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�r�?�B�+�? �i�?�2 �M�2�m�i�`�Q�T�?�B�H �/�2���i�? �`���i�2 �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �K���i�m�`���i�B�Q�M �`���i�2�- �B�b �`�2�7�2�`�`�2�/ �i�Q ���b �ó�J�Q�/�2�H �"�ô �B�M �(�k�R�)�X

�6�Q�` �i�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�B�b �i�?�2�b�B�b�- �i�?�2 �i�2�`�K �ó�6�`�B�#�2�`�; �K�Q�/�2�H�ô �B�b �m�b�2�/ �i�Q �`�2�7�2�` �i�Q �i�?�2 �p���`�B���M�i �ó�J�Q�/�2�H �"�ô �7�`�Q�K

�(�k�R�)�- �m�M�H�2�b�b �Q�i�?�2�`�r�B�b�2 �b�T�2�+�B�}�2�/�X �h�?�B�b �K�Q�/�2�H �B�b �T�`�2�b�2�M�i�2�/ �B�M �.�2�}�M�B�i�B�Q�M�R�X

�.�2�}�M�B�i�B�Q�M �R �U�h�?�2 �6�`�B�#�2�`�; �J�Q�/�2�H�- �(�8�)�V�h�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H �B�b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K �Q�7 �P�.�1�b�,

_P = k�i�`P(1 � u)
�

�"���b�2
N

� 


� k�i�`P �U�k�X�R���V

_T1 = k�i� (̀P � T1) �U�k�X�R�#�V

_T2 = k�i� (̀T1 � T2) �U�k�X�R�+�V

_T3 = k�i� (̀T2 � T3) �U�k�X�R�/�V

_N = k�i�`T3 � k�K��N �U�k�X�R�2�V

�r�?�2� �̀2�,

�Ç �h�?�2 �T��� �̀��K�2�i�2�`�bk�i� �̀- �"���b�2�-
 �- ���M�/k�K�� ��� �̀2 �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i�b�X

�Ç �h�?�2 �b�i���i�2x = [ P; T1; T2; T3; N ]> �#�2�H�Q�M�;�b �i�Q �i�?�2 �#�B�Q�H�Q�;�B�+���H�H�v � �̀2�H�2�p���M�i � �̀2�;�B�Q�M

R5
> 0 = f x 2 R5 j x i > 0; i = 1 ; : : : ; 5g: �U�k�X�k�V

�Ç �h�?�2 �B�M�T�m�iu 2 [0; 1] � �̀2�T� �̀2�b�2�M�i�b �i�?�2 �b�i� �̀2�M�;�i�? �Q�7 �/�`�m�; �2�z�2�+�i �Q�M �i�?�2 �T� �̀Q�H�B�7�2� �̀��i�B�M�; �+�2�H�H �/�v�M���K�B�+�b�X

�k�X�R�X�R �S�Q�b�B�i�B�p�B�i�v �Q�7 �i�?�2 �6�`�B�#�2�`�; �J�Q�/�2�H

�6�Q�` �i�?�B�b �K�Q�/�2�H �i�Q �`�2���H�B�b�i�B�+���H�H�v �`�2�T�`�2�b�2�M�i �i�?�2 �/�v�M���K�B�+�b �Q�7 �� �T���i�B�2�M�i�ö�b �+�2�H�H �+�Q�m�M�i�b�- �i�?�2 �`�2�;�B�Q�MR5
> 0 �/�2�}�M�2�/ �B�M

�U�k�X�k�V �K�m�b�i �#�2 �T�Q�b�B�i�B�p�2�H�v �B�M�p���`�B���M�i �m�M�/�2�` �i�?�2 �/�v�M���K�B�+�b�X �� �7�Q�`�K���H �T�`�Q�Q�7 �Q�7 �i�?�B�b �7���+�i �r���b �M�Q�i �`�2���/�B�H�v �7�Q�m�M�/ �B�M

�i�?�2 �H�B�i�2�`���i�m�`�2�X �>�2�`�2�- �T�Q�b�B�i�B�p�2 �B�M�p���`�B���M�+�2 �B�b �T�`�Q�p�2�/ �#�v �+�Q�M�i�`���/�B�+�i�B�Q�M�X

���b�b�m�K�2 �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�Mx(0) �B�b �B�M �i�?�2 �`�2�;�B�Q�MR5
> 0�X �a�m�T�T�Q�b�2�- �7�Q�` �i�?�2 �b���F�2 �Q�7 �+�Q�M�i�`���/�B�+�i�B�Q�M�- �i�?���i �i�?�2

�i�`���D�2�+�i�Q�`�v �H�2���p�2�bR5
> 0 �B�M �}�M�B�i�2 �i�B�K�2�- ���M�/ �H�2�it � �#�2 �i�?�2 �}�`�b�i �i�B�K�2 �i�?�2 �i�`���D�2�+�i�Q�`�v �?�B�i�b �i�?�2 �#�Q�m�M�/���`�v�X �"�v

�+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�-x(t) 2 R5
> 0 �7�Q�`t 2 [0; t � )�- ���M�/ ���i �H�2���b�i �Q�M�2 �+�Q�K�T�Q�M�2�M�i �Q�7x(t � ) �B�b �x�2�`�Q�X �*�`�m�+�B���H�H�v�-

�b�B�M�+�2N (t) > 0 �7�Q�`t 2 [0; t � )�- �i�?�2 �/�v�M���K�B�+�b ���`�2 �r�2�H�H�@�/�2�}�M�2�/ �Q�M �i�?�B�b �B�M�i�2�`�p���H�X

���M���H�v�x�2 �i�?�2 �#�2�?���p�B�Q�m�` �Q�7P(t) �7�Q�`t 2 [0; t � )�X �h�?�2 �/�v�M���K�B�+�b �7�Q�`P �+���M �#�2 �`�2�r�`�B�i�i�2�M ���b �� �H�B�M�2���` �Q�`�/�B�M���`�v
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�/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M �U�P�.�1�V_P = P(t)g(t)�- �r�?�2�`�2

g(t) = k�i�`

�
(1 � u(t))

�
�"���b�2
N (t)

� 


� 1
�

� k�i� [̀0 � 1] = � ktr ;

�b�B�M�+�2u(t) 2 [0; 1]�X

�h�?�2 �+�Q�K�T���`�B�b�Q�M �H�2�K�K�� �M�Q�r �/�2�}�M�2�b �� �H�Q�r�2�` �#�Q�m�M�/ �7�Q�`P(t) �U�b�2�2 ���T�T�2�M�/�B�t���X�k�V�,

P(t) � P(0)e� k �i�` t > 0:

�a�B�M�+�2P(0) > 0 ���M�/ �i�?�2 �2�t�T�Q�M�2�M�i�B���H �B�b �T�Q�b�B�i�B�p�2 �7�Q�` ���H�Ht < 1 �-P(t � ) > 0�X

�h�?�2 �i�`���M�b�B�i�B�Q�M���H �+�Q�K�T���`�i�K�2�M�i�b �7�Q�`�K �� �+���b�+���/�2 �Q�7 �H�B�M�2���` �P�.�1�b�X �6�Q�` �i�?�2 �`�2�K���B�M�B�M�; �b�i���i�2�b�- �i�?�2 �/�v�M���K�B�+�b �+���M

�#�2 �#�Q�m�M�/�2�/ �7�`�Q�K �#�2�H�Q�r �B�M ���M �B�M�/�m�+�i�B�p�2 �T�`�Q�+�2�b�b �b�i���`�i�B�M�; �7�`�Q�KT1 ���M�/ �2�M�/�B�M�; �r�B�i�?N �,

_Ti > � k�i�`Ti ; i = 1 ; 2; 3;

_N > � k�K��N

�h�?�2 �+�Q�K�T���`�B�b�Q�M �H�2�K�K�� ���;���B�M �2�b�i���#�H�B�b�?�2�b

Ti (t) > T i (0)e� k �i�` t > 0; i = 1 ; 2; 3:

N (t) > N (0)e� k �K�� t > 0

�a�Q ���H�H �b�i���i�2�b �K�m�b�i �#�2 �T�Q�b�B�i�B�p�2 ���i �i�B�K�2t = t � �X �h�?�B�b �B�b �� �+�Q�M�i�`���/�B�+�i�B�Q�M�- �b�B�M�+�2 �i�?�2 �b�v�b�i�2�K �B�b �b�m�T�T�Q�b�2�/ �i�Q �H�2���p�2

�i�?�2 �`�2�;�B�Q�MR5
> 0 ���i �i�B�K�2t = t � �X �h�?�2�`�2�7�Q�`�2�- ���M�v �i�`���D�2�+�i�Q�`�v �b�i���`�i�B�M�; �7�`�Q�K �� �T�Q�B�M�ix(0) 2 R5

> 0 �K�m�b�i �`�2�K���B�M �B�M

R5
> 0 �7�Q�` ���H�Ht � 0�X

�k�X�k �1�[�m�B�H�B�#�`�B�� �Q�7 �i�?�2 �6�`�B�#�2�`�; �J�Q�/�2�H

�k�X�k�X�R �.�`�m�;�@�7�`�2�2 �1�[�m�B�H�B�#�`�B�m�K �S�Q�B�M�i

�h�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H �B�b �/�2�b�B�;�M�2�/ �i�Q �`�2�T�H�B�+���i�2 �i�?�2 �/�v�M���K�B�+ �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �B�K�K�m�M�2 �b�v�b�i�2�K �`�2�;�m�H���i�B�M�; �i�?�2

�T���i�B�2�M�i�ö�b �K���i�m�`�2 �+�2�H�H �+�Q�m�M�i ���i �� �#���b�2�H�B�M�2 �p���H�m�2�- �õ�"���b�2�ö�X �L���i�m�`���H�H�v�- �B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �/�`�m�; �2�z�2�+�i �Uu = 0 �V

�i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H �T�Q�b�b�2�b�b�2�b �� �m�M�B�[�m�2 �M�Q�M�@�x�2�`�Q �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�-x �"���b�2�X �h�?�B�b �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �B�b �7�Q�m�M�/ �#�v

�b�2�i�i�B�M�; �i�?�2 �K�Q�/�2�H �/�v�M���K�B�+�b �2�[�m���H �i�Q �x�2�`�Q�,

8
>>>>>>>>><

>>>>>>>>>:

k�i�`P �
h�

�"���b�2
N �

� 

� 1

i
= 0

k�i� (̀P � � T �
1 ) = 0

k�i� (̀T �
1 � T �

2 ) = 0

k�i� (̀T �
2 � T �

3 ) = 0

k�i�`T �
3 � k�K��N � = 0

�U�k�X�j�V
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�h�?�2 �`���i�2 �+�Q�M�b�i���M�ik�i�` �K�m�b�i �#�2 �T�Q�b�B�i�B�p�2�- ���M�/ �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�`�Q�H�B�7�2�`���i�B�M�; �+�2�H�H �+�Q�M�+�2�M�i�`���i�B�Q�MP � > 0 �7�Q�` ��

�H�B�p�B�M�; �T���i�B�2�M�i�- �Q�i�?�2�`�r�B�b�2 ���H�H �+�Q�K�T���`�i�K�2�M�i�b �r�Q�m�H�/ �#�2 �x�2�`�Q�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �}�`�b�i �2�[�m���i�B�Q�M �`�2�/�m�+�2�b �i�Q

�
�"���b�2
N �

� 


� 1 = 0 �4)
�

�"���b�2
N �

� 


= 1 :

�a�B�M�+�2 �i�?�2 �2�t�T�Q�M�2�M�i
 > 0 ���M�/ �i�?�2 �K���i�m�`�2 �+�2�H�H �+�Q�m�M�iN > 0�- �i�?�B�b �B�K�T�H�B�2�b

N � = �"���b�2:

�h�?�2 �H���b�i �7�Q�m�` �2�[�m���i�B�Q�M�b �Q�7 �i�?�2 �/�v�M���K�B�+�b ���`�2 �2���b�B�H�v �b�Q�H�p�2�/ �i�Q �}�M�/�,

P � = T �
1 = T �

2 = T �
3 =

k�K��

k�i�`
N � :

�h�?�2�`�2�7�Q�`�2�- �i�?�2 �m�M�B�[�m�2 �/�`�m�;�@�7�`�2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �7�Q�` �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H �r�B�i�? �b�i���i�2x 2 R5
> 0 �B�b�,

x �"���b�2= �"���b�2

2

6
6
6
6
6
6
4

k �K��
k �i�`
k �K��
k �i�`
k �K��
k �i�`
k �K��
k �i�`

1

3

7
7
7
7
7
7
5

: �U�k�X�9�V

�k�X�k�X�k �a�i���#�B�H�B�i�v �Q�7 �i�?�2 �.�`�m�;�@�6�`�2�2 �1�[�m�B�H�B�#�`�B�m�K �S�Q�B�M�i

�h�?�2 �C���+�Q�#�B���M �Q�7 �i�?�2 �b�v�b�i�2�K �2�p���H�m���i�2�/ ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �U�k�X�9�V �B�b�,

J jx �"���b�2 =

2

6
6
6
6
6
6
4

0 0 0 0 � 
k �K��

k�i�` � k�i�` 0 0 0

0 k�i�` � k�i�` 0 0

0 0 k�i�` � k�i�` 0

0 0 0 k�i�` � k�K��

3

7
7
7
7
7
7
5

: �U�k�X�8�V

�"�v �2�p���H�m���i�B�M�; �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �U�k�X�8�V�- �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �/�`�m�;�@�7�`�2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �r���b �b�?�Q�r�M �B�M �(�k�R�) �i�Q

�/�2�T�2�M�/ �Q�M
 ���M�/k�K�� / k�i� �̀,


 � 
 �
�

k�K��

k�i�`

�
; �U�k�X�e�V

�r�?�2�`�2 �(�k�R�- �1�[�X �R�N�)�,


 � (� ) =

�
� 24� 45� � 34� 2 � 9� 3

�

2�
+

s
576 + 2192� + 3753� 2 + 3588� 3 + 1998� 4 + 612� 5 + 81� 6

4� 2 �U�k�X�d�V

�q�?�B�H�2 �(�k�R�) �T�`�Q�p�B�/�2�/ �i�?�2 �b�i���#�B�H�B�i�v �+�`�B�i�2�`�B�Q�M�- �i�?�2 �7�Q�`�K �Q�7 �U�k�X�d�V �B�b �M�Q�i �+�Q�M�/�m�+�B�p�2 �i�Q ���M���H�v�b�B�b�X �h�?�2 �B�M�2�[�m���H�B�i�v


 � 
 � �+���M �#�2 �`�2���`�`���M�;�2�/ �B�M�i�Q �� �T�Q�H�v�M�Q�K�B���H �7�Q�`�K�-P(�; 
 ) � 0�- �r�?�2�`�2� = k�K�� / k�i�` > 0�X �a�2�2 ���T�T�2�M�/�B�t�* �7�Q�`
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�� �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�B�b �+�Q�M�/�B�i�B�Q�M�X

P(�; 
 ) = (8 � 9
 )� 3 + (24 � 34
 )� 2 + (24 � 45
 � 
 2)� + (8 � 24
 ) � 0: �U�k�X�3�V

�A�7P(�; 
 ) � 0�- �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �U�k�X�9�V �B�b �b�i���#�H�2�X �1���+�? �+�Q�2�{�+�B�2�M�i �B�b �T�Q�b�B�i�B�p�2 �7�Q�` �+�2�`�i���B�M �p���H�m�2�b �Q�7
 �,

8 � 9
 � 0 �4) 
 � 8/9 � 0:889 �U�k�X�N���V

24� 34
 � 0 �4) 
 � 12/17 � 0:706 �U�k�X�N�#�V

24� 45
 � 
 2 � 0 �4) 
 �
1
2

(� 45 +
p

2121) � 0:527 �U�k�X�N�+�V

8 � 24
 � 0 �4) 
 � 1/3 � 0:333 �U�k�X�N�/�V

�L�Q�i�2 �i�?���i �i�?�2 �M�2�;���i�B�p�2 �`�Q�Q�i �Q�7 �U�k�X�N�+�V �U�r�?�B�+�? �B�b �#�B�Q�H�Q�;�B�+���H�H�v �B�`�`�2�H�2�p���M�i�- �b�B�M�+�2
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�+�?���`���+�i�2�`�B�x���i�B�Q�M �Q�7 �i�?�2�b�2 �2�t�T�H�B�+�B�i �b�i���#�B�H�B�i�v �`�2�;�B�Q�M�b �r���b �M�Q�i �7�Q�m�M�/ �/�m�`�B�M�; �� �`�2�p�B�2�r �Q�7 �i�?�2 ���p���B�H���#�H�2 �H�B�i�2�`���i�m�`�2�X

�h�?�B�b �+�Q�M�b�i�B�i�m�i�2�b �� �M�Q�p�2�H �+�Q�M�i�`�B�#�m�i�B�Q�M �i�Q �i�?�2 ���M���H�v�b�B�b �Q�7 �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H�X

�h�?�2�Q�`�2�K �R �U�a�i���#�B�H�B�i�v �Q�7 �i�?�2 �6�`�B�#�2�`�; �J�Q�/�2�H�V�h�?�2 �/�`�m�;�@�7� �̀2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�U�k�X�9�V�Q�7 �i�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H

�p���`�B���M�i �B�M �.�2�}�M�B�i�B�Q�M�R�?���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�i���#�B�H�B�i�v � �̀2�;�B�Q�M�b�- �+�?��� �̀��+�i�2�`�B�x�2�/ �#�v
 �,

�U�_�2�;�B�Q�M �R�V �G�Q�r �7�2�2�/�#���+�F �;���B�M�U0 < 
 � 1/3 �V�, �h�?�2 �/�`�m�;�@�7� �̀2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �B�b ���H�r���v�b �b�i���#�H�2�- � �̀2�;��� �̀/�H�2�b�b

�Q�7 �i�?�2 �T��� �̀��K�2�i�2�`�bk�K�� ; k�i� �̀X

�U�_�2�;�B�Q�M �k�V �J�Q�/�2� �̀��i�2 �7�2�2�/�#���+�F �;���B�M�U1/3 < 
 < 8/9 �V�, �h�?�2 �/�`�m�;�@�7� �̀2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �B�b �b�i���#�H�2 �7�Q�`

� � � �+�`�B�i�- �7�Q�` �b�Q�K�2� �+�`�B�i> 0�X

�U�_�2�;�B�Q�M �j�V �>�B�;�? �7�2�2�/�#���+�F �;���B�M�U
 � 8/9 �V�, �h�?�2 �/�`�m�;�@�7� �̀2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �B�b ���H�r���v�b �m�M�b�i���#�H�2�- � �̀2�;��� �̀/�H�2�b�b

�Q�7 �i�?�2 �p���H�m�2�b �Q�7k�K�� ���M�/k�i� �̀X

�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�R�,

�Ç �_�2�;�B�Q�M �R�,�h�?�2 �b�i�`�B�+�i�2�b�i �+�Q�M�/�B�i�B�Q�M �Q�M
 �B�b �U�k�X�N�/�V�,
 � 1/3 �X �l�M�/�2�` �i�?�B�b �+�Q�M�/�B�i�B�Q�M�- �U�k�X�N�V ���`�2 ���H�H �i�`�m�2�- �b�Q

���H�H �+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2 �T�Q�H�v�M�Q�K�B���H ���`�2 �T�Q�b�B�i�B�p�2 �U�2�t�+�2�T�i �7�Q�` �i�?�2 �H���b�i �+�Q�2�{�+�B�2�M�i�- �r�?�B�+�? �K���v �#�2 �x�2�`�Q�V�X �a�B�M�+�2

� > 0�-P(�; 
 ) �B�b �T�Q�b�B�i�B�p�2�- ���M�/ �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �B�b �b�i���#�H�2�X

�Ç �_�2�;�B�Q�M �k�,�6�Q�`
 2 ( 1
3 ; 8

9 )�- �i�?�2 �H�2���/�B�M�; �+�Q�2�{�+�B�2�M�i(8 � 9
 ) �B�b �T�Q�b�B�i�B�p�2�- �r�?�B�H�2 �i�?�2 �+�Q�M�b�i���M�i �i�2�`�K(8 � 24
 )

�B�b �M�2�;���i�B�p�2�X �a�B�M�+�2 �i�?�2 �#�Q�m�M�/�b �/�2�}�M�2�/ �B�M �U�k�X�N�V ���`�2 �B�M�+�`�2���b�B�M�;�H�v �b�i�`�B�+�i�- ���b
 �B�M�+�`�2���b�2�b�- �i�?�2 �+�Q�2�{�+�B�2�M�i�b

�+�?���M�;�2 �b�B�;�M �7�`�Q�K �T�Q�b�B�i�B�p�2 �i�Q �M�2�;���i�B�p�2 �b�2�[�m�2�M�i�B���H�H�v�- �b�i���`�i�B�M�; �7�`�Q�K �i�?�2 �+�Q�M�b�i���M�i �i�2�`�K�X �h�?�B�b �2�M�b�m�`�2�b �i�?�2�`�2

�B�b �2�t���+�i�H�v �Q�M�2 �b�B�;�M �+�?���M�;�2 �B�M �i�?�2 �b�2�[�m�2�M�+�2 �Q�7 �+�Q�2�{�+�B�2�M�i�b�X �h�?�2�M�- �m�b�B�M�; �.�2�b�+���`�i�2�b�ö �`�m�H�2 �Q�7 �b�B�;�M�b�- �i�?�2�`�2

�B�b �2�t���+�i�H�v �Q�M�2 �T�Q�b�B�i�B�p�2 �`�Q�Q�i� �+�`�B�i(
 ) �b�m�+�? �i�?���iP(� �+�`�B�i; 
 ) = 0 �U�b�2�2 ���T�T�2�M�/�B�t���X�R�- �(�k�j�)�V�X �h�?�2 �H�2���/�B�M�;

�+�Q�2�{�+�B�2�M�i(8 � 9
 ) �B�b �T�Q�b�B�i�B�p�2�- �r�?�B�H�2 �i�?�2 �H���b�i �+�Q�2�{�+�B�2�M�i(8 � 24
 ) �B�b �M�2�;���i�B�p�2�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �T�Q�H�v�M�Q�K�B���H

�b�i���`�i�b �M�2�;���i�B�p�2 ���i� = 0 ���M�/ �i�2�M�/�b �i�Q �T�Q�b�B�i�B�p�2 �B�M�}�M�B�i�v ���b� ! 1 �- ���M�/ �i�?�2 �`�2�b�m�H�i �7�Q�H�H�Q�r�b�X

�Ç �_�2�;�B�Q�M �j�,�A�M �i�?�B�b �`�2�;�B�Q�M�- ���H�H �+�Q�2�{�+�B�2�M�i�b ���`�2 �M�2�;���i�B�p�2 �U�2�t�+�2�T�i �7�Q�` �i�?�2 �H�2���/�B�M�; �+�Q�2�{�+�B�2�M�i�- �r�?�B�+�? �K���v �#�2

�x�2�`�Q�V�X �a�B�M�+�2� > 0�-P(�; 
 ) �B�b ���H�r���v�b �M�2�;���i�B�p�2�- ���M�/ �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �B�b �m�M�b�i���#�H�2�X



�*�>���S�h�1�_ �k�X ���L���G�u�a�A�a �P�6 �h�>�1 �6�_�A�"�1�_�: �J�P�.�1�G �N
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�6�B�;�m�`�2 �k�X�k�, �a�i���#�B�H�B�i�v �`�2�;�B�Q�M�b �7�Q�` �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H �U�.�2�}�M�B�i�B�Q�M�R�V �/�2�`�B�p�2�/ �B�M �h�?�2�Q�`�2�K�R�X

�k�X�k�X�j �h���`�;�2�i �1�[�m�B�H�B�#�`�B�m�K �S�Q�B�M�i

�h�?�2 �2�z�2�+�i �Q�7 �i�?�2 �+�?�2�K�Q�i�?�2�`���T�2�m�i�B�+ �/�`�m�;�b �B�M �K���B�M�i�2�M���M�+�2 �i�?�2�`���T�v �B�b �b�m�T�T�`�2�b�b�B�p�2�X �A�M �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �+�Q�`�`�2�+�i

�/�Q�b�2 �i�Q �/�2�H�B�p�2�` �i�Q �i�?�2 �T���i�B�2�M�i �B�M �Q�`�/�2�` �i�Q �`�2�/�m�+�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �i�Q�r���`�/�b �i�?�2 �i���`�;�2�i�- �B�i �B�b �B�K�T�Q�`�i���M�i

�i�Q �}�`�b�i �/�2�i�2�`�K�B�M�2 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �i���`�;�2�i �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M�-yr �X �h�?�B�b �+���M

�#�2 �/�Q�M�2 �#�v �}�t�B�M�;N = yr �- �i�?�2�M �r�Q�`�F�B�M�; �i�?�`�Q�m�;�? �i�?�2 �/�v�M���K�B�+�b �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �Q�i�?�2�` �2�[�m�B�H�B�#�`�B�m�K �b�i���i�2�b ���M�/

�i�?�2 �`�2�[�m�B�`�2�/ �2�[�m�B�H�B�#�`�B�m�K �/�`�m�; �2�z�2�+�iur �X

_N = k�i�`T3;r � k�K��yr = 0 �4) k�i�`T3;r = k�K��yr �U�k�X�R�y�V

�h�?�B�b �/�2�i�2�`�K�B�M�2�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �p���H�m�2T3;r = k �K��
k �i�`

yr �X �h�?�2 �i�`���M�b�B�i�B�Q�M���H �+�Q�K�T���`�i�K�2�M�i �/�v�M���K�B�+�b �K�m�b�i ���H�b�Q �#�2

�x�2�`�Q ���i �2�[�m�B�H�B�#�`�B�m�K�,

_T3 = k�i� (̀T2 � T3) = 0 �4) T2;r = T3;r �U�k�X�R�R�V

_T2 = k�i� (̀T1 � T2) = 0 �4) T1;r = T2;r �U�k�X�R�k�V

_T1 = k�i� (̀P � T1) = 0 �4) Pr = T1;r �U�k�X�R�j�V
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�6�B�M���H�H�v�- �2�t���K�B�M�2_P�X �a�B�M�+�2k�i�` > 0 ���M�/Pr > 0�,

_P = k�i�`Pr
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���i �i�?�B�b �T�Q�B�M�i�- ���H�H �T�`�2�+�m�`�b�Q�` �+�2�H�H�b ���`�2 �2�[�m���H �B�M �+�Q�M�+�2�M�i�`���i�B�Q�M�X �*���H�H �i�?�B�b �+�Q�M�+�2�M�i�`���i�B�Q�MX r �X

X r := Pr = T1;r = T2;r = T3;r =
k�K��

k�i�`
yr : �U�k�X�R�8�V

�h�?�2 �i���`�;�2�i �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �7�Q�` �i�?�B�b �b�v�b�i�2�K �B�b �;�B�p�2�M �#�v(x r ; ur )�- �r�?�2�`�2
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�h�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �i���`�;�2�i �2�[�m�B�H�B�#�`�B�m�K �+���M �#�2 ���H�i�2�`�2�/ �#�v �K���M�B�T�m�H���i�B�M�; �i�?�2 �/�`�m�; �2�z�2�+�i�-u�X �h�?�B�b �+�Q�M�i�`�Q�H

�T���`���/�B�;�K �7�Q�`�K�b �i�?�2 �#���b�B�b �7�Q�` �*�?���T�i�2�`�b�j ���M�/�9�- ���b �r�2�H�H ���b ���T�T�2�M�/�B�t�" �X



�*�?���T�i�2�` �j

�a�i���i�2 �6�2�2�/�#���+�F �*�Q�M�i�`�Q�H �.�2�b�B�;�M

�h�?�B�b �+�?���T�i�2�` �2�t�T�H�Q�`�2�b �� �i�?�2�Q�`�2�i�B�+���H ���T�T�`�Q���+�? �i�Q �i�?�2 �K���B�M�i�2�M���M�+�2 �i�?�2�`���T�v �T�`�Q�#�H�2�K �m�b�B�M�; �b�i���i�2 �7�2�2�/�#���+�F

�+�Q�M�i�`�Q�H�X �h�?�2 �Q�#�D�2�+�i�B�p�2 �B�M �i�?�B�b �+�?���T�i�2�` �B�b �i�Q �/�2�b�B�;�M �� �+�Q�M�i�`�Q�H�H�2�` �i�?���i �b�i���#�B�H�B�x�2�b �i�?�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M

���i �� �/�2�b�B�`�2�/ �b�2�i �T�Q�B�M�i �#�v �+���M�+�2�H�H�B�M�; �i�?�2 �M�Q�M�H�B�M�2���`�B�i�v �B�M�?�2�`�2�M�i �B�M �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H�X

�S�`�2�p�B�Q�m�b �r�Q�`�F �B�M �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �7�Q�` �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H �?���b �m�b�2�/ �� �H�B�M�2���`�B�x�2�/ �K�Q�/�2�H ���M�/ ���T�T�H�B�2�/

�Q�T�i�B�K���H �+�Q�M�i�`�Q�H �i�2�+�?�M�B�[�m�2�b �(�R�e�- �R�8�)�X �h�?�2 �+�Q�M�i�`�Q�H �/�2�b�B�;�M �B�M �i�?�B�b �+�?���T�i�2�` �/�`���r�b �B�M�b�T�B�`���i�B�Q�M �7�`�Q�K �/�2�b�B�;�M�b �7�Q�`

�b�B�K�B�H���` �+�H���b�b�2�b �Q�7 �K�Q�/�2�H�b �B�M�+�H�m�/�B�M�; �2�T�B�/�2�K�B�+ �K�Q�/�2�H�b �(�k�9�-�k�8�) ���M�/ �G�Q�i�F���@�o�Q�H�i�2�`�`�� �T�`�2�/���i�Q�`�@�T�`�2�v �K�Q�/�2�H�b �(�k�e�)�X

�G�Q�+���H �b�i���#�B�H�B�i�v �B�b �2�b�i���#�H�B�b�?�2�/ �m�b�B�M�; �� �G�v���T�m�M�Q�p �7�m�M�+�i�B�Q�M �U�F�M�Q�r�M ���b �i�?�2 �:�Q�?�@�G�Q�i�F���@�o�Q�H�i�2�`�`���@�i�v�T�2 �7�m�M�+�i�B�Q�M �(�k�9�-

�k�e�)�V�- ���M�/ �i�?�2 ���`�;�m�K�2�M�i �B�b �2�t�i�2�M�/�2�/ �i�Q �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �p�B�� �G���a���H�H�2�ö�b �A�M�p���`�B���M�+�2 �S�`�B�M�+�B�T�H�2�X

�j�X�R �S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M ���M�/ ���b�b�m�K�T�i�B�Q�M�b

�h�?�2 �+�Q�M�i�`�Q�H �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �/�2�b�B�;�M �� �b�i���i�2 �7�2�2�/�#���+�F �H���ru(x) �i�?���i ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�B�H�B�x�2�b �i�?�2 �M�2�m�i�`�Q�T�?�B�H

�+�Q�M�+�2�M�i�`���i�B�Q�MN �i�Q �i�?�2 �/�2�b�B�`�2�/ �`�2�7�2�`�2�M�+�2yr �X �h�?�2 ���b�b�m�K�T�i�B�Q�M�b �m�b�2�/ �B�M �i�?�B�b �+�?���T�i�2�` ���`�2 �T�`�2�b�2�M�i�2�/ �#�2�H�Q�r�X

���b�b�m�K�T�i�B�Q�M �R�6�Q�` �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i� �̀Q�H�H�2�` �B�M �i�?�B�b �+�?���T�i�2�`�- �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�b ��� �̀2 �K���/�2�,

�U���V�h�?�2 �/�v�M���K�B�+�b �Q�7 �K���B�M�i�2�M���M�+�2 �i�?�2� �̀��T�v ��� �̀2 ���+�+�m� �̀��i�2�H�v � �̀2�T� �̀2�b�2�M�i�2�/ �#�v �i�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H �U�.�2�}�M�B�i�B�Q�M�R�V�X

�U�#�V�h�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H �b�i���i�2�-x 2 R5
> 0�- �B�b ���p���B�H���#�H�2 �7�Q�` �K�2���b�m� �̀2�K�2�M�i �B�M �+�Q�M�i�B�M�m�Q�m�b �i�B�K�2�X

�U�+�V�h�?�2 �K�Q�/�2�H �T��� �̀��K�2�i�2�`�b�"���b�2; k�i� ;̀ k�K�� ; ���M�/
 ��� �̀2 �F�M�Q�r�M �+�Q�M�b�i���M�i�b�X

�U�/�V�h�?�2 �i��� �̀;�2�i �M�2�m�i� �̀Q�T�?�B�H �+�Q�M�+�2�M�i� �̀��i�B�Q�M �B�b �#�2�H�Q�r �i�?�2 �T���i�B�2�M�i�ö�b �#���b�2�H�B�M�2 �H�2�p�2�H�- �B�X�2�X�-yr < �"���b�2�X

�U�2�V�h�?�2 �/�`�m�; �2�z�2�+�i�-u 2 [0; 1]�- �+���M �#�2 �K���M�B�T�m�H���i�2�/ ���b ���M �B�M�T�m�i �i�Q �i�?�2 �b�v�b�i�2�K �B�M �+�Q�M�i�B�M�m�Q�m�b �i�B�K�2�X

�R�R



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �R�k

�j�X�k �*�Q�M�i�`�Q�H �.�2�b�B�;�M

�j�X�k�X�R �S�`�Q�H�B�7�2�`���i�B�Q�M �_���i�2

�*�Q�M�b�B�/�2�` �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H �7�`�Q�K �.�2�}�M�B�i�B�Q�M�R�U�r�B�i�? �/�v�M���K�B�+�b �`�2�b�i���i�2�/ �B�M �U�j�X�R�V�V�,

_P = k�i�`P(1 � u)
�

�"���b�2
N

� 


� k�i�`P �U�j�X�R���V

_T1 = k�i� (̀P � T1) �U�j�X�R�#�V

_T2 = k�i� (̀T1 � T2) �U�j�X�R�+�V

_T3 = k�i� (̀T2 � T3) �U�j�X�R�/�V

_N = k�i�`T3 � k�K��N �U�j�X�R�2�V

�_�2�+���H�H �i�?���iP �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�`�Q�H�B�7�2�`���i�B�M�; �+�2�H�H�b�-T1�-T2�- ���M�/T3 ���`�2 �i�`���M�b�B�i �+�Q�K�T���`�i�K�2�M�i�b �`�2�T�`�2�b�2�M�i�B�M�; �K���i�m�@

�`���i�B�Q�M �b�i���;�2�b�- ���M�/N �B�b �i�?�2 �+�B�`�+�m�H���i�B�M�; �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M�X

�h�?�2 �T�`�Q�H�B�7�2�`���i�B�M�; �+�2�H�H �/�v�M���K�B�+�b ���`�2 �+�Q�K�T�Q�b�2�/ �Q�7 �i�r�Q �i�2�`�K�b�, �� �T�`�Q�/�m�+�i�B�Q�M �i�2�`�K�- �r�?�B�+�? �B�M�+�`�2���b�2�b �i�?�2 �+�2�H�H

�+�Q�M�+�2�M�i�`���i�B�Q�M�c ���M�/ �� �/�2�+���v �i�2�`�K�- �r�?�B�+�? �/�2�+�`�2���b�2�b �B�i�X �.�2�}�M�2 �i�?�2 �U�b�i���i�2 �/�2�T�2�M�/�2�M�i�V �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �B�M �U�j�X�R���V

���b�,

f (x) := (1 � u(x))
�

�"���b�2
N

� 


: �U�j�X�k�V

�h�?�2 �b�v�b�i�2�K �B�M�T�m�i �B�bu � 0�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �/�`�m�; �2�z�2�+�i�- �r�?�B�+�? �B�M�?�B�#�B�i�b �i�?�2 �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2�X �h�?�2 �B�M�T�m�i �+���M

�#�2 �/�2�b�B�;�M�2�/ �i�Q �b�m�T�T�`�2�b�b �i�?�2 �M���i�m�`���H �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �i�Q �K���i�+�? �� �/�2�b�B�`�2�/�- �B�/�2���H �`���i�2�X �h�?�B�b �B�b �i�?�2 �K���B�M �B�/�2��

�7�Q�` �i�?�2 �+�Q�M�i�`�Q�H �/�2�b�B�;�M �B�M �i�?�B�b �+�?���T�i�2�`�X

�j�X�k�X�k �_�2�7�2�`�2�M�+�2 �1�[�m�B�H�B�#�`�B�m�K �S�Q�B�M�i

�h�Q �/�2�b�B�;�M �i�?�2 �b�i���#�B�H�B�x�B�M�; �+�Q�M�i�`�Q�H�H�2�`�- �}�`�b�i �/�2�i�2�`�K�B�M�2 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�i���i�2x r = [ Pr ; T1;r ; T2;r ; T3;r ; yr ]> �+�Q�`�@

�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �/�2�b�B�`�2�/ �Q�m�i�T�m�iyr �X �6�`�Q�K �i�?�2 �/�B�b�+�m�b�b�B�Q�M �B�M �a�2�+�i�B�Q�M�k�X�k�X�j�- �i�?�2 �m�M�B�[�m�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i

�B�b�,

x r = [ X r ; X r ; X r ; X r ; yr ]> ; �U�j�X�j�V

�r�?�2�`�2

X r := Pr = T1;r = T2;r = T3;r =
k�K��

k�i�`
yr : �U�j�X�9�V

�h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�i�2���/�v�@�b�i���i�2 �B�M�T�m�iur (x r ) �B�b�,

ur = 1 �
� yr

�"���b�2

� 

: �U�j�X�8�V

�a�B�M�+�2 �i�?�2 �/�`�m�; �2�z�2�+�i �K�m�b�i �#�2 �M�Q�M�@�M�2�;���i�B�p�2 �Uur � 0�V�- �i�?�B�b �2�[�m�B�H�B�#�`�B�m�K �B�b �T�?�v�b�B�+���H�H�v �`�2���H�B�x���#�H�2 �Q�M�H�v �B�7yr � �"���b�2�X

�h�?�B�b �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �T�?�v�b�B�Q�H�Q�;�B�+���H �m�M�/�2�`�b�i���M�/�B�M�; �i�?���i �i�?�2 �/�`�m�;�b �m�b�2�/ �B�M �K���B�M�i�2�M���M�+�2 �i�?�2�`���T�v �b�m�T�T�`�2�b�b�2�b

�M�2�m�i�`�Q�T�?�B�H �+�Q�m�M�i�b �#�2�H�Q�r �i�?�2 �T���i�B�2�M�i�ö�b �#���b�2�H�B�M�2�- ���M�/ �B�b �i�?�2 �`�2���b�Q�M �i�?���i ���b�b�m�K�T�i�B�Q�M�R�U�/�V�B�b �`�2�[�m�B�`�2�/�X



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �R�j

�j�X�k�X�j �G�v���T�m�M�Q�p �6�m�M�+�i�B�Q�M

�h�Q ���M���H�v�x�2 �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �`�2�7�2�`�2�M�+�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �U�j�X�j�V�- �2�K�T�H�Q�v �� �:�Q�?�@�o�Q�H�i�2�`�`�� �i�v�T�2 �G�v���T�m�M�Q�p

�7�m�M�+�i�B�Q�M �+���M�/�B�/���i�2 �(�k�9�-�k�e�)�,

V (x) =
X

i

�
x i � x i;r � x i;r �H�M

x i

x i;r

�
; �U�j�X�e�V

�r�?�2�`�2 �i�?�2 �b�m�K �B�b �Q�p�2�` ���H�H �b�i���i�2�bx i 2 f P; T1; T2; T3; N g�X �h�?�B�b �G�v���T�m�M�Q�p �7�m�M�+�i�B�Q�M �?���b �#�2�2�M �T�`�2�p�B�Q�m�b�H�v �2�K�T�H�Q�v�2�/

�i�Q �T�`�Q�p�2 �b�i���#�B�H�B�i�v �Q�7 �2�T�B�/�2�K�B�+ �K�Q�/�2�H�b �b�m�+�? ���b �i�?�2 �a�1�A�_ �K�Q�/�2�H �(�k�8�)�X

�h�?�2 �7�m�M�+�i�B�Q�M �U�j�X�e�V �B�b �T�Q�b�B�i�B�p�2 �/�2�}�M�B�i�2�X �h�Q �b�2�2 �i�?�B�b�- �2�t���K�B�M�2 ���M �B�M�/�B�p�B�/�m���H �i�2�`�K �B�M �i�?�2 �b�m�K ���M�/ ���T�T�H�v �i�?�2

�B�M�2�[�m���H�B�i�v �H�M(z) � z � 1 �U�r�?�B�+�? �?�Q�H�/�b �7�Q�` ���H�Hz > 0�- �r�B�i�? �2�[�m���H�B�i�v �Q�M�H�v ���iz = 1 �V�,

x i � x i;r � x i;r �H�M
x i

x i;r
� x i � x i;r � x i;r

�
x i

x i;r
� 1

�

= x i � x i;r � x i + x i;r

= 0 :

�a�B�M�+�2V (x) �B�b �i�?�2 �b�m�K �Q�7 �i�?�2�b�2 �M�Q�M�@�M�2�;���i�B�p�2 �i�2�`�K�b�-V (x) � 0�X �h�?�2 �;�H�Q�#���H �K�B�M�B�K�m�K �Q�+�+�m�`�b �Q�M�H�v ���ix = x r �-

�r�?�2�`�2V (x r ) = 0 �X

�h�?�2 �i�B�K�2 �/�2�`�B�p���i�B�p�2 �Q�7V (x) ���H�Q�M�; �i�?�2 �b�v�b�i�2�K �i�`���D�2�+�i�Q�`�B�2�b �B�b�,

_V =
X

i

@V
@xi

_x i =
X

i

�
1 �

x i;r

x i

�
_x i : �U�j�X�d�V

�a�m�#�b�i�B�i�m�i�B�M�; �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b �B�M�i�Q �U�j�X�d�V �v�B�2�H�/�b�,

_V =
�

1 �
X r

P

�
k�i�`P [f (x) � 1] +

�
1 �

X r

T1

�
k�i� (̀P � T1) +

�
1 �

X r

T2

�
k�i� (̀T1 � T2)

+
�

1 �
X r

T3

�
k�i� (̀T2 � T3) +

�
1 �

yr

N

�
(k�i�`T3 � k�K��N ): �U�j�X�3�V

���H�K�Q�b�i �2�p�2�`�v �i�2�`�K �B�M �i�?�B�b �2�t�T�`�2�b�b�B�Q�M �+�Q�M�i���B�M�b �� �7���+�i�Q�`k�i� �̀X �l�b�2 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �`�2�H���i�B�Q�M�b�?�B�Tk�K�� = k�i�`
X r
y r

�i�Q

�2�t�T�`�2�b�b_V �2�M�i�B�`�2�H�v �B�M �i�2�`�K�b �Q�7k�i� �̀,

_V
k�i�`

=
�

1 �
X r

P

�
P [f (x) � 1] +

�
1 �

X r

T1

�
(P � T1) +

�
1 �

X r

T2

�
(T1 � T2)

+
�

1 �
X r

T3

�
(T2 � T3) +

�
1 �

yr

N

� �
T3 �

X r

yr
N

�
: �U�j�X�N�V



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �R�9

�1�t�T���M�/�B�M�; �i�?�2�b�2 �}�p�2 �i�2�`�K�b �`�2�p�2���H�b �+���M�+�2�H�H���i�B�Q�M�b�,

�h�2�`�K �R= P f (x) � P � X r f (x) + X r

�h�2�`�K �k= P � T1 �
X r P
T1

+ X r

�h�2�`�K �j= T1 � T2 �
X r T1

T2
+ X r

�h�2�`�K �9= T2 � T3 �
X r T2

T3
+ X r

�h�2�`�K �8= T3 �
X r N

yr
�

T3yr

N
+ X r

�A�M �i�?�2 �b�m�K �Q�7 �i�?�2 �i�2�`�K�b�- �i�?�2 �H�B�M�2���` �b�i���i�2 �p���`�B���#�H�2�b �UP; T1; T2; T3�V �+���M�+�2�H �Q�m�i�- �`�2�b�m�H�i�B�M�; �B�M �i�?�2 �b�B�K�T�H�B�}�2�/

�2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �/�2�`�B�p���i�B�p�2�,

_V (x) = k�i�`

�
(P � X r )f (x) � X r

�
P
T1

+
T1

T2
+

T2

T3
+

N
yr

+
T3yr

X r N

�
+ 5X r

�
: �U�j�X�R�y�V

�j�X�k�X�9 �L�Q�K�B�M���H �*�Q�M�i�`�Q�H �G���r

�h�?�2 ���B�K �Q�7 �i�?�B�b �b�2�+�i�B�Q�M �B�b �i�Q �/�2�b�B�;�M �� �+�Q�M�i�`�Q�H �H���ru(x) �b�m�+�? �i�?���i_V � 0�- �7�`�Q�K �r�?�B�+�? �Q�M�2 �+���M �+�Q�M�+�H�m�/�2 �b�i���#�B�H�B�i�v

�B�M �i�?�2 �b�2�M�b�2 �Q�7 �G�v���T�m�M�Q�p�X �P�#�b�2�`�p�B�M�; �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �U�j�X�R�y�V�- �i�?�2 �7�2�2�/�#���+�F �i�2�`�Kf (x) �+���M �#�2 �K���M�B�T�m�H���i�2�/ �b�Q

�i�?���i �i�?�2 �2�t�T�`�2�b�b�B�Q�M �#�2�+�Q�K�2�b �b�m�B�i���#�H�2 �7�Q�` �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 ���`�B�i�?�K�2�i�B�+ �J�2���M�@�:�2�Q�K�2�i�`�B�+ �J�2���M �U���J�@�:�J�V

�B�M�2�[�m���H�B�i�v�X

�h�Q �+�`�2���i�2 �i�?�2 �`�B�;�?�i �7�Q�`�K �7�Q�` ���J�@�:�J�- �/�2�b�B�;�M �i�?�2 �+�Q�M�i�`�Q�H �H���r �b�m�+�? �i�?���if (x) �B�M�i�`�Q�/�m�+�2�b �� �i�2�`�K �i�?���i �+�Q�K�T�H�2�i�2�b

�� �õ�i�2�H�2�b�+�Q�T�B�M�;�ö �T�`�Q�/�m�+�i �r�?�2�M �+�Q�K�#�B�M�2�/ �r�B�i�? �i�?�2 �Q�i�?�2�` �`���i�B�Q �i�2�`�K�b�X �a�2�i �i�?�2 �B�/�2���H �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �i�Q�,

f �B�/�2���H(x) :=
T3yr

PN
: �U�j�X�R�R�V

�a�m�#�b�i�B�i�m�i�B�M�; �i�?�B�b �B�M�i�Q �U�j�X�R�y�V�,

_V (x) = k�i�`

�
(P � X r )

T3yr

PN
� X r

�
P
T1

+
T1

T2
+

T2

T3
+

N
yr

+
T3yr

X r N

�
+ 5X r

�

= k�i�`

��
T3yr

N
�

X r T3yr

PN

�
� X r

�
P
T1

+
T1

T2
+

T2

T3
+

N
yr

�
�

T3yr

N
+ 5X r

�
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�h�?�2 �i�2�`�K�bT3 y r
N �+���M�+�2�H�- �H�2���/�B�M�; �i�Q�,

_V (x) = � k�i�`X r

��
P
T1

+
T1

T2
+

T2

T3
+

T3yr

PN
+

N
yr

�
� 5
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�.�2�}�M�2S ���b �i�?�2 �b�m�K �Q�7 �i�?�2 �}�p�2 �T�Q�b�B�i�B�p�2 �i�2�`�K�b �B�M�b�B�/�2 �i�?�2 �T���`�2�M�i�?�2�b�2�b�,

S =
P
T1

+
T1

T2
+

T2

T3
+

T3yr

PN
+

N
yr

:



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �R�8

�h�?�2 ���`�B�i�?�K�2�i�B�+ �K�2���M �U���J�V �Q�7 �i�?�2�b�2 �i�2�`�K�b �B�bS/5 �X �h�?�2 �;�2�Q�K�2�i�`�B�+ �K�2���M �U�:�J�V �Q�7 �i�?�2�b�2 �b���K�2 �i�2�`�K�b �B�b�,

GM =
�

P
T1

�
T1

T2
�

T2

T3
�

T3yr

PN
�

N
yr

� 1/5

= (1) 1/5 = 1 :

�"�v �i�?�2 ���J�@�:�J �B�M�2�[�m���H�B�i�v�-AM � GM �4) S � 5�X �h�?�2�`�2�7�Q�`�2�-(S � 5) � 0�X �h�?�B�b �B�b �2�t���+�i�H�v �i�?�2 �2�t�T�`�2�b�b�B�Q�M

�B�M�b�B�/�2 �i�?�2 �b�[�m���`�2 �#�`���+�F�2�i�b �B�M �U�j�X�R�j�V�X �a�B�M�+�2k�i�` > 0 ���M�/X r > 0�- �+�Q�M�+�H�m�/�2 �i�?���i_V (x) � 0�X �h�?�2�`�2�7�Q�`�2�- �#�v

�G�v���T�m�M�Q�p�ö�b �a�i���#�B�H�B�i�v �h�?�2�Q�`�2�K �U���T�T�2�M�/�B�t���X�j�V�- �i�?�2 �B�/�2���H �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �U�j�X�R�R�V �r�B�H�H �b�i���#�B�H�B�x�2 �i�?�2 �b�v�b�i�2�K

���i x = x r �X

�j�X�k�X�8 �>���M�/�H�B�M�; �A�M�T�m�i �a���i�m�`���i�B�Q�M

�h�?�2 �M�Q�K�B�M���H �+�Q�M�i�`�Q�H �B�M�T�m�iu�B�/�2���H�`�2�[�m�B�`�2�/ �i�Q ���+�?�B�2�p�2 �i�?�2 �/�2�b�B�`�2�/ �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �U�j�X�R�R�V �B�b �/�2�`�B�p�2�/ �7�`�Q�K

�U�j�X�k�V�,

u�B�/�2���H(x) = 1 �
T3yr

PN

�
N

�"���b�2

� 


:

�"�2�+���m�b�2 �i�?�2 �b�i���i�2�b�- �T���`���K�2�i�2�`�b�- ���M�/ �i���`�;�2�i �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M ���`�2 �T�Q�b�B�i�B�p�2�-u�B�/�2���H(x) < 1 �B�b �;�m���`���M�i�2�2�/�X

�>�Q�r�2�p�2�`�- ���M �B�K�T�H�2�K�2�M�i���#�H�2 �B�M�T�m�i �K�m�b�i �b���i�B�b�7�vu(x) � 0�X �A�K�T�H�2�K�2�M�i �� �b���i�m�`���i�2�/ �+�Q�M�i�`�Q�H �H���r�,

u�b���i(x) = �K���tf 0; u�B�/�2���H(x)g: �U�j�X�R�9�V

�h�Q ���M���H�v�x�2 �i�?�2 �2�z�2�+�i �Q�7 �b���i�m�`���i�B�Q�M�- �B�i �B�b �m�b�2�7�m�H �i�Q �+�Q�M�b�B�/�2�` �i�?�2 �Q�T�2�M�@�H�Q�Q�T �Uu = 0 �V �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2�,

f �Q�T�2�M(N ) :=
�

�"���b�2
N

� 


:

�h�?�2 �M�Q�K�B�M���H �+�Q�M�i�`�Q�H �H���r �B�bu�B�/�2���H(x) = 1 � f �B�/�2���H(x)/ f �Q�T�2�M(N )�X �a���i�m�`���i�B�Q�M �Q�+�+�m�`�b �r�?�2�Mu�B�/�2���H< 0�- �r�?�B�+�?

�+�Q�`�`�2�b�T�Q�M�/�b �i�Qf �Q�T�2�M(N ) < f �B�/�2���H(x)�X �h�?�2 �+�H�Q�b�2�/�@�H�Q�Q�T �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2f (x) �B�M �U�j�X�k�V �#�2�+�Q�K�2�b�,

f (x) = (1 � u�b���i(x)) f �Q�T�2�M(N ) = �K�B�M(f �Q�T�2�M(N ); f �B�/�2���H(x)) : �U�j�X�R�8�V

�a�B�M�+�2f (x) �B�b �i�?�2 �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �7�Q�` �M�2�r �+�2�H�H�b�- �i�?�B�b �`�2�b�m�H�i ���;���B�M ���H�B�;�M�b �r�B�i�? �i�?�2 �T�?�v�b�B�Q�H�Q�;�B�+���H �m�M�/�2�`�b�i���M�/�B�M�;

�i�?���i �i�?�2 �/�`�m�; �2�z�2�+�i �+���M �Q�M�H�v �b�m�T�T�`�2�b�b �+�2�H�H �T�`�Q�H�B�7�2�`���i�B�Q�M�- �M�Q�i �b�i�B�K�m�H���i�2 �B�i �#�2�v�Q�M�/ �r�?���i �i�?�2 �#�Q�/�v �B�b �M���i�m�`���H�H�v

�+���T���#�H�2 �Q�7�X

�S���`�i�B�i�B�Q�M �i�?�2 �b�i���i�2 �b�T���+�2 �B�M�i�Q �i�r�Q �`�2�;�B�Q�M�b�, �i�?�2 �B�/�2���H �+�Q�M�i�`�Q�H �`�2�;�B�Q�M�-

R�B�/�2���H= f x 2 R5
> 0 j f �Q�T�2�M(N ) � f �B�/�2���H(x)g;

���M�/ �i�?�2 �b���i�m�`���i�2�/ �+�Q�M�i�`�Q�H �`�2�;�B�Q�M

R�b���i= f x 2 R5
> 0 j f �Q�T�2�M(N ) < f �B�/�2���H(x)g:
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�h�?�2 �#�Q�m�M�/���`�v �#�2�i�r�2�2�M �i�?�2�b�2 �i�r�Q �`�2�;�B�Q�M�b �B�b�,

f �Q�T�2�M(N ) = f �B�/�2���H(x)
�

�"���b�2
N

� 


=
T3yr

PN
: �U�j�X�R�e�V

�A�7
 = 1 �- �U�j�X�R�e�V �b�B�K�T�H�B�}�2�b �M�B�+�2�H�v�,

�"���b�2
N

=
T3yr

PN

P =
T3yr

�"���b�2
: �U�j�X�R�d�V

�A�7
 6= 1 �- �U�j�X�R�e�V �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�2�`�K�b �Q�7 �i�?�2 �Q�m�i�T�m�i �b�i���i�2�-N �,

�
�"���b�2

N

� 


=
T3yr

PN

�"���b�2
 N 1� 
 =
T3yr

P

N =
�

T3yr

P �"���b�2


� 1
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�A�M �i�?�2 �`�2�;�B�Q�MR�B�/�2���H�- �i�?�2 �/�2�`�B�p���i�B�p�2_V (x) �B�b �;�B�p�2�M �#�v �U�j�X�R�j�V�- �r�?�B�+�? �?���b �#�2�2�M �b�?�Q�r�M �i�Q �2�M�b�m�`�2_V (x) � 0�X �h�?�2

�b�i���#�B�H�B�i�v ���M���H�v�b�B�b ���#�Q�p�2 �/�Q�2�b �M�Q�i ���T�T�H�v �B�M �i�?�2 �`�2�;�B�Q�MR�b���i�X

�q�?�2�M �i�?�2 �T�`�Q�/�m�+�i�B�Q�M �+���T���+�B�i�v �UP�V �B�b �H�Q�r �`�2�H���i�B�p�2 �i�Q �i�?�2 �/�2�b�B�`�2�/ �Q�m�i�T�m�i �Uyr �b�+���H�2�/ �#�vT3�V�- �i�?�2 �#�Q�/�v�ö�b �M���i�m�`���H

�T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �B�b ���H�`�2���/�v �B�M�b�m�{�+�B�2�M�i �i�Q ���+�?�B�2�p�2 �i�?�2 �/�2�b�B�`�2�/ �/�v�M���K�B�+�b�- �b�Q �i�?�2 �B�/�2���H �U�m�M�b���i�m�`���i�2�/�V �+�Q�M�i�`�Q�H�H�2�`

�r�Q�m�H�/ �i�`�v �i�Q �B�M�+�`�2���b�2 �+�2�H�H �T�`�Q�/�m�+�i�B�Q�M �#�2�v�Q�M�/ �r�?���i �B�b �T�?�v�b�B�+���H�H�v �T�Q�b�b�B�#�H�2�X

�j�X�k�X�e �G�Q�+���H ���b�v�K�T�i�Q�i�B�+ �a�i���#�B�H�B�i�v

�h�Q �+�Q�M�}�`�K �H�Q�+���H �b�i���#�B�H�B�i�v�- �B�i �K�m�b�i �}�`�b�i �#�2 �2�M�b�m�`�2�/ �i�?���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix r �B�b �H�Q�+���i�2�/ �r�B�i�?�B�M �i�?�2 �`�2�;�B�Q�M

R�B�/�2���H�X ���i �2�[�m�B�H�B�#�`�B�m�K�,

f �Q�T�2�M(yr ) =
�

�"���b�2
yr

� 


; f �B�/�2���H(x r ) =
X r yr

X r yr
= 1 :

�a�B�M�+�2 �i�?�2 �i���`�;�2�i �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �B�b ���b�b�m�K�2�/ �i�Q �#�2 �b�i�`�B�+�i�H�v �#�2�H�Q�r �i�?�2 �T���i�B�2�M�i�ö�b �#���b�2�H�B�M�2 �Uyr < �"���b�2�-

���b�b�m�K�T�i�B�Q�M�R�U�/�V�V�-f �Q�T�2�M(yr ) > 1�X �*�Q�M�b�2�[�m�2�M�i�H�v�-f �Q�T�2�M(yr ) > f �B�/�2���H(x r )�- �+�Q�M�}�`�K�B�M�; �i�?���ix r �B�b �b�i�`�B�+�i�H�v �B�M

�i�?�2 �B�M�i�2�`�B�Q�` �Q�7R�B�/�2���H�X �h�?�2�M�- �i�?�2�`�2 �2�t�B�b�i�b �� �M�2�B�;�?�#�Q�m�`�?�Q�Q�/W ���`�Q�m�M�/x r �2�M�i�B�`�2�H�v �+�Q�M�i���B�M�2�/ �r�B�i�?�B�MR�B�/�2���H�X

�A�M �i�?�B�b �M�2�B�;�?�#�Q�m�`�?�Q�Q�/�-V (x) �B�b �T�Q�b�B�i�B�p�2 �/�2�}�M�B�i�2 ���M�/_V (x) � 0�X �h�?�m�b�- �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix r �B�b �H�Q�+���H�H�v

�b�i���#�H�2�X

�h�?�B�b �H�Q�+���H �b�i���#�B�H�B�i�v �`�2�b�m�H�i �+���M �#�2 �b�i�`�2�M�;�i�?�2�M�2�/ �i�Q �H�Q�+���H���b�v�K�T�i�Q�i�B�+�b�i���#�B�H�B�i�v �m�b�B�M�; �G���a���H�H�2�ö�b �A�M�p���`�B���M�+�2 �S�`�B�M�+�B�T�H�2

�U�b�2�2 ���T�T�2�M�/�B�t���X�9�V�X �q�B�i�?�B�M �i�?�2 �M�2�B�;�?�#�Q�m�`�?�Q�Q�/W �- �+�Q�M�b�B�/�2�` �i�?�2 �b�2�iE �r�?�2�`�2_V (x) = 0 �X _V(x) = 0 �B�7 ���M�/

�Q�M�H�v �B�7 �i�?�2 ���J�@�:�J�2�[�m���H�B�i�v�?�Q�H�/�b �U�B�X�2�X�-S = 5 GM = 5 �V�- �B�M �r�?�B�+�? �+���b�2 ���H�H �i�2�`�K�b �B�M �i�?�2 �b�m�K �K�m�b�i �#�2 �2�[�m���H

�i�Q �i�?�2�B�` �;�2�Q�K�2�i�`�B�+ �K�2���M�- �r�?�B�+�? �B�b �m�M�B�i�v�,

P
T1

=
T1

T2
=

T2

T3
=

T3yr

PN
=

N
yr

= 1 :
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�h�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b �B�K�T�H�vN = yr ���M�/P = T1 = T2 = T3�X �h�?�m�b�-E = f x j N = yr ; P = T1 = T2 = T3g�X

�L�Q�r�- �}�M�/ �i�?�2 �H���`�;�2�b�i �B�M�p���`�B���M�i �b�2�i �+�Q�M�i���B�M�2�/ �B�ME�X �*�Q�M�b�B�/�2�` �i�?�2 �/�v�M���K�B�+�b �Q�7N �r�B�i�?�B�ME�,

_N = k�i�`T3 � k�K��N:

�6�Q�` �� �i�`���D�2�+�i�Q�`�v �i�Q �`�2�K���B�M �B�ME�- _N = 0 �r�?�B�H�2N = yr �X

0 = k�i�`T3 � k�K��yr �4) T3 =
k�K��

k�i�`
yr = X r :

�h�?�B�b �B�b �2�t���+�i�H�v �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �Q�M�H�v �b�i���i�2 �i�?���i �+���M �`�2�K���B�M �B�ME �B�bx r �X �"�v �G���a���H�H�2�ö�b

�A�M�p���`�B���M�+�2 �S�`�B�M�+�B�T�H�2�- ���H�H �i�`���D�2�+�i�Q�`�B�2�b �b�i���`�i�B�M�; �b�m�{�+�B�2�M�i�H�v �+�H�Q�b�2 �i�Qx r �+�Q�M�p�2�`�;�2 �i�Qx r �X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �2�[�m�B�H�B�#�`�B�m�K

�T�Q�B�M�ix r �B�b �H�Q�+���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2�- �T�`�Q�p�B�/�2�/yr < �"���b�2�X

�j�X�k�X�d �.�B�b�+�m�b�b�B�Q�M �Q�M �:�H�Q�#���H �a�i���#�B�H�B�i�v

�q�?�B�H�2 �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �B�b �2�M�b�m�`�2�/�- �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �b�v�b�i�2�K �B�M �i�?�2 �`�2�;�B�Q�MR�b���i �B�b �M�Q�i �;�m���`���M�i�2�2�/

�#�v �i�?�2 ���`�;�m�K�2�M�i �T�`�2�b�2�M�i�2�/ ���#�Q�p�2�X �>�Q�r�2�p�2�`�- �i�?�2 �/�2�`�B�p���i�B�p�2_V (x) �B�M �i�?�B�b �`�2�;�B�Q�M �+���M �#�2 �`�2�H���i�2�/ �i�Q �i�?�2 �B�/�2���H

�/�2�`�B�p���i�B�p�2_V�B�/�2���H�U�j�X�R�j�V�- �r�?�B�+�? �r���b �b�?�Q�r�M �i�Q �#�2 �M�2�;���i�B�p�2 �b�2�K�B�@�/�2�}�M�B�i�2 �B�M �a�2�+�i�B�Q�M�j�X�k�X�9�X �6�`�Q�K �U�j�X�R�y�V�- �i�?�2

���+�i�m���H �/�2�`�B�p���i�B�p�2_V (x) �+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �i�2�`�K�b �Q�7� f (x) = f �B�/�2���H(x) � f �Q�T�2�M(x) > 0�,

_V (x) = k�i�`

�
(P � X r )f �Q�T�2�M(x) � X r

�
P
T1

+ � � � +
T3yr

X r N

�
+ 5X r

�

= k�i�`

�
(P � X r )( f �B�/�2���H(x) � � f (x)) � X r

�
P
T1

+ � � � +
T3yr

X r N

�
+ 5X r

�

= � k�i� (̀P � X r ) � f (x) + k�i�`

�
(P � X r )f �B�/�2���H(x) � X r

�
P
T1

+ � � � +
T3yr

X r N

�
+ 5X r

�

= � k�i� (̀P � X r ) � f (x) + _V�B�/�2���H(x) �U�j�X�R�N�V

�h�?�2�`�2 ���`�2 �i�r�Q �+���b�2�b �i�Q �+�Q�M�b�B�/�2�`�,

�Ç �A�7P > X r �- �i�?�2�M(P � X r ) > 0�X �h�?�2 �}�`�b�i �i�2�`�K �B�b �M�2�;���i�B�p�2�- ���M�/_V (x) < 0�X

�Ç �A�7P < X r �- �i�?�2�M(P � X r ) < 0�X �h�?�2 �}�`�b�i �i�2�`�K �B�b �T�Q�b�B�i�B�p�2�X �A�M �i�?�B�b �+���b�2�-_V (x) �K�B�;�?�i �#�2 �T�Q�b�B�i�B�p�2�- �K�2���M�B�M�;

�i�?�2 �G�v���T�m�M�Q�p �7�m�M�+�i�B�Q�M �+�Q�m�H�/ �B�M�+�`�2���b�2�X

�a�B�M�+�2 �i�?�2 �T�`�Q�T�Q�b�2�/ �G�v���T�m�M�Q�p �7�m�M�+�i�B�Q�M �/�Q�2�b �M�Q�i �;�m���`���M�i�2�2_V (x) � 0 �;�H�Q�#���H�H�v �m�M�/�2�` �B�M�T�m�i �b���i�m�`���i�B�Q�M �U�b�T�2�+�B�7�@

�B�+���H�H�v �r�?�2�MP < X r �B�MR�b���i�V�- �B�i �+���M�M�Q�i �#�2 �m�b�2�/ �/�B�`�2�+�i�H�v �i�Q �T�`�Q�p�2 �;�H�Q�#���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v�X �1�b�i���#�H�B�b�?�B�M�;

�;�H�Q�#���H �+�Q�M�p�2�`�;�2�M�+�2 �r�Q�m�H�/ �`�2�[�m�B�`�2 �� �/�B�z�2�`�2�M�i ���T�T�`�Q���+�?�X �_�2�b�m�H�i�b �7�`�Q�K �K�Q�M�Q�i�Q�M�2 �+�v�+�H�B�+ �7�2�2�/�#���+�F �b�v�b�i�2�K�b

�i�?�2�Q�`�v �K���v �#�2 �Q�7 �m�b�2 �B�M �i�?�B�b �2�M�/�2���p�Q�m�` �U�2�X�;�X�- �(�k�d�)�V�X

�j�X�j �a�B�K�m�H���i�B�Q�M �_�2�b�m�H�i�b

�h�Q �p���H�B�/���i�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�` �/�2�}�M�2�/ �B�M �U�j�X�R�9�V�- �R�y�y �b�B�K�m�H���i�B�Q�M�b �r�2�`�2 �+�Q�M�/�m�+�i�2�/

�7�Q�` �2���+�? �Q�7 �i�?�2 �R�R�e �T���i�B�2�M�i �T���`���K�2�i�2�` �b�2�i�b �7�`�Q�K �K�Q�/�2�H �}�i�b �B�M �(�e�)�X �h�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�B�b �2�t�T�2�`�B�K�2�M�i �r���b �i�Q �i�2�b�i

�i�?�2 �`�Q�#�m�b�i�M�2�b�b �Q�7 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�ö�b �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �2���+�? �b�B�K�m�H���i�B�Q�M

�r�2�`�2 �`���M�/�Q�K�H�v �b���K�T�H�2�/ �7�`�Q�K �� �/�B�b�i�`�B�#�m�i�B�Q�M �+�2�M�i�2�`�2�/ ���`�Q�m�M�/ �i�?�2 �T���i�B�2�M�i�ö�b �/�`�m�;�@�7�`�2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�X �h�?�2



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �R�3

�`�2�b�m�H�i�b �Q�7 �i�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�R�X �6�Q�` �2���+�? �T���i�B�2�M�i�- �i�?�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �M�2���`�b �i�?�2

�`�2�7�2�`�2�M�+�2�- ���M�/ �i�?�2 �/�`�m�; �2�z�2�+�i �7�Q�` �2���+�? �T���i�B�2�M�i �M�2���`�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �/�`�m�; �/�Q�b�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2�B�` �b�T�2�+�B�}�+

�T���`���K�2�i�2�` �p���H�m�2�b�X �S���i�B�2�M�i�b �r�B�i�? �?�B�;�?�2�` �õ�"���b�2�ö ���M�/
 �p���H�m�2�b �`�2�[�m�B�`�2 �K�Q�`�2 �/�`�m�; �B�M �i�?�2�B�` �b�v�b�i�2�K �i�Q �K���B�M�i���B�M

�i�?�2 �i���`�;�2�i �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M�- ���b �2�t�T�2�+�i�2�/ �7�`�Q�K �i�?�2 �7�Q�`�K �Q�7 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �/�`�m�; �/�Q�b�2 �U�j�X�8�V�X

�h�?�2 �#�Q�i�i�Q�K �T���M�2�H �Q�7 �6�B�;�m�`�2�j�X�R�B�H�H�m�b�i�`���i�2�b �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �+�Q�M�i�`�Q�H �B�M�T�m�i�-u(x(t)) �- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2

�/�`�m�; �2�z�2�+�i�X �A�M�B�i�B���H�H�v�- �i�?�2 �+�Q�M�i�`�Q�H�H�2�` ���T�T�H�B�2�b �� �b�i�`�Q�M�; �Q�` �r�2���F �/�`�m�; �2�z�2�+�i �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�v�b�i�2�K�ö�b �b�i���i�2

�`�2�H���i�B�p�2 �i�Q �i�?�2 �b�2�i �T�Q�B�M�i�X �6�Q�` �K�Q�b�i �T���i�B�2�M�i�b�- �i�?�2 �/�`�m�; �2�z�2�+�i �/�`�Q�T�b �i�Q �M�2���` �x�2�`�Q ���i ���`�Q�m�M�/ �/���v �k�y�X �h�?�B�b

���T�T�2���`�b �i�Q �?���p�2 �i�?�2 �2�z�2�+�i �Q�7 �T�`�2�p�2�M�i�B�M�; �b�i�`�Q�M�; �Q�b�+�B�H�H���i�B�Q�M�b �/�m�2 �i�Q �Q�p�2�`�@�/�Q�b�B�M�; �i�?�2 �T���i�B�2�M�i�X ���b �i�?�2 �M�2�m�i�`�Q�T�?�B�H

�+�Q�m�M�i ���M�/ �T�`�2�+�m�`�b�Q�` �+�2�H�H �T�Q�T�m�H���i�B�Q�M�b ���T�T�`�Q���+�? �i�?�2�B�` �2�[�m�B�H�B�#�`�B�m�K �p���H�m�2�b�- �i�?�2 �+�Q�M�i�`�Q�H �B�M�T�m�i �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2

�+���H�+�m�H���i�2�/ �b�i�2���/�v�@�b�i���i�2 �p���H�m�2�-ur �X �h�?�2 �+�Q�M�i�`�Q�H ���H�b�Q �Q�#�b�2�`�p�2�b �i�?�2 �T�?�v�b�B�+���H �+�Q�M�b�i�`���B�M�iu(t) 2 [0; 1]�- �+�Q�M�}�`�K�B�M�;

�i�?���i �i�?�2 �B�M�T�m�i �b���i�m�`���i�B�Q�M �B�b �?���M�/�H�2�/ �+�Q�`�`�2�+�i�H�v�X �A�i �B�b �B�M�i�2�`�2�b�i�B�M�; �i�Q �M�Q�i�2 �i�?���i �2�p�2�M �B�M �+���b�2�b �r�?�2�M �i�?�2 �B�M�T�m�i

�b���i�m�`���i�2�b�- �i�?�2 �Q�m�i�T�m�i �+���M �b�i�B�H�H �#�2 �b�m�+�+�2�b�b�7�m�H�H�v �`�2�;�m�H���i�2�/�X �h�?�B�b �b�m�;�;�2�b�i�b �� �b�i�`�Q�M�;�2�` �b�i���#�B�H�B�i�v �`�2�b�m�H�i �K���v �#�2

�T�Q�b�b�B�#�H�2�X

�a�Q�K�2 �T���i�B�2�M�i�b �B�M �i�?�2 �/���i���b�2�i �/�B�/ �M�Q�i �b���i�B�b�7�v ���b�b�m�K�T�i�B�Q�M�R�U�/�V�X �h�Q �+�Q�K�T���`�2 �i�`�2���i�K�2�M�i �Q�m�i�+�Q�K�2�b �r�?�2�M

yr < �"���b�2 ���M�/yr � �"���b�2�- �R�y�y�y ���/�/�B�i�B�Q�M���H �b�B�K�m�H���i�B�Q�M�b �r�2�`�2 �T�2�`�7�Q�`�K�2�/ �7�Q�` �i�r�Q �T���i�B�2�M�i�b �2�t�2�K�T�H�B�7�v�B�M�; �i�?�2�b�2

�+�Q�M�/�B�i�B�Q�M�b�X

�6�B�;�m�`�2�j�X�k�b�?�Q�r�b �b�B�K�m�H���i�2�/ �i�`�2���i�K�2�M�i �Q�m�i�+�Q�K�2�b �7�Q�` �� �T���i�B�2�M�i �r�B�i�? �"���b�2= 2 :5847�X �6�Q�` �i�?�B�b �T���i�B�2�M�i�- �i�?�2

�+�Q�M�i�`�Q�H�H�2�` ���b�v�K�T�i�Q�i�B�+���H�H�v �`�2�;�m�H���i�2�b �i�?�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �i�Q �i�?�2 �`�2�7�2�`�2�M�+�2yr = 1 :5 �:�f�G �7�Q�` ���H�H �R�y�y�y

�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�X �h�?�B�b �p�2�`�B�}�2�b �i�?�2 �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �`�2�b�m�H�i �T�`�Q�p�2�/ �p�B�� �G�v���T�m�M�Q�p ���M���H�v�b�B�b�X

�*�Q�K�T���`�2 �i�?�B�b �i�Q �6�B�;�m�`�2�j�X�j�- �r�?�B�+�? �b�?�Q�r�b �b�B�K�m�H���i�2�/ �Q�m�i�+�Q�K�2�b �7�Q�` �� �T���i�B�2�M�i �r�B�i�? �"���b�2= 1 :2829�X �6�Q�` �i�?�B�b

�T���i�B�2�M�i�- �i�?�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �M�2���`�b �i�?�2 �`�2�7�2�`�2�M�+�2yr = 1 :5 �:�f�G �7�Q�` ���H�H �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�- �#�m�i �/�Q�2�b

�M�Q�i �+�Q�M�p�2�`�;�2�X �h�?�2 �+�Q�M�i�`�Q�H �B�M�T�m�i �7�Q�` �i�?�B�b �T���i�B�2�M�i �`�2�K���B�M�b �M�2���` �x�2�`�Q�X �h�?�B�b �K���F�2�b �b�2�M�b�2�- �b�B�M�+�2 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K

�/�`�m�; �2�z�Q�`�i �7�Q�` �i�?�B�b �T���i�B�2�M�i �b�?�Q�m�H�/ �#�2 �M�2�;���i�B�p�2�X �"�2�+���m�b�2 �Q�7 �b���i�m�`���i�B�Q�M�- �i�?�2 �+�Q�M�i�`�Q�H�H�2�` �B�b �M�Q�i ���#�H�2 �i�Q ���+�?�B�2�p�2

���b�v�K�T�i�Q�i�B�+ �`�2�;�m�H���i�B�Q�M�X

�j�X�9 �.�B�b�+�m�b�b�B�Q�M

�h�?�2 �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�` �/�2�b�B�;�M�2�/ �B�M �i�?�B�b �+�?���T�i�2�` �/�2�b�B�;�M���i�2�b �i�?�2 �B�/�2���H�/�`�m�; �2�z�2�+�i�T�`�Q�}�H�2 �i�Q ���+�?�B�2�p�2

�M�2�m�i�`�Q�T�?�B�H �`�2�;�m�H���i�B�Q�M �i�Q �� �+�Q�M�b�i���M�i �`�2�7�2�`�2�M�+�2�X �A�M �`�2���H�B�i�v�- �i�?�2 �/�`�m�; �2�z�2�+�i �B�b �M�Q�i �/�B�`�2�+�i�H�v �+�Q�M�i�`�Q�H�H�2�/�- �#�m�i �B�b ��

�+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �/�`�m�; �+�Q�M�+�2�M�i�`���i�B�Q�M �B�M �i�?�2 �T���i�B�2�M�i�ö�b �#�H�Q�Q�/�b�i�`�2���K�X �q�B�i�? �i�?�B�b �B�M �K�B�M�/�- �i�?�2 �/�`�m�; �2�z�2�+�i �;�2�M�2�`���i�2�/

�#�vu�b���i(x) �+�Q�m�H�/ �#�2 �m�b�2�/ ���b �� �`�2�7�2�`�2�M�+�2 �7�Q�` ���M�Q�i�?�2�` �+�Q�M�i�`�Q�H�H�2�`�- �r�?�2�`�2 �i�?�2 �/�`�m�; �/�Q�b�2 �B�b �i�?�2 �B�M�T�m�i ���M�/ �/�`�m�;

�2�z�2�+�i �B�b �i�?�2 �Q�m�i�T�m�i�X �h�?�B�b �r�Q�m�H�/ �#�2 �/�Q�M�2 �m�b�B�M�; �� �S�E �K�Q�/�2�H �U�H�B�F�2 �i�?�2 �C�Q�b�i �K�Q�/�2�H �B�M �*�?���T�i�2�`�8�V �7�Q�` �i�?�2 �/�`�m�;�b

�#�2�B�M�; �m�b�2�/ �B�M �i�?�2 �T���`�i�B�+�m�H���` �i�`�2���i�K�2�M�i �`�2�;�B�K�2�M�X �h�?�B�b �+�Q�M�i�`�Q�H �K�2�i�?�Q�/�Q�H�Q�;�v �T�`�2�b�2�`�p�2�b �i�?�2 �b�2�T���`���#�B�H�B�i�v �Q�7 �S�E

���M�/ �S�. �T�`�Q�p�B�/�2�/ �#�v �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H�- �r�?�B�+�? �r���b �/�2�b�B�;�M�2�/ �i�Q �#�2 �/�`�m�;�@���;�M�Q�b�i�B�+�X

�h�?�2 �K�Q�b�i �b�B�;�M�B�}�+���M�i �H�B�K�B�i���i�B�Q�M �Q�7 �i�?�B�b �+�Q�M�i�`�Q�H �/�2�b�B�;�M �B�b �i�?���i �B�i �/�Q�2�b �M�Q�i �+�Q�M�b�B�/�2�` �i�?�2 �i�`���M�b�B�2�M�i �#�2�?���p�B�Q�m�` �i�?���i

�Q�+�+�m�`�b �#�2�7�Q�`�2 �`�2�;�m�H���i�B�Q�M �B�b ���+�?�B�2�p�2�/�X �6�B�;�m�`�2�j�X�9�b�?�Q�r�b �i�?���i �K���M�v �T���i�B�2�M�i�b �2�t�T�2�`�B�2�M�+�2 ���L�* �#�2�H�Q�r �y�X�8 �:�f�G�-

�b�Q�K�2�i�B�K�2�b �7�Q�` �T�`�Q�H�Q�M�;�2�/ �T�2�`�B�Q�/�b�X �A�M �� �`�2���H �T���i�B�2�M�i�- �i�?�B�b �+�Q�m�H�/ �#�2 �H�B�7�2�@�i�?�`�2���i�2�M�B�M�; �(�9�)�X �6�m�i�m�`�2 �r�Q�`�F �b�?�Q�m�H�/

�+�Q�M�b�B�/�2�` ���H�i�2�`�M���i�B�p�2 �T�`�Q�#�H�2�K �7�Q�`�K�m�H���i�B�Q�M�b �i�?���i ���+�+�Q�m�M�i �7�Q�` �i�`���M�b�B�2�M�i �M�2�m�i�`�Q�T�2�M�B���X

�h�?�2 �`�2�H�B���M�+�2 �Q�M �+�Q�M�i�B�M�m�Q�m�b �K�2���b�m�`�2�K�2�M�i �B�b ���M�Q�i�?�2�` �H�B�K�B�i���i�B�Q�M �Q�7 �i�?�B�b �/�2�b�B�;�M�X �h�Q �i�2�b�i �� �K�Q�`�2 �`�2���H�B�b�i�B�+ �b�+�2�M���`�B�Q�-

�i�?�2 �b���K�2 �b�B�K�m�H���i�B�Q�M�b �r�2�`�2 �`�m�M �r�B�i�? �i�?�2 �/�`�m�; �2�z�2�+�i �F�2�T�i ���i �� �x�2�`�Q�@�Q�`�/�2�` �?�Q�H�/ ���7�i�2�` �2���+�? �K�2���b�m�`�2�K�2�M�i�X �h�?�B�b



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �R�N

�6�B�;�m�`�2 �j�X�R�, �a�B�K�m�H���i�2�/ �i�`�2���i�K�2�M�i �Q�m�i�+�Q�K�2�b �m�b�B�M�; �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �7�Q�` ���H�H �R�R�e �T���i�B�2�M�i�b �7�`�Q�K �(�e�)�- �r�B�i�?
�R�y�y �b�B�K�m�H���i�B�Q�M�b �b�?�Q�r�M �7�Q�` �2���+�? �T���i�B�2�M�i�X�h�Q�T�,�L�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �U�#�H�m�2 �H�B�M�2�b�V ���M�/ �i�?�2 �`�2�7�2�`�2�M�+�2 �+�Q�M�@
�+�2�M�i�`���i�B�Q�Myr = 1 :5 �U�`�2�/ �/���b�?�2�/ �H�B�M�2�V�X�"�Q�i�i�Q�K�,�.�`�m�; �2�z�2�+�i �U�B�M�T�m�i�V �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �+�Q�M�i�`�Q�H �H���ru�b���i(x)
�/�2�}�M�2�/ �B�M �U�j�X�R�9�V�X



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�y

�6�B�;�m�`�2 �j�X�k�, �a�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �T�2�`�7�Q�`�K���M�+�2 �7�Q�` �S���i�B�2�M�i �R�y�R �U�"���b�2= 2 :5847�V �7�`�Q�K �(�e�) ���+�`�Q�b�b �R�y�y�y �b�B�K�m�@
�H���i�B�Q�M�b�X�h�Q�T�,�L�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �U�#�H�m�2 �H�B�M�2�b�V ���M�/ �i�?�2 �`�2�7�2�`�2�M�+�2 �b�2�i �T�Q�B�M�iyr = 1 :5 �U�`�2�/ �/���b�?�2�/ �H�B�M�2�V�X
�"�Q�i�i�Q�K�,�.�`�m�; �2�z�2�+�i �U�B�M�T�m�i�V �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �+�Q�M�i�`�Q�H �H���ru�b���i(x) �/�2�}�M�2�/ �B�M �U�j�X�R�9�V�X



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�R

�6�B�;�m�`�2 �j�X�j�, �a�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �T�2�`�7�Q�`�K���M�+�2 �7�Q�` �S���i�B�2�M�i �R�R�3 �U�"���b�2= 1 :2829�V �7�`�Q�K �(�e�) ���+�`�Q�b�b �R�y�y�y �b�B�K�m�@
�H���i�B�Q�M�b�X�h�Q�T�,�L�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �U�#�H�m�2 �H�B�M�2�b�V ���M�/ �i�?�2 �`�2�7�2�`�2�M�+�2 �b�2�i �T�Q�B�M�iyr = 1 :5 �U�`�2�/ �/���b�?�2�/ �H�B�M�2�V�X
�"�Q�i�i�Q�K�,�.�`�m�; �2�z�2�+�i �U�B�M�T�m�i�V �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �+�Q�M�i�`�Q�H �H���ru�b���i(x) �/�2�}�M�2�/ �B�M �U�j�X�R�9�V�X



�*�>���S�h�1�_ �j�X �a�h���h�1 �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�k

�b�B�K�m�H���i�2�b �b�i���i�2 �7�2�2�/�#���+�F �r�B�i�? �� �r�2�2�F�H�v �K�2���b�m�`�2�K�2�M�i �b�+�?�2�/�m�H�2�- �`���i�?�2�` �i�?���M �B�M �+�Q�M�i�B�M�m�Q�m�b �i�B�K�2�X �_�2�b�m�H�i�b

�7�Q�` �i�?�B�b �b�B�K�m�H���i�B�Q�M ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�9�X �a�B�K�m�H���i�2�/ �i�`�2���i�K�2�M�i �Q�m�i�+�Q�K�2�b ���`�2 �M�2���`�H�v ���b �;�Q�Q�/ ���b �B�M �i�?�2

�+�Q�M�i�B�M�m�Q�m�b�@�i�B�K�2 �+���b�2�X �a�i���#�B�H�B�i�v ���M���H�v�b�B�b �m�b�B�M�; �� �H�B�M�2���`�B�x���i�B�Q�M ���M�/ �B�M�i�2�;�`���i�B�Q�M �K�2�i�?�Q�/ �K���v ���H�H�Q�r �7�Q�` �b�i���#�B�H�B�i�v

�i�Q �#�2 �+�Q�M�+�H�m�/�2�/ �B�7 �i�?�2 �b���K�T�H�B�M�; �i�B�K�2 �B�b �b�m�{�+�B�2�M�i�H�v �b�K���H�H�X �6�m�i�m�`�2 �r�Q�`�F �K���v ���H�b�Q �+�Q�M�b�B�/�2�` �i�?�B�b �/�B�`�2�+�i�B�Q�M�X

�6�B�;�m�`�2 �j�X�9�, �a�B�K�m�H���i�2�/ �i�`�2���i�K�2�M�i �Q�m�i�+�Q�K�2�b �m�b�B�M�; �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �U�r�B�i�? �� �b���K�T�H�B�M�; �i�B�K�2 �Q�7 �d �/���v�b�V �7�Q�`
���H�H �R�R�e �T���i�B�2�M�i�b �7�`�Q�K �(�e�)�X �R�y�y �b�B�K�m�H���i�B�Q�M�b ���`�2 �b�?�Q�r�M �7�Q�` �2���+�? �T���i�B�2�M�i�X�h�Q�T�,�L�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �U�#�H�m�2
�H�B�M�2�b�V ���M�/ �i�?�2 �`�2�7�2�`�2�M�+�2 �+�Q�M�+�2�M�i�`���i�B�Q�Myr = 1 :5 �U�`�2�/ �/���b�?�2�/ �H�B�M�2�V�X �h�`���D�2�+�i�Q�`�B�2�b �r�B�i�? �K���t(ANC ) > 10 �:�f�G
���`�2 �b�?�Q�r�M �r�B�i�? �?�B�;�?�2�` �Q�T���+�B�i�v�X�"�Q�i�i�Q�K�,�.�`�m�; �2�z�2�+�i �U�B�M�T�m�i�V �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �+�Q�M�i�`�Q�H �H���ru�b���i(x) �/�2�}�M�2�/
�B�M �U�j�X�R�9�V�- �2�p���H�m���i�2�/ �Q�M�+�2 �2�p�2�`�v �d �/���v�b ���M�/ �?�2�H�/ �+�Q�M�b�i���M�i �B�M �#�2�i�r�2�2�M �K�2���b�m�`�2�K�2�M�i�b�X



�*�?���T�i�2�` �9

�P�m�i�T�m�i �6�2�2�/�#���+�F �*�Q�M�i�`�Q�H �.�2�b�B�;�M

�h�?�2 �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �/�2�b�B�;�M �B�M �*�?���T�i�2�`�j ���+�?�B�2�p�2�b �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �m�b�B�M�; �7�m�H�H �b�i���i�2 �K�2���b�m�`�2�@

�K�2�M�i�X �>�Q�r�2�p�2�`�- �B�M �+�H�B�M�B�+���H �T�`���+�i�B�+�2�- �K�2���b�m�`�B�M�; �i�?�2 �+�Q�M�+�2�M�i�`���i�B�Q�M�b �Q�7 �T�`�Q�H�B�7�2�`���i�B�M�; �+�2�H�H�b �UP�V �Q�` �i�?�2 �B�M�i�2�`�K�2�/�B���i�2

�i�`���M�b�B�i �+�Q�K�T���`�i�K�2�M�i�b �UTi �V �B�b �M�Q�i �T�Q�b�b�B�#�H�2�X �h�v�T�B�+���H�H�v�- �Q�M�H�v �i�?�2 �+�B�`�+�m�H���i�B�M�; �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �UN �V �B�b

�K�2���b�m�`���#�H�2 �i�?�`�Q�m�;�? �#�H�Q�Q�/ �b���K�T�H�B�M�;�X

�h�?�B�b �+�?���T�i�2�` ���/�/�`�2�b�b�2�b �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �H�B�K�B�i���i�B�Q�M �#�v �/�2�b�B�;�M�B�M�; ���M �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�` �7�Q�` �i�?�2

�6�`�B�#�2�`�; �K�Q�/�2�H �m�b�B�M�; �Q�M�H�v �i�?�2 �K�2���b�m�`�2�/ �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�My = N �X �h�?�2 ���b�b�m�K�T�i�B�Q�M�b �Q�7 �+�Q�M�i�B�M�m�Q�m�b�@

�i�B�K�2 �K�2���b�m�`�2�K�2�M�i�b ���M�/ �+�Q�M�i�`�Q�H �m�T�/���i�2�b ���`�2 �K���B�M�i���B�M�2�/�- ���M�/ �i�?�2 �Q�#�D�2�+�i�B�p�2 �`�2�K���B�M�b �i�Q �b�i���#�B�H�B�x�2 �i�?�2 �M�2�m�i�`�Q�T�?�B�H

�+�Q�M�+�2�M�i�`���i�B�Q�M ���i �� �/�2�b�B�`�2�/ �b�2�i �T�Q�B�M�iyr �X

�q�?�B�H�2 �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F ���T�T�`�Q���+�? �K���/�2 �m�b�2 �Q�7 �� �G�v���T�m�M�Q�p �7�m�M�+�i�B�Q�M ���M�/ �i�?�2 ���J�@�:�J �B�M�2�[�m���H�B�i�v �i�Q �T�`�Q�p�2

�b�i���#�B�H�B�i�v�- �i�?�B�b �Q�m�i�T�m�i �7�2�2�/�#���+�F �/�2�b�B�;�M �i���F�2�b �� �/�B�z�2�`�2�M�i ���T�T�`�Q���+�?�X �h�?�B�b �+�?���T�i�2�` �T�`�2�b�2�M�i�b �� �;�2�M�2�`���H �+�H���b�b

�Q�7 �b�i���#�B�H�B�x�B�M�; �Q�m�i�T�m�i �7�2�2�/�#���+�F �H���r�b ���M�/ �m�b�2�b �H�B�M�2���`�B�x���i�B�Q�M �i�2�+�?�M�B�[�m�2�b �i�Q �2�b�i���#�H�B�b�? �`�Q�#�m�b�i �H�Q�+���H ���b�v�K�T�i�Q�i�B�+

�b�i���#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�b�X �a�B�K�m�H���i�2�/ �i�`���D�2�+�i�Q�`�B�2�b ���`�2 �b�?�Q�r�M �7�Q�` ���M �2�t���K�T�H�2 �7�2�2�/�#���+�F �H���r�- �p�2�`�B�7�v�B�M�; �i�?�2 �`�Q�#�m�b�i�M�2�b�b

�Q�7 �i�?�2 �b�i���#�B�H�B�i�v �`�2�b�m�H�i�b�X

�9�X�R �S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M ���M�/ ���b�b�m�K�T�i�B�Q�M�b

�h�?�2 �Q�#�D�2�+�i�B�p�2 �B�M �i�?�B�b �+�?���T�i�2�` �B�b �i�Q �/�2�b�B�;�M ���M �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �H���ru(N ) �i�Q �b�i���#�B�H�B�x�2 �i�?�2 �b�v�b�i�2�K ���i �i�?�2

�/�2�b�B�`�2�/ �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�Myr �X �h�?�2 ���b�b�m�K�T�i�B�Q�M�b �7�Q�` �i�?�B�b �+�?���T�i�2�` ���`�2 �H�B�b�i�2�/ �#�2�H�Q�r�X

���b�b�m�K�T�i�B�Q�M �k�6�Q�` �i�?�2 �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i� �̀Q�H�H�2�` �B�M �i�?�B�b �+�?���T�i�2�`�- �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�b ��� �̀2 �K���/�2�,

�U���V�h�?�2 �/�v�M���K�B�+�b �Q�7 �K���B�M�i�2�M���M�+�2 �i�?�2� �̀��T�v ��� �̀2 ���+�+�m� �̀��i�2�H�v � �̀2�T� �̀2�b�2�M�i�2�/ �#�v �i�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H �U�.�2�}�M�B�i�B�Q�M�R�V�X

�U�#�V�h�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H �Q�m�i�T�m�i�-y = N �- �B�b ���p���B�H���#�H�2 �7�Q�` �K�2���b�m� �̀2�K�2�M�i �B�M �+�Q�M�i�B�M�m�Q�m�b �i�B�K�2�X

�U�+�V�h�?�2 �K�Q�/�2�H �T��� �̀��K�2�i�2�`�b�"���b�2; k�i� ;̀ k�K�� ; ���M�/
 ��� �̀2 �F�M�Q�r�M �+�Q�M�b�i���M�i�b�X

�U�/�V�h�?�2 �i��� �̀;�2�i �M�2�m�i� �̀Q�T�?�B�H �+�Q�M�+�2�M�i� �̀��i�B�Q�M �B�b �#�2�H�Q�r �i�?�2 �T���i�B�2�M�i�ö�b �#���b�2�H�B�M�2 �H�2�p�2�H�- �B�X�2�X�-yr < �"���b�2�X

�U�2�V�h�?�2 �/�`�m�; �2�z�2�+�i�-u 2 [0; 1]�- �+���M �#�2 �K���M�B�T�m�H���i�2�/ ���b ���M �B�M�T�m�i �i�Q �i�?�2 �b�v�b�i�2�K �B�M �+�Q�M�i�B�M�m�Q�m�b �i�B�K�2�X

�k�j



�*�>���S�h�1�_ �9�X �P�l�h�S�l�h �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�9

�9�X�k �*�Q�M�i�`�Q�H �.�2�b�B�;�M

�9�X�k�X�R �S�`�Q�H�B�7�2�`���i�B�Q�M �_���i�2

�P�M�+�2 �K�Q�`�2�- �`�2�+���H�H �i�?�2 �6�`�B�#�2�`�; �K�Q�/�2�H �7�`�Q�K �.�2�}�M�B�i�B�Q�M�R�X �h�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �T�`�Q�H�B�7�2�`���i�B�Q�M �+�Q�K�T���`�i�K�2�M�iP

�+���M ���;���B�M �#�2 �r�`�B�i�i�2�M �B�M �i�2�`�K�b �Q�7 �� �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2�X

_P = k�i�`P [f (N ) � 1] �U�9�X�R�V

�h�?�B�b �i�B�K�2�- �i�?�2 �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2 �B�bf (N )�- �/�2�T�2�M�/�B�M�; �Q�M�H�v �Q�M �i�?�2 �Q�m�i�T�m�i�X �h�?�2 �+�H�Q�b�2�/�@�H�Q�Q�T �T�`�Q�H�B�7�2�`���i�B�Q�M �`���i�2

f (N ) �`�2�b�m�H�i�b �7�`�Q�K �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �H���ru(N )�,

f (N ) = (1 � u(N ))
�

�"���b�2
N

� 


: �U�9�X�k�V

���b �2�b�i���#�H�B�b�?�2�/ �B�M �a�2�+�i�B�Q�M�k�X�k�X�j�- �i�?�2 �m�M�B�[�m�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �T�2�`�7�2�+�i �M�2�m�i�`�Q�T�?�B�H �`�2�;�m�H���i�B�Q�M

�Uy = yr �V �B�bx r = [ X r ; X r ; X r ; X r ; yr ]> �- �r�?�2�`�2X r = k �K��
k �i�`

yr �X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�i�2���/�v�@�b�i���i�2 �B�M�T�m�i �B�bur =

1 � (yr / �"���b�2) 
 �X

�9�X�k�X�k �� �:�2�M�2�`���H �*�H���b�b �Q�7 �P�m�i�T�m�i �6�2�2�/�#���+�F �6�m�M�+�i�B�Q�M�b

�A�M �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �/�2�b�B�;�M�- �i�?�2 �+�Q�M�i�`�Q�H �H���r �r���b �b�T�2�+�B�}�+���H�H�v �/�2�b�B�;�M�2�/ �i�Q �`�2�b�?���T�2 �i�?�2 �7�2�2�/�#���+�F �i�2�`�K �i�Q ���M �B�/�2���H

�7�m�M�+�i�B�Q�M �i�?���i �7���+�B�H�B�i���i�2�/ �� �G�v���T�m�M�Q�p�@�#���b�2�/ �b�i���#�B�H�B�i�v �T�`�Q�Q�7�X �h�?�B�b ���T�T�`�Q���+�? �`�2�H�B�2�/ �Q�M ���+�+�2�b�b �i�Q �m�M�K�2���b�m�`�2�/

�b�i���i�2�b �UP ���M�/T3�V�X �q�?�2�M �`�2�b�i�`�B�+�i�2�/ �i�Q �Q�m�i�T�m�i �7�2�2�/�#���+�F�- �i�?�2 �+�Q�M�i�`�Q�H �H���ru(N ) �K�m�b�i �#�2 �+�?�Q�b�2�M �b�m�+�? �i�?���i �i�?�2

�+�H�Q�b�2�/�@�H�Q�Q�T �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�Mf (N ) �K���i�+�?�2�b �� �/�2�b�B�`�2�/ �7�m�M�+�i�B�Q�Mf �/�2�b(N ) �/�2�T�2�M�/�B�M�; �Q�M�H�v �Q�M �i�?�2 �Q�m�i�T�m�iN �X

�h�?�B�b �+�?���T�i�2�` ���M���H�v�x�2�b �i�?�2 �b�i���#�B�H�B�i�v �T�`�Q�T�2�`�i�B�2�b �Q�7 �� �;�2�M�2�`���H �+�H���b�b �Q�7 �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�`�b �#���b�2�/ �Q�M �i�?�2

�H�Q�+���H �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �/�2�b�B�`�2�/ �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�M �M�2���` �i�?�2 �2�[�m�B�H�B�#�`�B�m�K�X

�*�Q�M�b�B�/�2�` �i�?�2 �+�H���b�b �Q�7 �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�M�bF �- �B�M�i�`�Q�/�m�+�2�/ �B�M �.�2�}�M�B�i�B�Q�M�k�X

�.�2�}�M�B�i�B�Q�M �k �U���/�K�B�b�b�B�#�H�2 �6�2�2�/�#���+�F �6�m�M�+�i�B�Q�M�bF �V�G�2�iyr 2 (0; �"���b�2) �#�2 �i�?�2 �/�2�b�B� �̀2�/ �b�2�i �T�Q�B�M�i�X �� �7�m�M�+�@

�i�B�Q�Mf �/�2�b: (0; 1 ) ! (0; 1 ) �#�2�H�Q�M�;�b �i�Q �i�?�2 �+�H���b�b �Q�7 ���/�K�B�b�b�B�#�H�2 �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�M�bF �B�7 �B�i �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�;

�+�Q�M�/�B�i�B�Q�M�b�,

�R�X�1�[�m�B�H�B�#�`�B�m�K �*�Q�M�/�B�i�B�Q�M�,f �/�2�b(yr ) = 1 �X

�k�X�a�K�Q�Q�i�?�M�2�b�b�,f �/�2�b�B�b �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2� �̀2�M�i�B���#�H�2 �B�M �� �M�2�B�;�?�#�Q�m�`�?�Q�Q�/ �Q�7yr �X

�j�X�L�2�;���i�B�p�2 �6�2�2�/�#���+�F�,�h�?�2 �/�2�`�B�p���i�B�p�2 ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �B�b �b�i�`�B�+�i�H�v �M�2�;���i�B�p�2�- �B�X�2�X�-f 0
�/�2�b(yr ) < 0�X

�h�?�B�b �+�H���b�b �B�b �#���b�2�/ �Q�M �i�?�2 �T�`�Q�T�2�`�i�B�2�b �`�2�[�m�B�`�2�/ �i�Q �T�`�Q�p�B�/�2 �M�2�;���i�B�p�2 �7�2�2�/�#���+�F �B�M �� �`�2�;�B�Q�M �b�m�`�`�Q�m�M�/�B�M�; �i�?�2 �/�2�b�B�`�2�/

�2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i ���M�/ �2�M���#�H�2 �H�Q�+���H ���M���H�v�b�B�b �p�B�� �H�B�M�2���`�B�x���i�B�Q�M�X

�9�X�k�X�j �*�Q�M�i�`�Q�H �G���r �.�2�`�B�p���i�B�Q�M ���M�/ �a���i�m�`���i�B�Q�M

�6�Q�` ���M�vf �/�2�b2 F �- �i�?�2 �B�/�2���H �+�Q�M�i�`�Q�H �H���ru�/�2�b(N ) �`�2�[�m�B�`�2�/ �i�Q ���+�?�B�2�p�2 �i�?�B�b �T�`�Q�}�H�2 �B�b �7�Q�m�M�/ �#�v �2�[�m���i�B�M�; �U�9�X�k�V

�r�B�i�?f �/�2�b(N )�,

(1 � u�/�2�b(N ))
�

�"���b�2
N

� 


= f �/�2�b(N )



�*�>���S�h�1�_ �9�X �P�l�h�S�l�h �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�8

u�/�2�b(N ) = 1 � f �/�2�b(N )
�

N
�"���b�2

� 


: �U�9�X�j�V

�h�?�2 �T�?�v�b�B�+���H �+�Q�M�b�i�`���B�M�iu(t) 2 [0; 1] �K�m�b�i �#�2 �Q�#�2�v�2�/�X �a�B�M�+�2f �/�2�b(N ) > 0�- �i�?�2 �+�Q�M�b�i�`���B�M�iu(t) � 1 �B�b ���H�r���v�b

�b���i�B�b�}�2�/�X �h�?�2 �+�Q�M�b�i�`���B�M�iu(t) � 0 �B�b �2�M�7�Q�`�+�2�/ �i�?�`�Q�m�;�? �b���i�m�`���i�B�Q�M�,

u�b���i(N ) = �K���tf 0; u�/�2�b(N )g: �U�9�X�9�V

���b �B�M �*�?���T�i�2�`�j�- �i�?�2 �`�2�b�m�H�i�B�M�; �+�H�Q�b�2�/�@�H�Q�Q�T �7�2�2�/�#���+�F �i�2�`�Kf (N ) �B�b �i�?�2 �K�B�M�B�K�m�K �Q�7 �i�?�2 �Q�T�2�M�@�H�Q�Q�T �7�2�2�/�#���+�F

f �Q�T�2�M(N ) = ( �"���b�2/ N ) 
 ���M�/ �i�?�2 �/�2�b�B�`�2�/ �7�2�2�/�#���+�Ff �/�2�b(N )�,

f (N ) = (1 � u�b���i(N )) f �Q�T�2�M(N ) = �K�B�M
�

f �Q�T�2�M(N ); f �/�2�b(N )
�

: �U�9�X�8�V

�9�X�k�X�9 �C���+�Q�#�B���M �J���i�`�B�t ���i �i�?�2 �1�[�m�B�H�B�#�`�B�m�K �S�Q�B�M�i

�L�Q�r�- �+�Q�K�T�m�i�2 �i�?�2 �C���+�Q�#�B���M �K���i�`�B�tJ �Q�7 �i�?�2 �+�H�Q�b�2�/�@�H�Q�Q�T �b�v�b�i�2�K �2�p���H�m���i�2�/ ���ix = x r �X �"�2�+���m�b�2 �Q�7 ���b�b�m�K�T�@

�i�B�Q�M�k�U�/�V�- �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �T�`�Q�H�B�7�2�`���i�B�Q�M �+�Q�K�T���`�i�K�2�M�i ���`�2 �H�Q�+���H�H�v �/�2�i�2�`�K�B�M�2�/ �#�v

_P = k�i�`P[f �/�2�b(N ) � 1]:

�1�p���H�m���i�2 �i�?�2 �T���`�i�B���H �/�2�`�B�p���i�B�p�2�b �Q�7_P ���i x r �,

@_P
@P

�
�
�
�
x r

= k�i� (̀f �/�2�b(yr ) � 1) = k�i� (̀1 � 1) = 0 :

@_P
@N

�
�
�
�
x r

= k�i�`Pr f 0
�/�2�b(yr ):

�a�m�#�b�i�B�i�m�i�B�M�; �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�`�Q�H�B�7�2�`���i�B�M�; �+�2�H�H �+�Q�M�+�2�M�i�`���i�B�Q�M �7�`�Q�K �U�k�X�R�8�V�-Pr = X r = ( k�K�� / k�i� )̀yr �,

@_P
@N

�
�
�
�
x r

= k�i�`

�
k�K��

k�i�`
yr

�
f 0

�/�2�b(yr ) = k�K��yr f 0
�/�2�b(yr ):

�.�2�}�M�2 �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �H�B�M�2���`�B�x�2�/ �7�2�2�/�#���+�F �;���B�MK �#���b�2�/ �Q�M �i�?�2 �H�Q�+���H �b�H�Q�T�2 �Q�7 �i�?�2 �7�2�2�/�#���+�F �7�m�M�+�@

�i�B�Q�M�,

K = � k�K��yr f 0
�/�2�b(yr ): �U�9�X�e�V

�a�B�M�+�2f 0
�/�2�b(yr ) < 0 �U�+�Q�M�/�B�i�B�Q�M�j �Q�7 �.�2�}�M�B�i�B�Q�M�k�V�- �i�?�2 �;���B�MK �B�b �b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2�X �h�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �b�H�Q�T�2

�/�B�`�2�+�i�H�v �+�Q�M�i�`�Q�H�b �i�?�2 �7�2�2�/�#���+�F �;���B�MK �X

�h�?�2 �`�2�K���B�M�B�M�; �/�v�M���K�B�+�b ���`�2 ���H�`�2���/�v �H�B�M�2���`�- �b�Q �i�?�2 �`�2�b�i �Q�7 �i�?�2 �C���+�Q�#�B���M �B�b �i�`�B�p�B���H�H�v �+���H�+�m�H���i�2�/ �#�v �`�2���/�B�M�; �Q�z

�i�?�2 �+�Q�2�{�+�B�2�M�i�b�X �*�Q�H�H�2�+�i�B�M�; �i�?�2�b�2 �`�2�b�m�H�i�b�- �i�?�2 �C���+�Q�#�B���M �K���i�`�B�t �Q�7 �i�?�2 �+�H�Q�b�2�/�@�H�Q�Q�T �b�v�b�i�2�K ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K



�*�>���S�h�1�_ �9�X �P�l�h�S�l�h �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�e

�T�Q�B�M�ix r �B�b�,

J =

2

6
6
6
6
6
6
4

0 0 0 0 � K

k�i�` � k�i�` 0 0 0

0 k�i�` � k�i�` 0 0

0 0 k�i�` � k�i�` 0

0 0 0 k�i�` � k�K��

3

7
7
7
7
7
7
5

: �U�9�X�d�V

�*�`�m�+�B���H�H�v�- �i�?�2 �C���+�Q�#�B���M �/�2�T�2�M�/�b �Q�M�H�v �Q�M �i�?�2 �H�B�M�2���`�B�x�2�/ �;���B�MK ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K�- �B�`�`�2�b�T�2�+�i�B�p�2 �Q�7 �i�?�2 �;�H�Q�#���H

�b�?���T�2 �Q�7 �i�?�2 �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�Mf �/�2�b(N )�X

�9�X�k�X�8 �*�?���`���+�i�2�`�B�b�i�B�+ �1�[�m���i�B�Q�M ���M�/ �a�i���#�B�H�B�i�v �*�`�B�i�2�`�B��

�G�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7J �- �r�?�B�+�? ���`�2 �i�?�2 �`�Q�Q�i�b �Q�7 �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+

�2�[�m���i�B�Q�M

�/�2�i(sI � J ) = �/�2�i

2

6
6
6
6
6
6
4

s 0 0 0 K

� k�i�` s + k�i�` 0 0 0

0 � k�i�` s + k�i�` 0 0

0 0 � k�i�` s + k�i�` 0

0 0 0 � k�i�` s + k�K��

3

7
7
7
7
7
7
5

= 0 :

�1�t�T���M�/�B�M�; �i�?�2 �/�2�i�2�`�K�B�M���M�i �v�B�2�H�/�b �i�?�2 �}�7�i�?�@�Q�`�/�2�` �+�?���`���+�i�2�`�B�b�i�B�+ �T�Q�H�v�M�Q�K�B���H�,

�/�2�i(sI � J ) = s(s + k�i� )̀3(s + k�K�� ) + Kk 4
�i� :̀

�h�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �2�[�m���i�B�Q�M �B�b�,

P(s) = s(s + k�i� )̀3(s + k�K�� ) + Kk 4
�i�` = 0 : �U�9�X�3�V

�h�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�B�b �2�[�m���i�B�Q�M �`�2�T�`�2�b�2�M�i�b �� �M�2�;���i�B�p�2 �7�2�2�/�#���+�F �H�Q�Q�T �B�M�p�Q�H�p�B�M�; ���M �B�M�i�2�;�`���i�Q�` ���M�/ �7�Q�m�` �H���;�b �U�7�`�Q�K

�i�?�2 �i�?�`�2�2 �i�`���M�b�B�i �+�Q�K�T���`�i�K�2�M�i�b ���M�/ �i�?�2 �K���i�m�`���i�B�Q�M �H���;�V�X

�h�?�2 �2�[�m�B�H�B�#�`�B�m�Kx r �B�b �H�Q�+���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2 �B�7 ���H�H �`�Q�Q�i�b �Q�7P(s) �?���p�2 �b�i�`�B�+�i�H�v �M�2�;���i�B�p�2 �`�2���H �T���`�i�b �U�b�2�2

���T�T�2�M�/�B�t���X�8�V�X �h�Q �+�H���b�b�B�7�v �b�i���#�B�H�B�i�v�- �/�2�i�2�`�K�B�M�2 �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �m�M�/�2�` �r�?�B�+�? �`�Q�Q�i�b �+�`�Q�b�b �i�?�2 �B�K���;�B�M���`�v ���t�B�b

�#�v �H�Q�Q�F�B�M�; �7�Q�` �T�m�`�2�H�v �B�K���;�B�M���`�v �`�Q�Q�i�bs = j! �- �r�B�i�?! > 0�X

(j! )( j! + k�i� )̀3(j! + k�K�� ) = � Kk 4
�i� :̀ �U�9�X�N�V

�h�?�2 �`�B�;�?�i �b�B�/�2 �B�b �`�2���H ���M�/ �M�2�;���i�B�p�2�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �T�?���b�2 �Q�7 �i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �U�G�>�a�V �K�m�b�i �#�2� �X

���`�;(�G�>�a(j! )) =
�
2

+ 3 ���`�+�i���M
�

!
k�i�`

�
+ ���`�+�i���M

�
!

k�K��

�
= �:

�h�?�2 ���`�;�m�K�2�M�i �B�M�+�`�2���b�2�b �K�Q�M�Q�i�Q�M�B�+���H�H�v �7�`�Q�K� /2 ���b! �B�M�+�`�2���b�2�b�X �h�?�2 �+�`�B�i�B�+���H �7�`�2�[�m�2�M�+�v! c �Q�+�+�m�`�b �r�?�2�M �i�?�2



�*�>���S�h�1�_ �9�X �P�l�h�S�l�h �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�d

���`�;�m�K�2�M�i �2�[�m���H�b� �X �h�?�B�b �?���T�T�2�M�b �r�?�2�M�,

3 ���`�+�i���M
�

! c

k�i�`

�
+ ���`�+�i���M

�
! c

k�K��

�
=

�
2

: �U�9�X�R�y�V

�a�B�M�+�2 ���`�+�i���M �B�b ���M �B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �r�B�i�? �� �?�Q�`�B�x�Q�M�i���H ���b�v�K�T�i�Q�i�2 ���i� /2 �- �� �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M! c(k�i� ;̀ k�K�� ) > 0

���H�r���v�b �2�t�B�b�i�b�X ���i �i�?�B�b �7�`�2�[�m�2�M�+�v�- �i�?�2 �T�?���b�2 �Q�7 �i�?�2 �G�>�a �Q�7 �U�9�X�N�V �B�b� �- ���M�/ �i�?�2 �K���;�M�B�i�m�/�2 �+�Q�M�/�B�i�B�Q�M �/�2�}�M�2�b �i�?�2

�+�`�B�i�B�+���H �;���B�MK �+�`�B�i�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �b�i���#�B�H�B�i�v �#�Q�m�M�/���`�v�,

K �+�`�B�i=
! c(! 2

c + k2
�i� )̀

3/2 (! 2
c + k2

�K�� )
1/2

k4
�i�`

: �U�9�X�R�R�V

�G�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �B�b �;�m���`���M�i�2�2�/ �m�M�/�2�` �i�?�2 �+�Q�M�/�B�i�B�Q�MK < K �+�`�B�i�X �h�?�B�b ���M���H�v�b�B�b �m�M�/�2�`�H�B�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�;

�b�i���#�B�H�B�i�v �`�2�b�m�H�i �7�Q�` �i�?�2 �+�H���b�b �Q�7 �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�M�b�-F �X

�G�2�K�K�� �R �U�G�Q�+���H ���b�v�K�T�i�Q�i�B�+ �a�i���#�B�H�B�i�v �7�Q�` �P�m�i�T�m�i �6�2�2�/�#���+�F�V�*�Q�M�b�B�/�2�` �i�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H�U�k�X�R�V�m�M�@

�/�2�` �i�?�2 �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i� �̀Q�H �H���r�U�9�X�9�V�/�2�`�B�p�2�/ �7� �̀Q�K �� �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�Mf �/�2�b2 F �U�.�2�}�M�B�i�B�Q�M�k�V�X �h�?�2 �i��� �̀;�2�i

�2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�U�k�X�R�e�V�B�b �H�Q�+���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2 �B�7

f 0
�/�2�b(yr ) > �

K �+�`�B�i

k�K��yr
: �U�9�X�R�k�V

�S�`�Q�Q�7 �Q�7 �G�2�K�K���R�, �h�?�2 ���M���H�v�b�B�b ���#�Q�p�2 �b�?�Q�r�b �i�?���i �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �i�?�2 �C���+�Q�#�B���M �Q�7 �i�?�2 �b�v�b�i�2�K �r�B�i�? ��

�7�2�2�/�#���+�F �7�m�M�+�i�B�Q�Mf �/�2�b2 F �?���p�2 �b�i�`�B�+�i�H�v �M�2�;���i�B�p�2 �`�2���H �T���`�i�b �B�7 �i�?�2 �;���B�MK �B�b �H�2�b�b �i�?���M �i�?�2 �+�`�B�i�B�+���H �;���B�MK �+�`�B�i�X

�h�?�B�b �+�Q�M�/�B�i�B�Q�M �+���M �#�2 �`�2�r�`�B�i�i�2�M �B�M �i�2�`�K�b �Q�7 �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7 �i�?�2 �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�M�-f �/�2�b�,

� k�K��yr f 0
�/�2�b(yr ) < K �+�`�B�i�4) f 0

�/�2�b(yr ) > �
K �+�`�B�i

k�K��yr
:

�"�v �G�v���T�m�M�Q�p�ö�b �B�M�/�B�`�2�+�i �K�2�i�?�Q�/ �U�b�2�2 �(�k�3�- �h�?�2�Q�`�2�K �9�X�d�)�- �Q�` ���T�T�2�M�/�B�t���X�e�V�- �i�?�2 �2�[�m�B�H�B�#�`�B�m�Kx r �Q�7 �i�?�2 �M�Q�M�H�B�M�2���`

�b�v�b�i�2�K �U�k�X�R�V �B�b �H�Q�+���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2 �m�M�/�2�` �i�?�B�b �+�Q�M�/�B�i�B�Q�M�X

�h�?�2 �B�M�2�[�m���H�B�i�v �U�9�X�R�k�V �b�?�Q�r�b �i�?���i �b�i���#�B�H�B�i�v �/�2�T�2�M�/�b �Q�M �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b �Uk�i� ;̀ k�K�� �- �r�?�B�+�? �/�2�i�2�`�K�B�M�2

K �+�`�B�i�V ���M�/ �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7 �i�?�2 �7�2�2�/�#���+�F �T�`�Q�}�H�2 ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�X �h�?�2 �b�H�Q�T�2 �K�m�b�i �M�Q�i �#�2 �2�t�+�2�b�b�B�p�2�H�v

�b�i�2�2�T �U�i�Q�Q �M�2�;���i�B�p�2�V �B�M �Q�`�/�2�` �i�Q �2�M�b�m�`�2 �b�i���#�B�H�B�i�v�X �h�?�B�b �+�Q�M�i�`���b�i�b �r�B�i�? �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�`�- �r�?�B�+�?

�;�m���`���M�i�2�2�/ �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b �U�T�`�Q�p�B�/�2�/yr < �"���b�2�V�X

�9�X�k�X�e �_�Q�#�m�b�i �a�i���#�B�H�B�i�v ���M���H�v�b�B�b

�h�Q �2�M�b�m�`�2 �b�i���#�B�H�B�i�v �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �b�T�2�+�B�}�+ �p���H�m�2�b �Q�7k�i�` ���M�/k�K�� �- �� �`�Q�#�m�b�i �b�i���#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M �+���M �#�2 �7�Q�m�M�/

�#�v �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �K�B�M�B�K�m�K �p���H�m�2 �Q�7K �+�`�B�i�Q�p�2�` �i�?�2 �b�2�i �Q�7 �T�Q�b�b�B�#�H�2 �b�v�b�i�2�K �T���`���K�2�i�2�`�b�X

�A�M�i�`�Q�/�m�+�2 �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �p���`�B���#�H�2�b �i�Q �b�B�K�T�H�B�7�v �i�?�2 ���M���H�v�b�B�b�,

� 1 = ���`�+�i���M
�

! c

k�i�`

�
���M�/ � 2 = ���`�+�i���M

�
! c

k�K��

�
:



�*�>���S�h�1�_ �9�X �P�l�h�S�l�h �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�3

�a�B�M�+�2 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�bk�i� �̀-k�K�� �- ���M�/ �i�?�2 �7�`�2�[�m�2�M�+�v! c ���`�2 �T�Q�b�B�i�B�p�2�-� 1; � 2 2 (0; � /2) �X �h�?�2 �T�?���b�2 �+�Q�M�/�B�i�B�Q�M

�U�9�X�R�y�V �B�K�T�Q�b�2�b ���M ���/�/�B�i�B�Q�M���H �+�Q�M�b�i�`���B�M�i �Q�M �i�?�2 ���M�;�H�2�b�,

3� 1 + � 2 =
�
2

: �U�9�X�R�j�V

�a�2�i�i�B�M�;� 2 = 0 �`�2�p�2���H�b �i�?�2 �7�2���b�B�#�H�2 �`���M�;�2 �7�Q�`� 1 �B�b ���+�i�m���H�H�v(0; � /6) �X

�L�Q�r�- �2�t�T�`�2�b�bK �+�`�B�i�B�M �i�2�`�K�b �Q�7 �i�?�2�b�2 ���M�;�H�2�b�X �l�b�B�M�; �i�?�2 �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �B�/�2�M�i�B�i�v1 + �i���M2(x) = �b�2�+2(x)�,

! 2
c + k2

�i�` = k2
�i� (̀�i���M

2 � 1 + 1) = k2
�i�` �b�2�+2 � 1

! 2
c + k2

�K�� = k2
�K�� (�i���M

2 � 2 + 1) = k2
�K�� �b�2�+2 � 2

�a�m�#�b�i�B�i�m�i�2 �i�?�2�b�2 �B�M�i�Q �2�t�T�`�2�b�b�B�Q�M �U�9�X�R�R�V �U�M�Q�i�B�M�; �i�?���i �b�2�+� > 0 �b�B�M�+�2� 1; � 2 2 (0; � /2) �V�,

K �+�`�B�i=
! c(k2

�i�` �b�2�+2 � 1)3/2 (k2
�K�� �b�2�+2 � 2)1/2

k4
�i�`

=
! ck3

�i�` �b�2�+3 � 1k�K�� �b�2�+� 2

k4
�i�`

= k�K��
! c

k�i�`
�b�2�+3 � 1 �b�2�+� 2

= k�K�� �i���M� 1 �b�2�+3 � 1 �b�2�+� 2:

�1�t�T�`�2�b�b� 2 �B�M �i�2�`�K�b �Q�7� 1 �m�b�B�M�; �U�9�X�R�j�V ���M�/ ���T�T�H�v �7�m�`�i�?�2�` �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �B�/�2�M�i�B�i�B�2�b�,

K �+�`�B�i= k�K�� �i���M� 1 �b�2�+3 � 1 �b�2�+
� �

2
� 3� 1

�

=
k�K�� �i���M� 1 �b�2�+3 � 1

�b�B�M3� 1

=
k�K�� �b�B�M� 1

�+�Q�b4 � 1 �b�B�M3� 1

=
k�K�� �b�B�M� 1

�+�Q�b4 � 1(3 �b�B�M� 1 � 4 �b�B�M3 � 1)

=
k�K��

�+�Q�b4 � 1(3 � 4 �b�B�M2 � 1)
;

�r�?�2�`�2 �i�?�2 �i�`�B�T�H�2 ���M�;�H�2 �B�/�2�M�i�B�i�v �r���b �m�b�2�/ �i�Q �2�t�T�`�2�b�b �b�B�M3� 1 �B�M �i�2�`�K�b �Q�7 �b�B�M� 1 ���M�/ �b�B�M3 � 1�X �P�#�b�2�`�p�2 �i�?���i �Q�M �i�?�2

�B�M�i�2�`�p���H� 1 2 (0; � /6) �- �+�Q�b4 � 1 ���M�/3 � 4 �b�B�M2 � 1 ���`�2 �/�2�+�`�2���b�B�M�;�X �a�B�M�+�2K �+�`�B�i�B�b �i�?�2 �`�2�+�B�T�`�Q�+���H �Q�7 �� �T�`�Q�/�m�+�i �Q�7

�i�r�Q �/�2�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M�b�- �B�i �B�b ���M �B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �Q�p�2�` �i�?�2 �b���K�2 �B�M�i�2�`�p���H�X �h�?�2�`�2�7�Q�`�2�-K �+�`�B�i�B�b �K�B�M�B�K�B�x�2�/

���b� 1 ! 0�X �� �H�Q�r�2�` �#�Q�m�M�/ �7�Q�`K �+�`�B�i�B�b

K �+�`�B�i> K �
�+�`�B�i= �H�B�K

� 1 ! 0
K �+�`�B�i=

k�K��

3
:

�h�?�B�b �/�2�}�M�2�b �� �b�m�{�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M �7�Q�` �`�Q�#�m�b�i �b�i���#�B�H�B�i�v�- �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b�- �B�bK < K �
�+�`�B�i�X

�h�?�2 �`�2�b�m�H�i �B�b �T�`�2�b�2�M�i�2�/ �B�M �h�?�2�Q�`�2�K�k�X

�h�?�2�Q�`�2�K �k �U�_�Q�#�m�b�i �G�Q�+���H ���b�v�K�T�i�Q�i�B�+ �a�i���#�B�H�B�i�v �7�Q�` �P�m�i�T�m�i �6�2�2�/�#���+�F�V�� �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�Mf �/�2�b2

F �U�.�2�}�M�B�i�B�Q�M�k�V �;�m��� �̀��M�i�2�2�b �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�U�k�X�R�e�V�Q�7 �i�?�2 �6�`�B�#�2� �̀; �K�Q�/�2�H



�*�>���S�h�1�_ �9�X �P�l�h�S�l�h �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �k�N

�U�.�2�}�M�B�i�B�Q�M�R�V �7�Q�` ���H�H �T�Q�b�B�i�B�p�2 �T��� �̀��K�2�i�2�`�b�"���b�2�- k�i� �̀- k�K�� �- ���M�/
 �B�7 �i�?�2 �b�H�Q�T�2 �Q�7 �i�?�2 �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�M ���i �i�?�2

�2�[�m�B�H�B�#�`�B�m�K �b���i�B�b�}�2�b

f 0
�/�2�b(yr ) > �

1
3yr

: �U�9�X�R�9�V

�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�k�,

�G�2�if �/�2�b2 F �#�2 �� �7�2�2�/�#���+�F �7�m�M�+�i�B�Q�M �b�m�+�? �i�?���i

f 0
�/�2�b(yr ) > �

1
3yr

:

�h�?�2 ���M���H�v�b�B�b ���#�Q�p�2 �b�?�Q�r�2�/ �i�?���i �i�?�2 �K�B�M�B�K�m�K �T�Q�b�b�B�#�H�2 �p���H�m�2 �Q�7K �+�`�B�i�B�bK �
�+�`�B�i= k�K�� /3 �X �a�m�#�b�i�B�i�m�i�2 �i�?�B�b

�2�t�T�`�2�b�b�B�Q�M �B�M�i�Q �i�?�2 �b�H�Q�T�2 �+�Q�M�/�B�i�B�Q�M�,

f 0
�/�2�b(yr ) > �

1
3yr

= �
K �

�+�`�B�i

k�K��yr

�h�?�B�b �B�b �T�`�2�+�B�b�2�H�v �i�?�2 �b�i���#�B�H�B�i�v �+�`�B�i�2�`�B�Q�M �7�`�Q�K �G�2�K�K���R�- �r�B�i�?K �+�`�B�i= K �
�+�`�B�i�X �a�B�M�+�2K �

�+�`�B�i�B�b �i�?�2 �B�M�}�K�m�K �Q�7

K �+�`�B�i> 0�- �i�?�2 �+�Q�M�/�B�i�B�Q�M �Q�7 �G�2�K�K���R�B�b �b���i�B�b�}�2�/ �7�Q�` ���H�H �b�v�b�i�2�K �T���`���K�2�i�2�`�bk�K�� ; k�i�` > 0�X �h�?�2�M �i�?�2 �+�?�Q�b�2�Mf �/�2�b

�H�Q�+���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�B�H�B�x�2�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �U�k�X�R�e�V �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �b�v�b�i�2�K �T���`���K�2�i�2�`�b�X

�h�?�B�b �`�2�b�m�H�i �T�`�Q�p�B�/�2�b �� �;�2�M�2�`���H �/�2�b�B�;�M �;�m�B�/�2�H�B�M�2�X ���M�v �M�2�;���i�B�p�2 �7�2�2�/�#���+�F �T�`�Q�}�H�2 �r�?�Q�b�2 �b�H�Q�T�2 ���i �i�?�2 �`�2�7�2�`�@

�2�M�+�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���B�Q�M �B�b �b�?���H�H�Q�r�2�` �i�?���M� 1/(3 yr ) �2�M�b�m�`�2�b �H�Q�+���H �b�i���#�B�H�B�x���i�B�Q�M �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �T���i�B�2�M�i

�T���`���K�2�i�2�`�b�X

�9�X�j �1�t���K�T�H�2�, �a�i���#�B�H�B�x�B�M�; �P�m�i�T�m�i �6�2�2�/�#���+�F �S�`�Q�}�H�2

�h�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �`�2�b�m�H�i�b �Q�7 �h�?�2�Q�`�2�K�k�- �+�Q�M�b�B�/�2�` �� �T�`�Q�}�H�2 �r�?�2�`�2 �i�?�2 �7�2�2�/�#���+�F �b�i�`�2�M�;�i�? �B�b �B�M�p�2�`�b�2�H�v �`�2�H���i�2�/

�i�Q �i�?�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�m�M�i�X �� �i�m�M�B�M�; �T���`���K�2�i�2�`� > 0 �+�Q�M�i�`�Q�H�b �i�?�2 �b�H�Q�T�2 ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�,

f �/�2�b(N ) =
yr + �
N + �

: �U�9�X�R�8�V

�h�?�B�b �7�m�M�+�i�B�Q�M �#�2�H�Q�M�;�b �i�Q �i�?�2 ���/�K�B�b�b�B�#�H�2 �+�H���b�bF �U�.�2�}�M�B�i�B�Q�M�k�V�- �b�B�M�+�2�,

�R�Xf �/�2�b(yr ) = y r + �
y r + � = 1 �X

�k�Xf �/�2�b(N ) �B�b �b�K�Q�Q�i�? �7�Q�`N > 0�X

�j�X�h�?�2 �/�2�`�B�p���i�B�p�2 �B�bf 0
�/�2�b(N ) = � y r + �

(N + � )2 �X ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K�-f 0
�/�2�b(yr ) = � 1

y r + � �- �r�?�B�+�? �B�b �b�i�`�B�+�i�H�v �M�2�;���i�B�p�2�X

�h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b���i�m�`���i�2�/ �+�Q�M�i�`�Q�H �H���r �U�9�X�9�V �B�b�,

u�b���i(N ) = �K���t
�

0; 1 �
yr + �
N + �

�
N

�"���b�2

� 
 �
: �U�9�X�R�e�V



�*�>���S�h�1�_ �9�X �P�l�h�S�l�h �6�1�1�.�"���*�E �*�P�L�h�_�P�G �.�1�a�A�:�L �j�y

�h�?�2 �+�Q�M�/�B�i�B�Q�M �7�Q�` �`�Q�#�m�b�i �b�i���#�B�H�B�i�v �U�h�?�2�Q�`�2�K�k�V �B�bf 0
�/�2�b(yr ) > � 1

3y r
�,

f 0
�/�2�b(yr ) = �

1
yr + �

> �
1

3yr
�U�9�X�R�d�V

yr + � > 3yr �U�9�X�R�3�V

�4) � > 2yr : �U�9�X�R�N�V

�h�?�m�b�- �+�?�Q�Q�b�B�M�;� > 2yr �;�m���`���M�i�2�2�b �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �7�Q�` �i�?�2 �b�T�2�+�B�}�+ �+�Q�M�i�`�Q�H �H���r �U�9�X�R�e�V�- �`�2�;���`�/�H�2�b�b �Q�7

�i�?�2 �T���i�B�2�M�i�ö�b �T�?�v�b�B�Q�H�Q�;�B�+���H �T���`���K�2�i�2�`�bk�i�` ���M�/k�K�� �X

�9�X�9 �a�B�K�m�H���i�B�Q�M �_�2�b�m�H�i�b

���b �B�M �a�2�+�i�B�Q�M�j�X�j�- �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�` �/�2�}�M�2�/ �B�M �U�9�X�R�e�V �r���b �p���H�B�/���i�2�/ �m�b�B�M�; �R�y�y

�b�B�K�m�H���i�B�Q�M�b �7�Q�` �2���+�? �Q�7 �i�?�2 �R�R�e �T���i�B�2�M�i �T���`���K�2�i�2�` �b�2�i�b �7�`�Q�K �K�Q�/�2�H �}�i�b �B�M �(�e�)�X �h�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�B�b �2�t�T�2�`�B�K�2�M�i

�r���b �i�Q �p���H�B�/���i�2 �G�2�K�K���R���M�/ �h�?�2�Q�`�2�K�k�#�v �i�2�b�i�B�M�; �i�?�2 �H�B�K�B�i�b �Q�7 �H�Q�+���H ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v�X

�6�Q�` �i�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b�- �i�?�2 �/�2�b�B�;�M �T���`���K�2�i�2�` �r���b �b�2�i �i�Q� = 2 :1yr �X �P�i�?�2�` �p���H�m�2�b �Q�7� �r�2�`�2 ���H�b�Q ���i�i�2�K�T�i�2�/�c

�?�B�;�?�2�` �p���H�m�2�b �Q�7� �i�2�M�/�2�/ �i�Q �+�`�2���i�2 �b�K�Q�Q�i�?�2�` �b�Q�H�m�i�B�Q�M�b �i�?���i �i�Q�Q�F �H�Q�M�;�2�` �i�Q �+�Q�M�p�2�`�;�2�- �r�?�B�H�2 �H�Q�r�2�` �p���H�m�2�b �Q�7

� > 2yr �H�2�/ �i�Q �7���b�i�2�` �+�Q�M�p�2�`�;�2�M�+�2 �#�m�i �b�Q�K�2�i�B�K�2�b �H�2�/ �i�Q �B�M�+�`�2���b�2�/ �Q�b�+�B�H�H���i�B�Q�M�b �B�7 �i�?�2 �b�i���#�B�H�B�i�v �K���`�;�B�M �r���b �b�K���H�H�X

�A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �2���+�? �b�B�K�m�H���i�B�Q�M �r�2�`�2 ���;���B�M �`���M�/�Q�K�H�v �b���K�T�H�2�/ �7�`�Q�K �� �/�B�b�i�`�B�#�m�i�B�Q�M �+�2�M�i�2�`�2�/ ���`�Q�m�M�/ �i�?�2

�T���i�B�2�M�i�ö�b �/�`�m�;�@�7�`�2�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �U�k�X�9�V�X

�h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2�9�X�R�X �6�Q�` �K�Q�b�i �T���i�B�2�M�i�b�- �i�?�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M

�M�2���`�b �i�?�2 �`�2�7�2�`�2�M�+�2�- ���M�/ �i�?�2 �/�`�m�; �2�z�2�+�i �7�Q�` �2���+�? �T���i�B�2�M�i �M�2���`�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �/�`�m�; �/�Q�b�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2�B�`

�b�T�2�+�B�}�+ �T���`���K�2�i�2�` �p���H�m�2�b�X �*�Q�K�T���`�2�/ �i�Q �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �H���r�- �i�?�2 �Q�m�i�T�m�i �7�2�2�/�#���+�F �H���r �;�2�M�2�`���H�H�v �i���F�2�b �H�Q�M�;�2�`

�i�Q �+�Q�M�p�2�`�;�2�X �h�?�B�b �B�b �B�M�i�m�B�i�B�p�2�- ���b �i�?�2 �Q�m�i�T�m�i �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�` �?���b �Q�M�H�v �B�M�b�i���M�i���M�2�Q�m�b �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2

�M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M�- �r�?�B�H�2 �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�` �+���M �õ�T�`�2�/�B�+�i�ö �i�?�2 �7�m�i�m�`�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M

�i�?�`�Q�m�;�? �i�?�2 �b�i���i�2�bP ���M�/T3�X

�h�?�2 �#�Q�i�i�Q�K �T���M�2�H �Q�7 �6�B�;�m�`�2�9�X�R�B�H�H�m�b�i�`���i�2�b �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �/�`�m�; �2�z�2�+�i�X ���b �B�M �i�?�2 �b�i���i�2 �7�2�2�/�#���+�F �+���b�2�-

�7�Q�` �K�Q�b�i �T���i�B�2�M�i�b �i�?�2 �/�`�m�; �2�z�2�+�i �/�`�Q�T�b �i�Q �M�2���` �x�2�`�Q ���i ���`�Q�m�M�/ �/���v �k�y�- �i�?�2�M �`�B�b�2�b ���;���B�M ���M�/ �b�2�i�i�H�2�b ���i �i�?�2

�2�[�m�B�H�B�#�`�B�m�K �p���H�m�2�-ur ���7�i�2�` ���T�T�`�Q�t�B�K���i�2�H�v �k�8�y �/���v�b�X �h�?�B�b �b�2�i�i�H�B�M�; �i�B�K�2 �B�b �K�m�+�? �H�Q�M�;�2�` �i�?���M �i�?���i �Q�7 �i�?�2 �b�i���i�2

�7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�`�- �r�?�B�+�? �i�Q�Q�F ���`�Q�m�M�/ �R�y�y �/���v�b �i�Q ���+�?�B�2�p�2 �i�?�2 �b���K�2 �`�2�b�m�H�i�X �h�?�2 �+�Q�M�i�`�Q�H ���;���B�M �Q�#�b�2�`�p�2�b

�i�?�2 �T�?�v�b�B�+���H �+�Q�M�b�i�`���B�M�iu(t) 2 [0; 1]�- ���H�i�?�Q�m�;�? �i�?�B�b �+�Q�M�i�`�Q�H�H�2�` �/�B�/ �M�Q�i �b���i�m�`���i�2 �M�2���`�H�v ���b �Q�7�i�2�M ���b �i�?�2 �b�i���i�2

�7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�` �/�B�/�X

�6�B�;�m�`�2�9�X�k�b�?�Q�r�b �R�y�y�y ���/�/�B�i�B�Q�M���H �b�B�K�m�H���i�2�/ �i�`�2���i�K�2�M�i �Q�m�i�+�Q�K�2�b �7�Q�` �T���i�B�2�M�i �R�y�R �r�B�i�? �"���b�2= 2 :5847�X �6�Q�` �i�?�B�b

�T���i�B�2�M�i�- �i�?�2 �+�Q�M�i�`�Q�H�H�2�` ���b�v�K�T�i�Q�i�B�+���H�H�v �`�2�;�m�H���i�2�b �i�?�2 �M�2�m�i�`�Q�T�?�B�H �+�Q�M�+�2�M�i�`���i�B�Q�M �i�Q �i�?�2 �`�2�7�2�`�2�M�+�2yr = 1 :5 �:�f�G
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