) a baseline 

model without the shape parameter n and χ or the anisotropic state variable α; 2) a model 

including only the shape parameter n and χ; 3) a model including only the anisotropic state 

variable α; and 4) a model incorporating both n, χ and α.

The model parameters and initial state variables used for predicting the triaxial shear 

behavior of Hostun sand are summarized in Table 2. Parameters associated with the 

Cam-Clay model are adopted from the values reported by Dubujet and Doanh (1997) and Yin 

et al. (2009). The initial values of the anisotropy state variable were assigned as α0 = 0, 0.33, 

and 0.56 for specimens consolidated at K0 = 1.0, 0.66, and 0.5, respectively. These values 

were estimated following Wheeler’s rotational hardening framework, in which volumetric 

viscoplastic strains drive the anisotropy toward approximately 3/4η. Accordingly, the initial 

anisotropy was approximated as α0 ≈ 0.75ηc, where ηc =q/p’ is the constant stress ratio 

applied during anisotropic consolidation. The parameters n, χ and ω are calibrated using the 

optimization method proposed by Jin et al. (2016, 2017). Calibration is based on six 

undrained triaxial tests conducted under the following conditions: (K0 = 1.0, 0p¢ = 400  kPa), 

(K0 = 0.66, 0p¢ = 400  kPa), and (K0 = 0.5, 0p¢ = 300  kPa), covering both compression and 

extension modes.
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Table 2 Parameters and initial state variables for elasto-plastic models with degraded yield surfaces

Parameters u k l cM n  w

Type 1 1 0 --

Type 2 1.1 0.85 --

Type 3 1 0 100

Type 4

0.2 0.01 0.07 1.33

1.1 0.85 100

Note: Type 1–4 correspond to different yield surface formulations as defined above.

Fig. 6 - Fig. 8 present comparisons between experimental data and model predictions for 

undrained triaxial compression and extension tests on loose sand specimens subjected to both 

isotropic and anisotropic consolidation. In this study, the deviatoric stress is defined as 

q=σa−σr. Under triaxial extension conditions, this definition may lead to negative values of q 

when the axial stress becomes smaller than the radial stress. The following section first 

examines the complex shear behavior of loose sand under different consolidation and shear 

conditions. As shown in Fig. 6(a), the stress–strain response of isotropically consolidated 

very loose sand exhibits a pronounced drop in deviatoric stress immediately after reaching 

the peak. Maximum compression and minimum extension typically occur at the onset of the 

undrained loading stage, with peak axial strain values around ±0.5%. This initial softening is 

followed by a relatively stable phase in which the residual strength remains nearly constant 

across a wide range of axial strains. In some cases, the deviatoric stress may exhibit a slight 

post-peak increase, occurring beyond +8% axial strain in compression or –6% in extension, 

which may be attributed to an underestimation of surface effects in the absence of an 

anti-friction system. Moreover, the peak deviatoric stress and the corresponding axial strain 
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are both influenced by the initial isotropic confining pressure. Specifically, higher confining 

pressures lead to greater peak strength and correspondingly larger axial strains at the peak.

Fig. 6(b) illustrates the effective stress paths in the p q¢ -  plane. Initiating from 

isotropic stress conditions, both the compression and extension paths form a closed trajectory 

directed toward the origin, with slight asymmetry about the hydrostatic axis. The stress paths 

under varying confining pressures intersect the isotropic consolidation axis nearly 

perpendicularly, indicating minimal changes in p¢  and suggesting predominantly elastic 

behavior during the early stages of shearing.

In compression tests on anisotropically consolidated samples, Fig. 6(c) and Fig. 6(e) 

show a more pronounced drop in deviatoric stress immediately following a relatively minor 

peak, indicating a greater post-peak strength reduction compared to isotropic cases. The 

difference between the peak deviatoric stress and the residual stress at the end of the test 

increases with higher consolidation pressure at a given stress ratio K0, and decreases as K0 is 

reduced under the same consolidation pressure. The axial strain corresponding to the peak 

stress is significantly smaller than that observed in isotropic samples—ranging from 0.1% to 

0.2% for K0 = 0.66, and from 0.02% to 0.04% for K0 = 0.5. Moreover, in extension tests, the 

deviatoric stress also exhibits a local minimum, followed by a slight increase toward a 

negative residual strength. The axial strain at peak deviatoric stress in extension is larger than 

in compression, typically ranging from –0.4% to –1.5%, and increases with the level of final 

consolidation pressure.
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As shown in Fig. 6(d) and Fig. 6(f), the effective stress paths of anisotropically 

consolidated specimens exhibit geometric similarity. Under low consolidation pressures, the 

compression stress paths remain approximately perpendicular to the hydrostatic axis. 

However, all stress paths show pronounced asymmetry with respect to the consolidation axis. 

Above the constant consolidation line, the paths become more elongated and deviate from 

perpendicularity. Below the line, this deviation increases further and the protuberance is 

shifted away from the origin of the axes. Notably, the transition from compression to 

extension, originating from the anisotropic consolidated state, progresses in a smooth and 

continuous manner.

As noted earlier, the shear behavior of loose sand in undrained triaxial tests is highly 

complex, underscoring the difficulty of accurately reproducing its response under various 

consolidation and shearing conditions. This section therefore evaluates and compares the 

predictive performance of the proposed models using the proposed yield surface formulation 

and its degenerated forms. For isotropically consolidated specimens, the two models that 

exclude the shape parameters n and χ fail to capture the post-peak softening observed in both 

triaxial compression and extension tests, as illustrated in Fig. 6(a), (b), (e), and (f). In contrast, 

incorporating n and χ yields consistently satisfactory predictions of undrained compression 

and extension behavior, as shown in Fig. 6(c), (d), (g), and (h).

A similar trend is observed for anisotropically consolidated specimens with K0 = 0.66 

and 0.5. As shown in Fig. 7(a), (b) and Fig. 8(a), (b), the model without the shape parameters 

n, χ, and the anisotropic variable α remains unable to reproduce the softening response in 
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compression and extension. When only the shape parameters (n, χ) are included (Fig. 7(c), (d); 

Fig. 8(c), (d)), the model is able to reproduce the softening behavior; however, the predicted 

effective stress paths in triaxial extension start nearly vertical and exhibit a very rapid change 

in the deviatoric stress q, changing from positive values to zero and then further into the 

negative range, which is inconsistent with the experimental observations.

Including only the anisotropic variable α improves the initial portion of the effective 

stress path under extension loading (Fig. 7(e), (f); Fig. 8(e), (f)), but the predicted softening 

behavior in both compression and extension remains inadequate. By contrast, when n, χ, and 

α are introduced simultaneously, the model achieves robust and accurate predictions for both 

loading modes, as demonstrated in Fig. 7(g), (h) and Fig. 8(g), (h).

Overall, these comparisons show that for K0=1, using only the shape parameters n and χ 

yields reasonable predictions, whereas for lower K0 values, models relying solely on nnn and 

χ or solely on the anisotropic state variable α cannot fully reproduce the complex stress–strain 

responses in compression and extension. Incorporating n, χ, and α together substantially 

improves model performance, indicating that these parameters are essential for describing the 

yield-surface geometry and the mechanical behavior of K0-consolidated sands. While the 

overall predictive capacity is satisfactory, some discrepancies remain, partly because the 

present formulation employs a simplified plastic potential function and a simplified 

anisotropic hardening law. Continued refinement of these components, such as adopting a 

more realistic flow rule and a more comprehensive anisotropic hardening scheme, may 

further enhance predictive accuracy.
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Fig. 6 Influence of yield surface shape and anisotropy on predicted results of undrained triaxial shear tests 
for anisotropic consolidated Houtun sand with K0 = 1 in the εa-q and p’-q planes: (a) and (b) without n, χ 

and α; (c) and (d) with n and χ; (e) and (f) with α; (g) and (h) with n, χ and α
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Fig. 7 Influence of yield surface shape and anisotropy on predicted results of undrained triaxial shear tests 
for anisotropic consolidated Houtun sand with K0 = 0.66 in the εa-q and p’-q planes: (a) and (b) without n, 
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χ and α; (c) and (d) with n and χ; (e) and (f) with α; (g) and (h) with n, χ and α
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Fig. 8 Influence of yield surface shape and anisotropy on predicted results of undrained triaxial shear tests 
for anisotropic consolidated Houtun sand with K0 = 0.5 in the εa-q and p’-q planes: (a) and (b) without n, χ 

and α; (c) and (d) with n and χ; (e) and (f) with α; (g) and (h) with n, χ and α

4.2 Comparative Analysis of Parameter Sensitivity

The influences of three model parameters—n,  and w—on the predicted undrained 

triaxial behavior were investigated. Simulations were conducted for isotropically and 

anisotropically consolidated specimens with stress ratios of K0 = 1, 0.66 and a consolidation 

pressure of 0p¢  = 400 kPa. The predicted stress–strain responses and effective stress paths 

for different parameter values are shown in Fig. 9-Fig. 11.

Fig. 9 shows the predicted results for varying values of the shape parameter n = 0.6, 1.1, 

1.6, while keeping χ = 0.85 and ω = 100 constant. As illustrated in Fig. 1(a), increasing the 

value of n causes the right half of the yield surface to expand and the left half to contract. 
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state line in extension (CSLe) remains largely unchanged. As a result, higher values of n lead 

to increased predicted peak deviatoric stress in both triaxial compression and extension tests.

Fig. 10 presents the predicted responses for varying values of the shape parameter χ = 

0.7, 0.85, 1.0, with n = 1.1 and ω = 100 held constant. As shown in Fig. 1(b), increasing χ 

causes the yield surface to gradually flatten into a droplet shape. The intersection point 

between the yield surface and the critical state line shifts toward the origin, eventually 

coinciding with it. Accordingly, as χ increases, both the predicted peak and residual 

deviatoric stresses decrease in both triaxial compression and extension tests.

Fig. 11 display the predicted responses for varying values of the parameter ω= 50, 100, 

200, with n = 1.1 and χ = 0.85 held constant. As described in Eq. (20), the parameter ω 

controls the rate at which anisotropy evolves during the shearing process. As ω increases, the 

evolution of anisotropy accelerates. As a result, the predicted peak compressive strength 

decreases, while the peak extensive strength slightly increases. The residual strength, 

however, remains virtually unaffected by changes in ω.
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Fig. 9 Influence of model parameter n on predicted results of undrained triaxial shear tests for (a), (b) 
isotropically and (c), (d) anisotropically consolidated Hostun sand with K0 = 1, 0.66 and 0p¢  =400 kPa in 

the a qe -  and p q¢ -  planes
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Fig. 10 Influence of model parameter χ on predicted results of undrained triaxial shear tests for (a), (b) 
isotropically and (c), (d) anisotropically consolidated Hostun sand with K0 = 1, 0.66 and 0p¢  =400 kPa in 

the a qe -  and p q¢ -  planes

  

  
Fig. 11 Influence of model parameter ω on predicted results of undrained triaxial shear tests for (a), (b) 

isotropically and (c), (d) anisotropically consolidated Hostun sand with K0 = 1, 0.66 and 0p¢  =400 kPa in 
the a qe -  and p q¢ -  planes
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of K0-consolidated sands, extending the flexible anisotropic yield function developed by Yin 

and Li (2025) for K0-consolidated clays. The proposed yield surfaces incorporate two key 

shape parameters n and χ and one anisotropic state variable α, offering flexibility in 
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controlling the shape of the yield surface. These parameters improve the model’s ability to 

capture the shear response under both compression and extension conditions. As n increases, 

the yield surface expands asymmetrically, with the right half enlarging and the left half 

contracting. Meanwhile, χ primarily influences the flattening of the yield surface into a 

droplet shape. These geometric changes affect the stress–strain response across different 

loading paths.

The effectiveness of the proposed yield surfaces was assessed through three 

complementary studies within a bounding surface plasticity framework, validated against 

undrained triaxial compression and extension tests on very loose Hostun sand as reported by 

Doanh et al. (1997). First, a systematic analysis of the degraded yield surfaces was conducted 

using four model configurations: (1) without parameters n, χ and α; (2) including only n and χ; 

(3) including only α; and (4) including both n, χ and α. Overall, these comparisons indicate 

that when K0 = 1, incorporating only the shape parameters n and χ already yields reasonable 

predictions, whereas for lower K0 values, models using only n and χ or only the anisotropic 

variable α fail to capture the complex stress–strain responses. In contrast, the combined 

inclusion of n, χ, and α markedly improves prediction accuracy, confirming that these three 

parameters are essential for defining the yield-surface geometry and for reproducing the 

mechanical behavior of K0-consolidated sands.

Second, a parameter sensitivity analysis was conducted to examine how the key model 

parameters influence predictive performance. The results show that the shape parameters n 

and χ primarily determine the geometry of the yield surface, which in turn governs both peak 

Page 31 of 36

© The Author(s) or their Institution(s)

Canadian Geotechnical Journal



Draft

32

and residual strengths. Increasing n enhances the predicted peak strengths, whereas 

increasing χ reduces them by flattening the surface. The parameter ω mainly controls the rate 

of anisotropy development during shearing, and larger values of ω lower the peak 

compressive strength and slightly increase the peak extensive strength, while leaving the 

residual strength nearly unchanged. These findings confirm that the shape parameters n and χ, 

along with the anisotropic state variable α, play a critical role in defining the yield surface 

geometry and enhancing the model’s capability to simulate the complex behavior of 

K0-consolidated sands.
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