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The self-power map is the function from the set of natural numbers to itself which sends

the number n to nn. Motivated by applications to cryptography, we consider the image

of this map modulo a prime p. We study the question of how large x must be so that

nn ≡ a mod p has a solution with 1 ≤ n ≤ x, for every residue class a modulo p.

While nn mod p is not uniformly distributed, it does appear to behave in certain ways

as a random function. We give a heuristic argument to show that the expected x is

approximately p2 log φ(p− 1)/φ(p− 1), using the coupon collector problem as a model.

Rigorously, we prove the bound x < p2−α for sufficiently large p and a fixed constant α > 0

independent of p, using a counting argument and exponential sum bounds. Additionally,

we prove nontrivial bounds on the number of solutions of nn ≡ a mod p for a fixed residue

class a when 1 ≤ n ≤ x, extending the known bounds when 1 ≤ n ≤ p− 1.
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Chapter 1

Introduction

Definition 1.1. The self-power map is the function f from the set of natural numbers

to itself, such that

f(n) = nn.

Our definition differs from Holden’s definition in [Hol02b, HR11], where n ∈ N is

mapped to nn mod p (or pe). Since some authors also consider nn mod b for composite b

[GOM12], we give this more general definition. However, from now on we will consider

the image of the self-power map modulo a prime p.

1.1 The self-power map and the discrete logarithm

problem

We begin by describing two applications to cryptography that motivate the study of the

self-power map. The self-power map and its image modulo a prime p is related to the

discrete logarithm problem in (Z/pZ)×.

Definition 1.2. The discrete logarithm problem in (Z/pZ)× is the following: Given

g ∈ (Z/pZ)×, and h an element in the subgroup generated by g, find an integer a such

that ga ≡ h mod p.

1



Chapter 1. Introduction 2

While it is computationally easy to raise an element to a power, the discrete logarithm

problem, which is the inverse operation, is assumed to be difficult in general. Thus, the

security of many cryptographic applications is based on this one-way property, and the

discrete logarithm has been widely studied.

1.1.1 ElGamal signature scheme

One of the applications of the discrete logarithm is the ElGamal signature scheme. How-

ever, the security of two variations of the ElGamal signature scheme also rely on the

difficulty of inverting the self-power map.

Algorithms 1 and 2 describe the ElGamal signature algorithm, taken from [MvOV96],

section 11.5.2, and [FLM10]. We assume that Alice is sending a message m to Bob, and

she would like to sign it so that Bob can verify her identity.

Algorithm 1 Generation of Alice’s public and secret key

1: Choose a large random prime p and a generator g of (Z/pZ)×.

2: Select a random integer a such that 1 ≤ a ≤ p− 1 and compute y = ga.

3: Alice’s public key is (p, g, y) and her private key is a.

Algorithm 2 ElGamal signature generation and verification

1: Alice’s signature generation:

(a) Select a random integer k such that 1 ≤ k ≤ p− 2 and gcd(k, p− 1) = 1.

(b) Compute r = gk mod p.

(c) Compute s = k−1(h(m)−ar) where the inverse of k is calculated modulo (p−1)

and h(m) is the hash of the message m.

(d) Alice’s signature for the message of m is the pair (r, s).
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Algorithm 2 ElGamal signature generation and verification (continued)

2: Verification of the signature by Bob:

(a) Verify that 1 ≤ r ≤ p− 1, else reject.

(b) Compute v1 = yrrs mod p.

(c) Compute v2 = gh(m) mod p, after calculating h(m).

(d) Accept the signature if v1 = v2.

The signature verification in Algorithm 2 works because

v1 = yrrs mod p

≡ (ga)r
(
gk
)k−1(h(m)−ar)

mod p

≡ gargh(m)−ar mod p

≡ gh(m) mod p

= v2.

Variations of the ElGamal signature scheme may be obtained by changing the value

of s in step 1(c) of the signing algorithm, Algorithm 2. Notice that the signing equation

in terms of the exponents can be also expressed as

u = av + kw mod (p− 1)

where

u = h(m), v = r, w = s.

Assigning to u, v and w the values s, r, and h(m) in different orders defines a new signing

equation, which produces a different expression for s in terms of a, k, r, and h(m). Table

1.1 from [MvOV96, Table 11.5] summarizes the possibilities.

The verification equations for variations 2 and 4 involve the expression rr. Thus, an

adversary who can solve the self-power problem may forge Alice’s signature by choosing
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u v w Signing equation Verification

1 h(m) r s h(m) = ar + ks gh(m) = (ga)rrs

2 h(m) s r h(m) = as+ kr gh(m) = (ga)srr

3 s r h(m) s = ar + kh(m) gs = (ga)rrh(m)

4 s h(m) r s = ah(m) + kr gs = (ga)h(m)rr

5 r s h(m) r = as+ kh(m) gr = (ga)srh(m)

6 r h(m) s r = ah(m) + ks gr = (ga)h(m)rs

Table 1.1: Variations of the ElGamal signing equation. Signing equations are computed

modulo (p− 1); verification is done modulo p.

s, then solving

gh(m) [(ga)s]−1 = rr or gs
[
(ga)h(m)

]−1
= rr,

for r.

1.1.2 Two-cycles of the discrete logarithm

Another application of the discrete logarithm related to the self-power map is a pseudo-

random bit generator of Blum and Micali [BM84].

Let g0 be a fixed generator of (Z/pZ)×. Associating the residue classes modulo p− 1

with integers between 1 and p, we can define the following function

f(x) = gx0 mod p

from the multiplicative group (Z/pZ)× to itself. Blum and Micali [BM84] describe a

pseudo-random bit generator which depends on an iteration
{
x, f(x), f 2(x), . . . , fN(x)

}
.

The pseudo-randomness of the sequence is compromised if the iteration falls into a fixed

point or a short cycle.
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Cycles of length two of the discrete logarithm, of the form

gh = a mod p and ga = h mod p, (1.1)

are related to collisions of the self-power map

hh ≡ aa mod p. (1.2)

Given a solution (g, h, a) to equation (1.1), the values h and a also satisfy equation

(1.2). In certain cases, solutions to (1.2) also produce solutions to (1.1). Holden and

his co-authors study the relationship between two-cycles of the discrete logarithm and

collisions of the self-power map modulo p in [Hol02b, Hol02a, HM06]. We reproduce the

following proposition from [HM06].

Proposition 1.3. If gcd(h, a, p − 1) = 1, then there is a one-to-one correspondence

between triples (g, h, a) which satisfy (1.1) and pairs (h, a) which satisfy (1.2), and the

value of g is unique given h and a. In particular, this is true when h or a is relatively

prime to p− 1.

Proof. Fix an arbitrary primitive root b mod p, and denote by indx the discrete loga-

rithm modulo p of x with respect to the base b. That is,

indx = y ⇔ by ≡ x (mod p).

The system of equations (1.1) is then equivalent to the following system h ind g ≡ ind a mod (p− 1)

a ind g ≡ indh mod (p− 1).
(1.3)

If gcd(h, a, p − 1) = d, there exist u and v such that uh + va ≡ d mod p− 1. Using

elementary operations on systems of equations, we can show with a bit of work that (1.3)

is equivalent to the following system: 0 ≡ a
d

ind a− h
d

indh mod p− 1

gd ≡ hvau mod p.
(1.4)
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In our case gcd(h, a, p− 1) = 1, and we obtain the equivalent system: aa ≡ hh mod p

g ≡ hvau mod p.
(1.5)

Many heuristics for the number of solutions of two-cycles of the discrete logarithm

and collisions of the self-power map modulo a prime are given in Holden’s work.

1.2 Past work on the self-power map

While we have described the cryptographic applications related to the self power map

and its image modulo a prime, the behaviour of the self-power map is an interesting

problem in its own right.

Past work on the self power map was limited to the case 1 ≤ n ≤ p − 1. We begin

our study with the simple question:

Question 1.4. Given any residue class a modulo p, does there exist n such that nn ≡

a mod p and 1 ≤ n ≤ p− 1?

The answer is no, not necessarily. When restricted to 1 ≤ n ≤ p − 1 the self power

map is not injective, and thus not surjective, since the residue 1 appears at least twice:

11 ≡ (p− 1)(p−1) ≡ 1 mod p.

The earliest results on the self-power map are due to Crocker [Cro69], who gives the

lower bound on the number of distinct residue classes that are represented by {nn : 1 ≤

n ≤ p− 1}.

Theorem 1.5. Let p be an odd prime. The number of distinct residues modulo p of nn,

where 1 ≤ n ≤ p− 1, is at least
⌊√

(p− 1)/2
⌋

.
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Somer [Som81] gives an upper bound.

Theorem 1.6. Let p be an odd prime. The number of distinct residues modulo p of nn,

where 1 ≤ n ≤ p− 1, is at most 3
4
p+Oε

(
p

1
2
+ε
)

, where ε is any positive real number and

the impicit constant depends only on ε.

The upper bound is proved by bounding the number quadratic non-residues which do

not appear among the residues of nn mod p when 1 ≤ n ≤ p− 1. The constant is related

to the class number of Q(
√
−p).

Somer finds lower bounds for the number of primitive roots modulo p which do not

appear as residues of nn mod p. Given any M ∈ N, he shows that the residue 1 (or −1)

appears at least M times as nn mod p for some large prime p. Thus a related question is

the following:

Question 1.7. What is the number of times that a residue class may be represented in

the form nn mod p with 1 ≤ n ≤ p− 1?

More recently, Balog, Broughan, and Shparlinski [BBS11] have given bounds on the

number of times a residue class appears, depending on its multiplicative order in (Z/pZ)×.

Let us introduce the following notation.

Definition 1.8. Denote by

N(x; a) = |{n ≤ x : nn ≡ a (mod p)}| ,

the number of solutions to nn = a mod p with 1 ≤ n ≤ x.

Balog et al. [BBS11] give the following bounds.

Theorem 1.9. Uniformly over t|(p − 1) and all integers a with gcd(a, p) = 1 of multi-

plicative order t, the following bounds hold as p→∞:

N(p; a) ≤ max
{
t, p

1
2 t

1
4

}
po(1),
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N(p; a) ≤ p
1
3
+o(1)t2/3,

N(p; a) ≤ p1+o(1)t−1/12.

The first two bounds are most useful when the order of t is small, while the last is

useful when a has large order. In Chapter 2 our proofs will follow those of Balog et

al. very closely to extend these estimates to N(x; a), for p < x ≤ p(p− 1).

1.3 Extension to larger values of n

As a variation of the Question 1.4, we may ask:

Question 1.10. If we do not restrict n to 1 ≤ n ≤ p − 1 can we find a solution to

nn ≡ a mod p, for any a?

The answer is yes, if we allow 1 ≤ n ≤ p(p−1). Given any a such that 1 ≤ a ≤ p−1,

then a may be expressed as nn by taking

n = a+ p(p− a) = 1 + (p− 1)(p+ 1− a)

because

nn = (a+ p(p− a))1+(p−1)(p+1−a) ≡ a mod p.

The sequence {nn} is periodic with period p(p− 1).

Given nn mod p, the base is determined modulo p and the exponent is determined

modulo p− 1. Thus, we may organize the values of nn mod p where gcd(n, p) = 1 as in

Table 1.2, by multiples of p. Reducing the base modulo p and the exponent modulo p−1

gives us Table 1.3. An example for p = 11 is given in Table 1.4.

The number of times a residue a ∈ (Z/pZ)× of order t appears in Table 1.3 is∑
k| p−1

t

φ(kt) · p− 1

kt
, (1.6)

from Theorem 1 of [Som81]. If p − 1 is square free, it can also be estimated in the

following way, independently found by R. Balasubramanian, [Bal11].
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Values of nn, where n = kp+ b

b 1 2 . . . (p− 1)

k = 0 11 22 . . . (p− 1)(p−1)

k = 1 (p+ 1)(p+1) (p+ 2)(p+2) . . . (2p− 1)(2p−1)

k = 2 (2p+ 1)(2p+1) (2p+ 2)(2p+2) . . . (3p− 1)(3p−1)

k = 3 (3p+ 1)(3p+1) (3p+ 2)(3p+2) . . . (4p− 1)(4p−1)

...
...

k = (p− 2) ((p− 2)p+ 1)((p−2)p+1) ((p− 2)p+ 2)((p−2)p+2) . . . ((p− 1)p− 1)((p−1)p−1)

Table 1.2: The table of values of nn, arranged by groups of p, omitting multiples of p.

Values of nn mod p, where n = kp+ b

b 1 2 3 . . . (p− 2) (p− 1)

k = 0 11 22 33 . . . (p− 2)p−2 (p− 1)p−1

k = 1 12 23 34 . . . (p− 2)p−1 (p− 1)1

k = 2 13 24 35 . . . (p− 2)1 (p− 1)2

...
...

k = (p− 2) 1p−1 21 32 . . . (p− 2)p−3 (p− 1)p−2

Table 1.3: The values of nn from Table 1.2 considered modulo p, where the base is reduced

modulo p, and the exponent modulo p− 1.
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Values of nn mod p, for p = 11

b 1 2 3 4 5 6 7 8 9 10

Order of b 1 10 5 5 5 10 10 10 5 2

1 4 5 3 1 5 6 5 5 1

1 8 4 1 5 8 9 7 1 10

1 5 1 4 3 4 8 1 9 1

1 10 3 5 4 2 1 8 4 10

1 9 9 9 9 1 7 9 3 1

1 7 5 3 1 6 5 6 5 10

1 3 4 1 5 3 2 4 1 1

1 6 1 4 3 7 3 10 9 10

1 1 3 5 4 9 10 3 4 1

1 2 9 9 9 10 4 2 3 10

Table 1.4: An example of the nn mod p table reduced modulo p, for p = 11.

Proposition 1.11. Let a be an element of order t in (Z/pZ)×. Define a multiplicative

function on square-free numbers by setting

g(q) = 2q − 1

where q is prime. Assuming p− 1 is squarefree,

N(p(p− 1); a) = φ(t)g

(
p− 1

t

)
.

Proof. In Table 1.3, for b ∈ (Z/pZ)×, each column consists of the elements

bb, bb+1, bb+2, . . . , bp−1, bp, . . . , bb−1.

Each column is a permutation of

1, b, b2, . . . , bp−1.
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The residue class a will appear in any column where the order of b is a multiple of the

order of a. Letting ord a = t and ord b = kt, then a will occur (p − 1)/kt times in this

column. Hence, the total number of times a appears in the table is

∑
k| p−1

t

φ(kt) · p− 1

kt
= (p− 1)

φ(t)

t

∑
k| p−1

t

φ(k)

k

= (p− 1)
φ(t)

t
·
g
(
p−1
t

)(
p−1
t

) = φ(t)g

(
p− 1

t

)

The residues nn mod p in Table 1.3 are not equidistributed, but depend on the order

of n in (Z/pZ)×. In particular, elements of lower order appear more frequently than

those of higher order. Holden [HR11] conjectured that

N(p; a) ∼
∑
k| p−1

t

φ(kt)

kt

which is 1/(p− 1)-th the number of times the element a appears in the entire table, over

one period of the sequence {nn}.

The question we study in the second part of the thesis is the following:

Question 1.12. How large should x be so that nn ≡ a mod p has a solution with 1 ≤

n ≤ x, for any given residue class a modulo p?

The trivial bounds for x are p < x ≤ p(p − 1). A probabilistic model, described in

Chapters 3 and 4 provides a heuristic argument to show that the value of x is approx-

imately p2 log φ(p − 1)/φ(p − 1). In Chapter 5, we rigorously prove that x < p2−α for

large enough p, for an explicit value α > 0, which is independent of p.



Chapter 2

Bounds on N(x; a)

2.1 Introduction

Recall that N(x; a) denotes the number of solutions to the congruence nn = a mod p

with 1 ≤ n ≤ x for a fixed residue class a modulo p. Balog et al. [BBS11] give estimates

for N(p; a) and we extend those estimates to N(x; a) for x > p. The sequence nn has

period p(p − 1). Thus, we may consider only p < x < p(p − 1) since if x is larger than

p(p − 1) we can add an appropriate factor of N(p(p − 1); a), evaluated using equation

(1.6) or Prop. 1.11.

The method of proof is completely analogous to that of Balog et al. [BBS11]. The

value N(p; a) is the number of occurrences of the residue class a mod p in the first row

of Table 1.3. We obtain bounds for N(x; a) which are approximately (x/p) times the

bounds for N(p; a), as expected; the residue class a mod p should appear about equally

often in each row. Thus, if a = 1, for instance,

N(x; 1) ≤ x1+εp−2/3

from Proposition 2.3, with t = 1. If a is a primitive root, the estimate for a of large order

gives

N(x; a)� xp−1/12+ε

12
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using Prop. 2.5. This bound is nontrivial for x ≤ p13/12−ε.

2.2 Estimates for N(x; a) for a of small order

This section describes two estimates for N(x; a) that are non-trivial when a has relatively

small multiplicative order. For any element a ∈ (Z/pZ)×, and given a fixed primitive

root g, let ind a denote the discrete logarithm modulo p of a with respect to the base g.

That is,

ind a = b ⇔ gb ≡ a mod p.

The sum representing the number of divisors, denoted d(T ) =
∑

d|T 1 will occur

several times in the proofs. We will use the bound∑
d|T

1� T ε. (2.1)

Aside from elementary number arguments, Proposition 2.2 also requires the following

sum-product result of Garaev ([Gar08], Theorem 1). Let A be a subset of (Z/pZ)×.

Define the sets

A+A = {a1 + a2 : a1, a2 ∈ A}

A · A = {a1a2 : a1, a2 ∈ A}.

Lemma 2.1. For any set A ⊂ (Z/pZ)×

|A+A| · |A · A| � min

{
p |A| , |A|

4

p

}
.

A suggestion from I. Shparlinski for the definition of the set Wd greatly simplified the

following proposition. [Shp13]

Proposition 2.2. Uniformly in t|(p− 1), we have for p ≤ x ≤ p(p− 1)∑
a∈(Z/pZ)×

ord a|t

N(x; a)� x1+εp−1 max
{
t, p1/2t1/4

}
. (2.2)
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Proof. Consider the (k + 1)st row of the Table 1.3. We denote the number of times a

fixed residue class a (mod p) appears in the (k + 1)st row by

Nk(p; a) =
∣∣{n ∈ Z : nn+k ≡ a (mod p), gcd(a, p) = 1, 1 ≤ n ≤ p− 1

}∣∣ .
We will show that we can bound Nk(p; a) in the same way as N(p; a) is bounded in

Balog et al.

Fix a primitive root g mod p. We use g as the base of the discrete logarithm, so that

we can express n = g indn. Let t denote the multiplicative order of a in (Z/pZ)×. Then

starting from the equivalence nn+k ≡ a (mod p), we obtain:

nt(n+k) ≡ 1 (mod p)

⇔ g( indn)t(n+k) ≡ 1 (mod p)

⇔ (n+ k)t( indn) ≡ 0 (mod p− 1).

Set T = p−1
t

. The last condition is equivalent to

(n+ k)( indn) ≡ 0 (mod T ).

Suppose that gcd(n + k, T ) = d so that n + k = dy. We have gcd(y, T ) = 1 and

1 ≤ y ≤ (p−1+k)
d

. Let D = (p−1+k)
d

and note that D < 2p
d

. Then,

dy ind (dy − k) ≡ 0 (mod T ).

Setting Td = T
d
,

y ind (dy − k) ≡ 0 (mod Td),

ind (dy − k) ≡ 0 (mod Td).

Set

Xd = {y ∈ Z : ind (dy − k) ≡ 0 (mod Td), 1 ≤ y ≤ D, gcd(y, Td) = 1}

Wd =
{
ȳ : ȳ ≡ y − kd−1 (mod p), y ∈ Xd

}
.
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Then ∑
a∈(Z/pZ)×

ord a|t

Nk(a, p) =
∑
d|T

|Xd| ≤ 2
∑
d|T

|Wd|,

since y ∈ Xd is bounded from above by 2p. To bound this sum, we will apply the

sum-product theorem to estimate |Wd|.

We have

|Wd +Wd| ≤ |Xd +Xd| ≤ 2D <
4p

d
.

To estimate |Wd ·Wd| consider two elements ȳ1 and ȳ2 in Wd. These correspond to

some elements y1 and y2 in Xd, such that dy1 − k ≡ gTdα1 (mod p) and dy2 − k ≡ gTdα2

(mod p). Thus,

d2ȳ1ȳ2 ≡ d(y1 − kd−1)d(y2 − kd−1) (mod p)

≡ (dy1 − k)(dy2 − k) (mod p)

≡ gTdα1gTdα2 (mod p)

≡ gTd(α1+α2) (mod p).

We conclude that

ȳ1ȳ2 ≡ d−2gTd(α1+α2) (mod p).

There are (p− 1)/Td = dt choices for the sum (α1 + α2), thus we obtain

|Wd ·Wd| ≤ dt.

By the Lemma 2.1, we have that

min

{
p |Wd| ,

|Wd|4

p

}
� |Wd +Wd| · |Wd ·Wd| � pt,

and we note that

p |Wd| ≤
|Wd|4

p
⇔ |Wd| ≥ p2/3.
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We obtain as in Balog et al.

|Wd| � max
{
t, p

1
2 t

1
4

}
.�


t if t ≥ p

2
3

p
1
2 t

1
4 if t < p

2
3 .

Applying the bound from (2.1), and noting that T < p we obtain

∑
a∈(Z/pZ)×

ord a|t

Nk(p; a)�
∑
d|T

|Wd| � max
{
t, p

1
2 t

1
4

}
pε

and

∑
a∈(Z/pZ)×

ord a|t

N(x; a) =

bxpc∑
k=0

∑
a∈(Z/pZ)×

ord a|t

Nk(p; a)

�
(
x

p
+ 1

)
max

{
t, p1/2t1/4

}
pε

�


x1+εp−1t if t ≥ p

2
3

x1+εp−
1
2 t

1
4 if t < p

2
3 .

Another estimate obtained for a of small order follows exactly as in Balog et al.

Proposition 2.3. Uniformly over t|(p− 1), for p ≤ x ≤ p(p− 1), we have as p→∞,

∑
a∈(Z/pZ)×

ord a|t

N(x; a)� x1+εp−
2
3 t

2
3 .

Proof. The first part of the proof is similar to Proposition 2.2, up until the definition of

the sets Xd and Wd. This time, however, we only restrict n to be between 1 and x. Fix

a primitive root g mod p. We have

∑
a∈(Z/pZ)×

ord a|t

N(x; a) =
∑

a∈(Z/pZ)×
ord a|t

∑
n≤x

nn≡a mod p

1 =
∑
n≤x

ntn≡1 mod p

1.
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We use g as the base of the discrete logarithm. Starting from the equivalence ntn ≡

1 mod p we obtain:

ntn ≡ 1 (mod p),

⇔ g( indn)tn ≡ 1 (mod p)

⇔ ( indn)tn ≡ 0 (mod p− 1)

Set T = p−1
t

. Then the last condition implies

n( indn) ≡ 0 (mod T ).

Fix d|T and set Td = T
d
. If gcd(n, T ) = d, then write n = dy and

y( ind dy) ≡ 0 (mod Td)⇔ ind dy ≡ 0 (mod Td)

since

gcd(y, Td) = 1, 1 ≤ y ≤ D =
x

d
.

Set

Xd = {y ∈ Z, 1 ≤ y ≤ D : ind dy ≡ 0 (mod Td), gcd(y, Td) = 1}

Wd = {y (mod p) : y ∈ Xd} .

We now denote both elements of Xd and Wd by y, since the elements of Wd are simply

residue classes of elements in Xd.

Our goal is to estimate the sum

∑
a∈(Z/pZ)×

ord a|t

N(x; a) =
∑
d|T

|Xd|.

We also have

|Xd| ≤
(
D

p
+ 1

)
|Wd| =

(
x

dp
+ 1

)
|Wd|.

Let

s(b) = # {(y1, y2) : y1, y2 ∈ Xd, y1y2 ≡ b (mod p)} .
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Thus s(b) > 0 implies that b ∈ Wd ·Wd. Hence

|Xd|2 =
∑

b∈Z/pZ

s(b) ≤ |Wd ·Wd| ·max s(b).

For a given b, since y1y2 ≤ D2 = x2/d2 and y1y2 = b + kp, the product y1y2 can take at

most (
x2

pd2
+ 1

)
values. Once z such that y1y2 = z is fixed, there are

d(z) = zo(1) ≤
(x
d

)2o(1)
≤
(x
d

)ε
possibilities for the pair (y1, y2). Hence

s(b) ≤
(
x2

pd2
+ 1

)(
x

p

)ε
By a similar argument as in the proof of Proposition 2.2, if y1 and y2 ∈ Wd, then

d2y1y2 ≡ gTd(α1+α2) (mod p) and we have |Wd ·Wd| ≤ dt.

Therefore

|Xd|2 ≤ dt

(
x2

pd2
+ 1

)(
x

p

)ε
|Xd| �

(
x

p

)ε(
x
√
t√
pd

+
√
td

)
.

On the other hand, from the condition ind (dy) ≡ 0 (mod Td) we have

|Xd| ≤
(
x

dp
+ 1

)
dt ≤

(
x

p
+ 1

)
dt

From the condition y ≤ D, we have also

|Xd| ≤ D =
x

d
.

We choose the intervals d ≤ p
1
3 t−

1
3 , p

1
3 t−

1
3 ≤ d ≤ p

2
3 t−

1
3 , and d ≥ p

2
3 t−

1
3 as in the

proof of Balog et al. These intervals are chosen such that the bounds all have similar
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(though not equal) orders of magnitude. We conclude that

|Xd| �



(
x
p

+ 1
)
dt if d ≤ p

1
3 t−

1
3(

x
p

)ε
dt
(
x
√
t√
pd

+
√
td
)

if p
1
3 t−

1
3 ≤ d ≤ p

2
3 t−

1
3

x
d

if d ≥ p
2
3 t−

1
3

which simplifies to

|Xd| �


xp−

2
3 t

2
3 if d ≤ p

1
3 t−

1
3

x1+εp−
2
3 t

2
3 if p

1
3 t−

1
3 ≤ d ≤ p

2
3 t−

1
3

xp−
2
3 t

1
3 if d ≥ p

2
3 t−

1
3 .

We will use the largest bound above, |Xd| � x1+εp−
2
3 t

2
3 in the sum. Again, we apply

the number of divisors bound (2.1). Thus, for x ≥ p,

∑
a∈(Z/pZ)×

ord a|t

N(x; a) =
∑
d|T

|Xd| ≤ T εx1+εp−
2
3 t

2
3 � x1+εp−

2
3 t

2
3 .

2.3 Estimates for N(x; a) for a of large order

Next we consider a method of bounding N(x; a) that is good when a has large order. We

require the following lemma from Balog et al.[BBS11], from [CFK+00, Lemma 7].

Lemma 2.4. For n ≥ 2, given elements a1, . . . , an ∈ F×q , and integers k1, . . . , kn ∈ Z, let

us denote by Q the number of solutions of the equation

n∑
i=1

aiX
ki = 0, X ∈ F×q .

Then

Q ≤ 2q1−1(n−1)∆1/(n−1) +O(q1−2/(n−1)∆2/(n−1)),
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where

∆ = min
1≤i≤n

max
j 6=i

gcd (kj − ki, q − 1) .

Proposition 2.5. Uniformly over t|(p − 1) and all integers a with gcd(a, p) = 1 of

multiplicative order ord a = t, we have as p→∞

N(x; a)� xpεt−
1
12 .

for p ≤ x ≤ p(p− 1).

Proof. We consider Table 1.3 of nn mod p. We divide each row of the table into two sets.

For a with gcd(a, p) = 1, let

Nk,1(p; a) = #
{
n ∈ Z : nn+k ≡ a (mod p), 1 ≤ n ≤ p− 1− k

}
Nk,2(p; a) = #

{
n ∈ Z : nn+k−p+1 ≡ a (mod p), p− k ≤ n ≤ p− 1

}
.

We will then have

N(x; a) =

bx/pc∑
k=0

(Nk,1(p; a) +Nk,2(p; a)) .

The purpose of splitting each row into two sets is that the proof of Balog et al. is easily

modified for each of the two sets, since the exponents are small. Below we will show that

the bound for N(p; a) from Balog et al. also holds for Nk,1(p; a). The proof for Nk,2(p; a)

is analogous.

As before, let ord a = t and set T = p−1
t

. There exists a primitive root g such that

a ≡ gT (mod p). For the rest of this argument, the index (e.g. indn) will be the discrete

logarithm modulo p with respect to the base g. We have

nn+k ≡ a (mod p)

⇔ nn+k ≡ gT (mod p)

⇔ (n+ k) indn ≡ T (mod p− 1).
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Thus, gcd(n+ k, p− 1)|T and we may let gcd(n+ k, p− 1) = d, so that n+ k = dy.

Setting Td = T
d
, and D = p−1

d
,

dy ind (dy − k) ≡ T (mod p− 1)

⇔ y ind (dy − k) ≡ Td (mod D).

In fact, we have y = n+k
d

, so that k
d
≤ y ≤ p−1

d
, where the second inequality is deliberately

obtained from the construction of Nk,1(p; a). Secondly, taking the lower bound to be 1

instead of k
d

only increases the number of solutions. These two modifications allow us to

use Balog et al.’s proof with few adjustments.

Since 1 ≤ y ≤ D, gcd(y,D) = 1, the congruence yz ≡ 1 (mod D) induces a 1-1

correspondence

{1 ≤ y ≤ D, gcd(y,D) = 1} ↔ z ∈ (Z/DZ)×

and a 1-to-Md correspondence

{1 ≤ y ≤ D, gcd(y,D) = 1} ↔ z ∈ (Z/(p− 1)Z)×,

where Md is the number of residue classes in (Z/(p− 1)Z)× of the form z + lD. Residue

classes are automatically coprime to D, but must be also coprime to d in order to be

coprime to p− 1 and in (Z/(p− 1)Z)×. Using the Möbius function [NZM91, p.193], we

have that

Md =
d∑

k=1

∑
f | gcd(z+kD,d)

µ(f) =
∑
f |d

µ(f)
d∑

k=1
z+kD≡0 (mod f)

1

=
∑
f |d

gcd(f,D)=1

µ(f)
d

f
= d

φ(m)

m
,

where

m =
∏
q|d
q-D

q.

Using the estimate φ(m) = m1−o(1) for the Euler totient function, and the inequality

m ≤ d ≤ p, we have Md = dpo(1). From now on 1 ≤ y ≤ D and z ∈ (Z/(p − 1)Z)× will

always be related by yz ≡ 1 (mod D), even if not explicitly stated.
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Let us set

Zd =

{
z ∈ (Z/(p− 1)Z)× : ind (dy − k) ≡ Dz

t
(mod D), 1 ≤ y ≤ D, yz ≡ 1 (mod D)

}
.

We have

Nk,1(p; a) =
∑
d|T

1

Md

|Zd| ≤ po(1)
∑
d|T

1

d
|Zd| .

Thus, we must find a bound for |Zd|.

We have

ind (dy − k) ≡ Dz
t

(mod D)

⇔ dy − k ≡ ρg
Dz
t (mod p)

for some ρ ∈ (Z/(p− 1)Z)×, ρd ≡ 1 (mod p).

Split Zd into subsets

Zd,ρ =
{
z ∈ (Z/(p− 1)Z)× : dy − k ≡ ρg

Dz
t (mod p), 1 ≤ y ≤ D

}
,

so that

|Zd| =
∑

ρ∈(Z/(p−1)Z)×
ρd≡1 (mod p)

|Zd,ρ| .

We have that

|Zd,ρ|2 =
∣∣∣{z1, z2 ∈ (Z/(p− 1)Z)× : dyj ≡ ρg

Dzj
t + k (mod p), j = 1, 2

}∣∣∣
and adding the two congruences,

|Zd,ρ|2 ≤
∣∣∣{z1, z2 ∈ (Z/(p− 1)Z)× : d(y1 + y2) ≡ ρ

(
g
Dz1
t + g

Dz2
t

)
+ 2k (mod p)

}∣∣∣
=

∑
v∈Z

∣∣∣{z1, z2 ∈ (Z/(p− 1)Z)× : d(y1 + y2) = v, ρ
(
g
Dz1
t + g

Dz2
t

)
≡ v − 2k (mod p)

}∣∣∣ .
The sum over v ∈ Z is empty unless v = dw, where 2 ≤ w ≤ 2D by the bounds on y1

and y2. By Cauchy-Schwartz,

|Zd,ρ|4 ≤

(∑
v∈Z

12

)(∑
v∈Z

∣∣{z1, z2 ∈ (Z/(p− 1)Z)× : d(y1 + y2) = v,



Chapter 2. Bounds on N(x; a) 23

ρ
(
g
Dz1
t + g

Dz2
t

)
≡ v − 2k (mod p)

}∣∣∣2)
≤ 2D

∣∣{z1, z2, z3, z4 ∈ (Z/(p− 1)Z)× : d(y1 + y2) = d(y3 + y4)

≡ ρ
(
g
Dz1
t + g

Dz2
t

)
+ 2k ≡ ρ

(
g
Dz3
t + g

Dz4
t

)
+ 2k (mod p)

}∣∣∣ .
For any fixed ρ, the set{

z1, z2, z3, z4 ∈ (Z/(p− 1)Z)× : d(y1 + y2) = d(y3 + y4)

≡ ρ
(
g
Dz1
t + g

Dz2
t

)
+ 2k ≡ ρ

(
g
Dz3
t + g

Dz4
t

)
+ 2k (mod p)

}
is contained in the set{

z1, z2, z3, z4 ∈ (Z/(p− 1)Z)× : y1 + y2 = y3 + y4,(
g
Dz1
t + g

Dz2
t

)
≡
(
g
Dz3
t + g

Dz4
t

)
(mod p)

}
.

Since there are d values for ρ such that ρd ≡ 1 mod p, we have∑
ρd≡1 mod p

|Zd,ρ|4 ≤
∑

ρd≡1 mod p

2D
∣∣{z1, z2, z3, z4 ∈ (Z/(p− 1)Z)× : d(y1 + y2) = d(y3 + y4)

≡ ρ
(
g
Dz1
t + g

Dz2
t

)
+ 2k ≡ ρ

(
g
Dz3
t + g

Dz4
t

)
+ 2k (mod p)

}∣∣∣
≤ 2D

∑
ρd≡1 mod p

∣∣{z1, z2, z3, z4 ∈ (Z/(p− 1)Z)× : y1 + y2 = y3 + y4,(
g
Dz1
t + g

Dz2
t

)
≡
(
g
Dz3
t + g

Dz4
t

)
(mod p)

}∣∣∣
= 2(p− 1)

∣∣{z1, z2, z3, z4 ∈ (Z/(p− 1)Z)× : y1 + y2 = y3 + y4,(
g
Dz1
t + g

Dz2
t

)
≡
(
g
Dz3
t + g

Dz4
t

)
(mod p)

}∣∣∣ .
There is no longer any dependence on k in the set above. The argument for bounding

its number of elements is identical to the one in Balog et al. It is included here for the

sake of completeness.

Relaxing the condition y1 + y2 = y3 + y4 to y1 + y2 ≡ y3 + y4 (mod D) only increases

the number of solutions. It also allows us to consider yj as a residue class modulo D,

defined by yjzj ≡ 1 (mod D), for j = 1, 2, 3, 4. Thus∑
ρd≡1 mod p

|Zd,ρ|4 ≤ 2p
∣∣{z1, z2, z3, z4 ∈ (Z/(p− 1)Z)× : y1 + y2 ≡ y3 + y4 (mod D),
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(
g
Dz1
t + g

Dz2
t

)
≡
(
g
Dz3
t + g

Dz4
t

)
(mod p)

}∣∣∣ .
For j = 1, 2, 3, 4, the substitution

zj → wzj

yj → w−1yj

where w ∈ (Z/(p− 1)Z)× and w−1 is defined modulo D permutes the set {z1, z2, z3, z4}.

Hence,

∑
ρd≡1 mod p

|Zd,ρ|4 ≤
2p

φ(p− 1)

∣∣{z1, z2, z3, z4, w ∈ (Z/(p− 1)Z)× : y1 + y2 ≡ y3 + y4 (mod D),

(gw)
Dz1
t + (gw)

Dz2
t ≡ (gw)

Dz3
t + (gw)

Dz4
t (mod p)

}∣∣∣ .
Let X = gw, and

kj =
Dzj
t

=
(p− 1)zj

dt
= Tdzj, for j = 1, 2, 3, 4.

After fixing z1, z2, z3, and z4, the number of w satisfying the condition

(gw)
Dz1
t + (gw)

Dz2
t ≡ (gw)

Dz3
t + (gw)

Dz4
t (mod p)

is bounded by the number of solutions to Xk1 +Xk2 ≡ Xk3 +Xk4 (mod p), for X ∈ F×p .

Applying Lemma 2.4 with n = 4, we obtain the bound O
(
p2/3∆1/3

)
, where

∆ = min
1≤i≤4

max
j 6=i

gcd (Td(zi − zj), p− 1) = Td min
1≤i≤4

max
j 6=i

gcd(zi − zj, dt).

For every fixed i, j, such that 1 ≤ i < j ≤ 4 and δ|dt there are at most (p − 1)2/δ

choices of (zi, zj) with gcd(zi − zj, dt) = δ.

When zi and zj are fixed, the congruence y1 + y2 ≡ y3 + y4 (mod D) implies that

there are at most dp1+o(1) choices for the remaining two variables. (Recall that each y

determines Md = dpo(1) different choices of z. If zi and zj are fixed, there are p choices for

yk, and dp1+o(1) for zk. The remaining yl is determined mod D and gives dpo(1) choices

for zl.)
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Putting it all together, we have

∑
ρd≡1 mod p

|Zd,ρ|4 �
p

φ(p− 1)
p2/3

T 1/3
d

∑
δ|dt

(
δ1/3

p2

δ
dp1+o(1)

)
� p11/3+o(1)dT

1/3
d

∑
δ|dt

δ−2/3

� p4+o(1)d
2
3
+εt−

1
3
+ε.

Therefore,

|Zd| =
∑

ρd≡1 (mod p)

|Zd,ρ|

≤

 ∑
ρd≡1 (mod p)

14/3

3/4 ∑
ρd≡1 (mod p)

|Zd,ρ|4
1/4

� p1+o(1)d
11
12

+εt−
1
12

+ε

and

Nk,1(p; a) ≤ po(1)
∑
d|T

1

d
|Zd| ≤ p1+o(1)t−

1
12

+ε
∑
d| p−1

t

d−
1
12

+ε ≤ p1+o(1)t−
1
12

+ε

The proof for Nk,2(p; a) is analogous. Thus, absorbing tε into pε,

Nk,1(p; a) +Nk,2(p; a)�≤ p1+εt−
1
12

as well, and

N(x; a) =

bxpc∑
k=0

(Nk,1(p; a) +Nk,2(p; a))�
(
x

p
+ 1

)
p1+εt−

1
12 � xpεt−

1
12 .

2.4 Number of collisions of the form xx ≡ yy (mod p)

Let M be the number of solutions to the symmetric congruence

nn ≡ mm (mod p), 1 ≤ n,m ≤ x, gcd(n, p) = gcd(m, p) = 1.



Chapter 2. Bounds on N(x; a) 26

Proposition 2.6. With notation as above, if p ≤ x ≤ p(p− 1), we have

M � x2p−
2
27

+ε.

Proof. The proof here is similar to the proof for the weaker of the two bounds obtained in

Balog et al. The bound is an immediate consequence of Proposition 2.3 and Proposition

2.5. We have that

M =

p−1∑
a=1

N(x; a)2 =
∑
t|(p−1)

∑
a∈(Z/pZ)×
ord a=t

N(x; a)2.

The estimates xpεt−
1
12

+ε and x1+εp−
2
3 t

2
3 are equal when t = p

8
9
±ε. (Here ε is loosely used

to denote any small positive quantity.) Thus, we can use the common estimate xp−
2
27

+ε.

∑
a∈(Z/pZ)×
ord a=t

N(x; a)2 �
(
xp−

2
27

+ε
) ∑
t|(p−1)

∑
a∈(Z/pZ)×
ord a=t

N(x; a)

� xp−
2
27

+ε

(
φ(p)

p
x+O(1)

)
� x2p−

2
27

+ε.



Chapter 3

A preliminary probability model

The remainder of the thesis will focus on Question 1.12:

Question. How large should x be so that nn ≡ a mod p has a solution with 1 ≤ n ≤ x,

for any given residue class a modulo p?

The two main tools in our study are exponential sums from number theory and

the coupon collector problem from probability. The first two sections of this chapter

cover the background needed. A simple application results in a first estimate for x as

approximately p2 log p/φ(p−1). The more refined heuristic argument in the next chapter

gives an expected x of (p− 1)2 log φ(p− 1)/φ(p− 1). These expectations are essentially

the same, but finer estimate allows us to compute the cumulative distribution function.

The preliminary model described in this chapter is useful in illustrating the development

of the final heuristic.

3.1 Equidistribution and exponential sums

One of the necessary criteria for randomness is uniform distribution, or equidistribu-

tion. We will use the terms uniform distribution and equidistribution interchangeably.

As explained in Chapter 1, values nn mod p do not form an equidistributed sequence.

27
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However, the sequence is ‘scattered enough’ to allow us to give a non-trivial answer of

how large x has to be so that nn ≡ a mod p has a solution n ≤ x, for any given residue

class a modulo p.

A concise, clear introduction to equidistribution can be found in [Fri07] or [Mur08,

Chapter 11]. The fundamental reference books are [KN06] and [DT97].

Consider a sequence of points

{xn}Nn=1 = {(x1n, x2n, . . . , xkn)}Nn=1

in the k-dimensional unit cube [0, 1)k. Let B be a box

B = [α1, β1)× [α2, β2)× · · · × [αk, βk) ⊂ [0, 1)k

of volume

|B| =
k∏
i=1

(βi − αi).

Denote by N (B) the number of points xn, where 1 ≤ n ≤ N , for which xn ∈ B.

Definition 3.1. The sequence of points {xn} that fall inside [0, 1)k is said to be equidis-

tributed if for every box B ⊆ [0, 1)k,

lim
N→∞

N (B)

N
= |B|.

In other words, the ratio of the number of elements from the sequence that fall inside

the box B is proportional to the volume of B as N tends to infinity.

A key theorem in the theory of equidistribution is the Weyl criterion, which transforms

the problem of determining equidistribution into the estimation of certain exponential

sums. First we introduce the notations

e(x) = exp(2πix)

et(x) = exp (2πix/t)

for the sake of brevity.
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Theorem 3.2 (Weyl’s Criterion). The k-dimensional sequence {xn}Nn=1 in [0, 1)k is uni-

formly distributed if and only if for every nonzero vector h we have

N∑
n=1

e(h · xn) = o(N).

The discrepancy of a sequence gives a quantitative and more general measure of

uniform distribution.

Definition 3.3. With notation as above, the discrepancy of the sequence {xn}Nn=1 in

[0, 1)k is defined as

∆ = sup
B⊆[0,1)k

∣∣∣∣N (B)

N
− |B|

∣∣∣∣
where the supremum runs over all boxes B inside the k-dimensional unit cube.

Thus, the discrepancy measures the largest deviation ofN (B) from its expected value.

The trivial bound for discrepancy is 1. We may rescale a sequence so that its terms fall

in the unit cube, and a uniformly distributed sequence will have discrepancy tending to

zero as the number of terms N tends to infinity. However, the bound of discrepancy for

finite sequences is also a useful, quantitative indicator of how scattered the sequence is

within a region.

Again exponential sums are key, since a bound on
∑N

n=1 e(h · xn) gives a bound for

the discrepancy of a sequence, from the following important theorem.

Theorem 3.4 (Erdős-Turán Inequality). Let {xn}Nn=1 be points in the k-dimensional unit

cube and M an arbitrary positive integer. Then

∆ ≤
(

3

2

)k 2

M + 1
+

∑
0<‖h‖≤M

1

r(h)

∣∣∣∣∣ 1

N

N∑
n=1

e(h · xn)

∣∣∣∣∣


where ‖h‖ = max1≤j≤k |aj| and r(h) =
∏k

j=1 max(1, |aj|) for h = (a1, . . . , ak) ∈ Zk.

[DT97].

In the next section, we move to probability theory and the coupon collector problem.
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3.2 The classical coupon collector problem

The coupon collector problem asks the following question: if m coupons are collected

with replacement, how many trials are needed in order to collect all m coupons? For

example, if cereal boxes randomly contain one of m coupons, how many boxes must be

bought in order to collect at least one of every coupon?

The motivation for considering the coupon collector problem is simply the ideal sce-

nario. If elements were randomly distributed in Table 1.3, then the expected x in Question

1.12 would be the same as the expected number of random draws required to obtain all

residue classes. In our case the cereal boxes correspond to the n’s (or a subsequence

thereof) and the coupons to the residue classes a mod p.

In Table 1.3 the residue classes occur with different frequencies, depending on their

order. However, we begin by describing the classical coupon collector model which as-

sumes that every coupon occurs with equal probability. The following calculation gives

the expected time, or number of draws to obtain a full collection. [Isa95, p. 80-82].

Proposition 3.5. Consider m different objects that are drawn with replacement. Suppose

each object occurs with equal probability 1/m. The expected number of draws required to

collect all m objects is

E(T ) = m logm+ γm+
1

2
+ o(1).

Proof. Let T be the time (or number of trials) required to collect all m coupons, and let

ti be the time to collect the i-th new coupon given that i−1 coupons have been collected.

The T and ti are random variables. The probability of collecting a new coupon given

i− 1 collected coupons is

pi =
m− i+ 1

m
.

The ti has geometric distribution with expectation

E(ti) =
1

pi
.
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(For instance if the probability of an event is 1
3
, then the expected number of trials to

obtain a success is 3.) We have

E(T ) = E(t1) + E(t2) + . . .+ E(tm)

=
1

p1
+

1

p2
+ . . .+

1

pm

=
m

m
+

m

m− 1
+ . . .+

1

m

= m

(
1 +

1

2
+ . . .+

1

m

)
= mHm

= m logm+ γm+
1

2
+ o(1)

In the last two lines we used the notation Hm for the m-th Harmonic number, the

sum of the reciprocals of the first m natural numbers, and the bound

1

2m
− 1

8m2
< Hm − logm− γ < 1

2m
(3.1)

where γ is the Euler-Mascheroni constant [PS72, Ex. 18].

The following limit theorem for the probability distribution of time T until a complete

collection is due to Erdős and Rényi. [ER61]

Theorem 3.6. For any t ∈ R , we have that:

P (T ≤ m logm+ tm)→ e−e
−t

as m→∞.

3.3 Powers of primitive roots and a first estimate of x

The first, simple model considers a subsequence of {nn (mod p)}n that is equidistributed

as p tends to infinity. 1 The congruence nn ≡ a (mod p) seems most difficult to solve if

1We view the terms of the sequence as numbers from 1 to p− 1. Consider the fractional parts after
division by p, so that the terms fall in the unit interval. We say that the sequence is equidistributed as
p tends to infinity if Definition 3.1 and the Weyl Criterion 3.2 are satisfied when we replace N by p.
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a is a primitive root, as n must be primitive as well. Thus, starting from Table 1.3, we

consider only the columns which correspond to primitive elements, and only the first R

rows corresponding to k = 0, . . . , R− 1.

Let g1, g2, . . . , gφ(p−1) be all the primitive roots modulo p. We will show that the

elements
{
ggi+ki

}
k,i

, listed in Table 3.1 are equidistributed modulo p as p tends to infinity,

when R is greater than pδ.

Columns corresponding to primitive roots

Primitive roots g1 g2 g3 . . . gφ(p−1)

k = 0 gg11 gg22 gg33 . . . g
gφ(p−1)

φ(p−1)

k = 1 gg1+1
1 gg2+1

2 gg3+1
3 . . . g

gφ(p−1)+1

φ(p−1)

k = 2 gg1+2
1 gg2+2

2 gg3+2
3 . . . g

gφ(p−1)+2

φ(p−1)

k = 3 gg1+3
1 gg2+3

2 gg3+3
3 . . . g

gφ(p−1)+3

φ(p−1)
...

k = R− 1 gg1+R−11 gg2+R−12 gg3+R−13 . . . g
gφ(p−1)+R−1
φ(p−1)

Table 3.1: The residues modulo p of the self-power map nn from Table 1.3, where we

consider only the columns corresponding to primitive roots, and only the first R rows.

The following is Corollary 1 in [BGK06].

Theorem 3.7. There exist positive constants C1 and C2 such that for any δ > 0, and

positive integer t ≥ pδ, and any element g ∈ (Z/pZ)× such that the multiplicative order

of g is greater than t, we have

max
a∈(Z/pZ)×

∣∣∣∣∣
t−1∑
k=0

exp

(
2πiagk

p

)∣∣∣∣∣ ≤ tp−γ, γ = exp
(
−C1/δ

C2
)
.

Proposition 3.8. Given δ > 0 and R = pδ, then elements Γ =
{
ggi+ki

}
k,i

in Table 3.1,

form an equidistributed sequence as p tends to infinity and the discrepancy of the sequence
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is bounded by

∆ ≤ Cp−γ log p

Proof. According to Weyl’s criterion 3.2, we bound the following exponential sum where

h is nonzero modulo p.

φ(p−1)∑
i=1

R−1∑
k=0

exp

(
2πihggi+ki

p

)

=
R−1∑
k=0

exp

(
2πihgg11 g

k
1

p

)
+ . . .+

R−1∑
k=0

exp

2πihg
gφ(p−1)
φ(p−1) g

k
φ(p−1)

p


=

R−1∑
k=0

exp

(
2πih1g

k
1

p

)
+ . . .+

R−1∑
k=0

exp

(
2πihφ(p−1)g

k
φ(p−1)

p

)

In the third line, we have set hggii = hi, as they are independent of k. Each gi has order

φ(p−1)� p1−ε, thus the order of gi is clearly greater than R. The conditions of Theorem

3.7 are satisfied and we have

φ(p−1)∑
i=1

R−1∑
k=0

exp

(
2πihggi+ki

p

)
≤ Rp−γ + . . .+Rp−γ = φ(p− 1)Rp−γ

This sum is of the order o(φ(p− 1)R), where φ(p− 1)R is the total number of terms,

thus the sequence
{
ggi+ki

}
k,i

is equidistributed by Weyl’s criterion, Theorem 3.2.

We may use the Erdős Turàn Inequality, Theorem 3.4, with M = p−1 to estimate the

discrepancy. Since we have taken h positive, the constant factor from the Erdős Turàn

inequality is multiplied by two: C = 2(3/2). The constant γ > 0 comes from Theorem

3.7 (note that it is not related to the Euler-Mascheroni constant).

∆ ≤ C

2

p
+

∑
0<h≤p−1

1

h

∣∣∣∣∣∣ 1

φ(p− 1)R

φ(p−1)∑
i=1

R−1∑
k=0

exp

(
2πihggi+ki

p

)∣∣∣∣∣∣


≤ 2C

p
+ C

∑
0<h≤p−1

1

h

∣∣∣∣ 1

φ(p− 1)R
φ(p− 1)Rp−γ

∣∣∣∣
≤ Cp−γ log p+O

(
p−γ
)
.
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If we could assume that the sequence Γ =
{
ggi+ki

}
k,i

were random, then we would like

to find the number of rows R required so that every residue class a mod p would appear

as some element of the sequence. We are taking φ(p − 1)R terms of the sequence, and

using Theorem 3.6, we obtain

P (φ(p− 1)R < (p− 1) log(p− 1) + t(p− 1)) → e−e
−t

P

(
R <

(p− 1)

φ(p− 1)
log(p− 1) + t

(p− 1)

φ(p− 1)

)
→ e−e

−t
.

Again consider Table 1.3 with all p − 1 columns, but assume that columns of non-

primitive elements do not contribute to obtaining new residue classes. Since we are taking

R rows of the table, we need to take x = pR:

P

(
x <

p(p− 1) log(p− 1)

φ(p− 1)
+ t

p(p− 1)

φ(p− 1)

)
→ e−e

−t
. (3.2)

Figure 3.1 shows the graph of the actual value of x such that all the residues a

(mod p) appear as nn (mod p) for some 1 ≤ n ≤ x, versus the estimated value of x

found using the classical coupon collector model. We consider all odd primes less than

72500. The ratio is close to, but less than 1.

We may rewrite equation (3.2) as

P

((
x− p(p− 1) log(p− 1)

φ(p− 1)

)(
φ(p− 1)

p(p− 1)

)
< t

)
→ e−e

−t
.

Let

Xp =

(
x− p(p− 1) log(p− 1)

φ(p− 1)

)(
φ(p− 1)

p(p− 1)

)
,

where x depends on p in each case, and is the smallest natural number so that nn ≡ a

(mod p) and n ≤ x has a solution for every residue class a modulo p. Assume that the

Xp’s are independent variables.

Given the simple coupon collector model, the cumulative distribution function from

which the Xp’s are sampled should approach

F (t) = e−e
−t
.



Chapter 3. A preliminary probability model 35

Figure 3.1: The ratio of the smallest x so that all residues a can be expressed as nn

(mod p) for some n ≤ x, versus the expected value of x calculated using the coupon-

collector model.

The empirical distribution function is defined as follows [Pre98, p. 257-259]

F̂ (t) :=
|p : Xp ≤ t|

N

where N is the number of primes considered.

Figure 3.2 illustrates the comparison between the empirical and the theoretical distri-

bution function and shows more clearly that the simple coupon collector model overesti-

mates x, since there is a left shift for the empirical data. The closeness of the fit seems

to depend on φ(p− 1), since the best fit occurs when considering only primes of the form

p = 2q + 1, where q is also prime, and the worst when φ(p− 1) is small.

To correct the overestimation, one possibility would have been to consider sampling

without replacement. The classical coupon collector is a model of sampling with replace-

ment (darts thrown at random at the nn table) whereas taking the first x terms of the

sequence nn (mod p) is a sampling without replacement (where two darts cannot hit the

same spot on the nn table). However, this difference is negligible when p is large. More
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Figure 3.2: Comparison between the cumulative distribution function derived from the

coupon collector problem and the empirical distribution function for the variables Xp

from equation (3.3). On the right is the graph considering only primes of the from

p = 2q + 1, for some prime q; in this case, there is a translation of approximately 0.6

units between the curves.

importantly, each column corresponding to a primitive root contains distinct elements.

This case is more difficult to model probabilistically.

In Chapter 4, we will instead refine the model to incorporate the non-uniform distri-

bution of elements in the entire Table 1.3. The new model will correct the left-shift in

the cumulative distribution function.

Before continuing, it is worthwhile to give a final motivation for the preliminary model.

The elements in columns corresponding to primitive roots follow a simple pattern. If g

is a primitive root, the elements in the column corresponding to g are{
gg, gg+1, gg+2, . . . gg−1

}
.

Given another primitive root, g1 = gr, the elements in the column corresponding to gr

are {
grg

r

, gr(g
r+1), gr(g

r+2), . . . , gr(g
r−1)}

=
{
grg

r

, grg
r+r, grg

r+2r, . . . , gr(g
r−1)}

=
{
gs, gs+r, gs+2r, . . . , gs+(p−1)r} ,
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where in the last line we let s ≡ rgr (mod p − 1). Thus, the elements in the column

corresponding to gr are every rth element from the column for g, starting from gs.

We have an isomorphism between (Z/pZ)× and µp−1, the group of (p− 1)st roots of

unity, where we map generator g to e
2πi
p−1 . The problem of obtaining all the residue classes

transforms into one of covering all the elements of µp−1 on the unit circle. The numbers

in each column corresponding a primitive root gr where gcd(r, p− 1) = 1 are mapped to

roots of unity in ‘hops’ of length r about the unit circle µp−1.

Figure 3.3: An illustration of the isomorphism between (Z/23Z)× and µ22 where 5

(mod 23) is mapped to e
2πi
22 . The first elements 55, 56, 57, and 58 (mod 23) of the column

corresponding to 5 are indicated. The diagram on the left also includes the first elements

1010, 1011, 1012, 1013 (mod 23), of the column corresponding to 10 ≡ 53 (mod 23) and

which appear in ‘hops’ of length 3 on the circle.

This is reminiscent of the equidistribution of the fractional part of nθ in the unit

interval when θ is an irrational number. While the sequence Γ =
{
ggi+ki

}
k,i

is equidis-

tributed only as p tends to infinity, in both cases the initial elements of the sequence

follow a pattern, yet the sequence fills or appears to fill the interval of interest.



Chapter 4

Expectation of x and its cumulative

distribution

In this chapter we give a detailed heuristic argument to find the expected x such that

nn ≡ a mod p has a solution 1 ≤ n ≤ x for any given residue class a mod p. This

expected value of x has main term (p − 1)2 log φ(p − 1)/φ(p − 1). The expression is

in terms of (p − 1) because it is derived from a probabilistic argument involving the

frequencies of the (p − 1) residue classes in a period of the self power map. The order

of the expectation is the same as obtained in the previous chapter, but the log φ(p− 1)

factor is important in the calculation of the cumulative distribution function.

The argument consists of two parts. First, we give a variation of the coupon collector

problem, including blank coupons which need not be collected. This model provides a

better estimate for the expected x. Secondly, using this value for the expectation, we

calculate the probability distribution for the number of draws until a complete collection.

After a suitable normalization, we obtain the double exponential distribution e−e
−t

, as

in the classical coupon collector case. The saddle point method is used in the calculation

of the probability distribution.

These heuristics are well-supported by the computational results.

38
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4.1 Coupon collector problem with blank coupons

In order to calculate the expected x in Question 1.12, we will use a variant of the coupon

collector problem. As before, we assume that the elements of Table 1.3 are randomly

distributed. Thus, our expected x should be equal to the number of draws required to

obtain a full collection of residue classes from a random sampling of entries in Table

1.3. The different residue classes a congruent to 1, 2, . . . , (p−1) mod p correspond to the

‘coupons’ to be collected.

A part of Theorem 4.1 of [FGT92] gives the expectation of the time necessary to

obtain a full collection from a random, but non-uniform probability distribution.

Proposition 4.1. The expectation E(T ) of the time necessary to gather a complete

collection of m objects from a general probability distribution {pi}mi=1, sampling with re-

placement, is given by

E(T ) =

∫ ∞
0

(
1−

m∏
i=1

(
1− e−pit

))
dt.

Since higher order elements occur least often in Table 1.3, we set the residue classes

a mod p which are primitive roots modulo p to be the coupons of value. All other coupons

will be blank coupons.

In this section, we will calculate the expected number of trials to obtain a full collec-

tion of useful coupons. We will use the terms useful and non-blank interchangeably. This

problem is a variation on the coupon collector problem under non-uniform distribution.

Consider a collection of m coupons and let mB coupons, which appear with probabil-

ities p1, p2, . . . , pmB , be blank. We do not keep track of how many of these coupons are

collected, if any. They are omitted from the coupon collector problem in the sense that

we want to collect the m−mB useful coupons, not all m coupons. Let

p1 + p2 + . . .+ pmB = β.
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Our goal in this section is to prove the following proposition.

Proposition 4.2. With notation as above, the expectation E(Tj) of the time necessary to

gather a collection of j useful (non-blank) coupons under a general probability distribution

with mB blank coupons is

E(Tj) =

j−1∑
q=0

∫ ∞
0

[uq]

(
m∏

i=mB+1

(
1 + u

(
epit − 1

)))
e(β−1)tdt, (4.1)

where [uq]f(u) denotes the q-th coefficient in the Taylor expansion of f(u). For the full

collection of the m−mB useful coupons the expectation is

E(T ) =

∫ ∞
0

(
1−

m∏
i=mB+1

(1− e−pit)

)
dt. (4.2)

The proof of Proposition 4.2 follows the proofs of Theorems 3.1 and 4.1 in [FGT92]

very closely. Using regular languages extended by the ‘shuffle product’, Flajolet et al. pro-

duce generating functions to derive integral representations for expectations and prob-

ability distributions. Appendix A gives a summary of the background required. We

begin by rewriting Theorem 3.1 of [FGT92] to obtain Proposition 4.4 below, of which

Proposition 4.2 is a corollary.

The alphabet A consists of m different coupons, and pi is the probability of choosing

coupon αi from A. Consider the following generalization of the coupon-collector problem:

Question 4.3. Determine the expectation of the number Bj of elements that need to be

drawn from A (with replacement) until we first obtain j distinct coupons that are each

repeated at least k times.

The case k = 2 and j = 1 is the classical birthday problem of determining the

expected number of random people needed such that two will share a birthday. The case

k = 1 and j = m is the coupon collector problem where a full collection is desired. Below

we determine E(Bj) for the case when the alphabet A contains blank coupons.
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Proposition 4.4. Consider a set of m coupons under a general probability distribu-

tion {pi}mi=1, which are drawn with replacement. Let mB coupons, which appear with

probabilities p1, p2, . . . , pmB , be blanks. The expectation E(Bj) of the time for obtaining

j ≤ m−mB distinct useful coupons, each appearing k times, is given by

E(Bj) =

j−1∑
q=0

∫ ∞
0

[uq]

(
m∏

i=mB+1

(
ẽk−1(pit) + u

(
epit − ẽk−1(pit)

)))
e(β−1)tdt (4.3)

where ẽk−1(t) represents the truncated exponential

ẽk−1(t) = 1 +
t

1!
+
t2

2!
+ . . .+

tk

k!
.

Proof. Let the random variable Bj be the number of draws for first obtaining at least k

copies of j useful coupons in an infinite sequence of trials.

Let Yn be the random variable defined onAn representing the number of k-occurrences

of different useful coupons in a sequence of n trials. The two probability distributions

are related by

Pr{Yn ≥ j} = Pr{Bj ≤ n}.

From this, the expectation of Bj is found as follows:

E(Bj) =
∑
n≥1

nPr{Bj = n}

=
∑
n≥0

Pr{Bj > n}

=
∑
n≥0

Pr{Yn < j}

=

j−1∑
q=0

(∑
n≥0

Pr{Yn = q}

)
.

It remains to estimate the sum
∑

n≥0 Pr{Yn = q}.

Let Hq be the language consisting of words with exactly q useful letters that occur at

least k times. Label the letters corresponding to the blank coupons as α1, α2, . . . , αmB ,
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and these may occur any number of times. All other letters occur at most k − 1 times.

Let us set

α<k = ε+ α + α2 + . . .+ αk−1

and

α≥k = αk · α∗.

The language Hq can be expressed as

Hq =
(
α∗1 � α∗2 � . . .� α∗mB

)
�

⋃
I,J

(
α≥ki1 � α≥ki2 � . . .� α≥kiq

)
�

(
α<kj1 � α<kj2 � . . .� α<kjr

)
where the union is over all sets I and J of cardinality q and r = m−mB − q such that

I = {i1, i2, . . . , iq}

J = {j1, j2, . . . , jr}

I ∩ J = ∅

I ∪ J = {mB + 1,mB + 2, . . . ,m}.

If α is a letter with probability σ, the exponential generating functions of α∗, α<k and

α≥k are eσz, ẽk−1(σz) and eσz − ẽk−1(σz), respectively. Thus, the exponential generating

function of Hq is

ĥ(z) = ep1z · · · epmB z
∑
I,J

(
(epi1z − ẽk−1(pi1z)) · · ·

(
epiq z − ẽk−1(piqz)

))
· (ẽk−1(pj1z) · · · ẽk−1(pjrz))

ĥ(z) = eβz
∑
I,J

(
(epi1z − ẽk−1(pi1z)) · · ·

(
epiq z − ẽk−1(piqz)

))
· (ẽk−1(pj1z) · · · ẽk−1(pjrz))

Therefore,

ĥ(z) = eβz[uq]Φ(z, u)

where [uq] denotes the coefficient of the qth power of u of

Φ(z, u) =
m∏

i=mB+1

(
ẽk−1(pit) + u

(
epit − ẽk−1(pit)

))
. (4.4)
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The ordinary generating function of Hq is given by the Laplace-Borel transform,

hq(z) =

∫ ∞
0

eβzt[uq]Φ(zt, u)e−tdt.

Therefore, ∑
n≥0

Pr{Yn = q} = hq(1) =

∫ ∞
0

[uq]Φ(t, u)e(β−1)tdt,

and summing over q ranging from 0 to j − 1, we have the statement of the theorem.

We can now prove Proposition 4.2.

Proof. The equation (4.1) is a specialization of equation (4.3) of Proposition 4.4 to the

case k = 1.

To obtain equation (4.2) from (4.1), we introduce the function

Φ(t, u) =
m∏

i=mB+1

(
1 + u

(
epit − 1

))
(4.5)

which is the function Φ in equation (4.4) in the case k = 1. Expand Φ(t, u) as follows:

Φ(t, u) =

m−mB∑
q=0

φq(t)u
q.

We have:

E(T ) = E(Tm−mB) =

m−mB−1∑
q=0

∫ ∞
0

[uq]Φ(t, u)|u=1 e
(β−1)tdt

=

∫ ∞
0

m−mB−1∑
q=0

[uq]Φ(t, u)|u=1 e
(β−1)tdt

=

∫ ∞
0

(φ0(t) + φ1(t) + . . .+ φm−mB−1(t)) e
(β−1)tdt

=

∫ ∞
0

(Φ(t, 1)− φm−mB(t)) e(β−1)tdt.

We have that φm−mB(t) =
∏m

i=mB+1 (epit − 1) and, using (4.5),

Φ(t, 1) =
m∏

i=mB+1

epit =
m∏
i=1

epit
mB∏
i=1

e−pit

= e(p1+p2+...+pm)te−(p1+p2+...+pmB )t = e(1−β)t.
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Therefore, we obtain:

E(T ) =

∫ ∞
0

(Φ(t, 1)− φm−mB(t)) e(β−1)tdt

=

∫ ∞
0

(
e(1−β)t −

m∏
i=mB+1

(
epit − 1

))
e(β−1)tdt

=

∫ ∞
0

(
1− e(β−1)t

m∏
i=mB+1

epit
m∏

i=mB+1

(
1− e−pit

))
dt

=

∫ ∞
0

(
1−

m∏
i=mB+1

(
1− e−pit

))
dt

4.2 Upper and lower bounds for expectation

Assume that the elements in Table 1.3 are randomly selected with replacement. In this

section we give upper and lower bounds for the expectation of the number of draws

required to obtain a full collection of all residue classes 1, 2, . . . , (p − 1) mod p. The

lower bound of the expectation is the same as the expectation for the coupon collector

with blank coupons, where all coupons except those corresponding to primitive roots are

blank.

This lower bound is the one we will use in the calculation of the cumulative distri-

bution in the following section. It is more accurate in the case of primes of the form

p = 2q + 1 where q is also prime.

Proposition 4.5. Assume that the elements in Table 1.3 are randomly selected with

replacement. Then the expected time required to obtain a full collection is bounded as

follows:

(p− 1)2

φ(p− 1)
(log φ(p− 1) + γ + o(1)) < E(T ) <

(p− 1)2

φ(p− 1)
(log(p− 1) + γ + o(1)) .

The lower bound for E(T ) is the expectation for the coupon collector problem with blank

coupons, where all elements other than the primitive roots are blank.
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Proof. In Table 1.3, the elements that occur least frequently are the φ(p − 1) primitive

roots modulo p. Each one will occur exactly φ(p − 1) times, once in each column cor-

responding to a primitive root. If the elements in Table 1.3 are randomly selected with

replacement, using Proposition 4.1 the expected time required to collect elements from

all p− 1 nonzero residue classes is:

E(T ) =

∫ ∞
0

1−
∏

primitive
roots

(
1− e−pit

) ∏
non-primitive

roots

(
1− e−pit

) dt

=

∫ ∞
0

1−
(

1− e−
φ(p−1)

(p−1)2
t
)φ(p−1) ∏

non-primitive
roots

(
1− e−pit

) dt.

We have used that φ(p−1)
(p−1)2 is the probability of choosing a primitive root. Replacing all

the (1− e−pit) terms corresponding to non-primitive residue classes by

(
1− e−

φ(p−1)

(p−1)2
t
)

in the product makes the integral larger. Thus:

E(T ) <

∫ ∞
0

(
1−

(
1− e−

φ(p−1)

(p−1)2
t
)p−1)

dt

= − (p− 1)2

φ(p− 1)

∫ 0

1

(
1− (1− u)p−1

)
u

du, where u = e
−φ(p−1)

(p−1)2
t

=
(p− 1)2

φ(p− 1)

∫ 1

0

(1− xp−1)
1− x

dx, where x = 1− u

=
(p− 1)2

φ(p− 1)

∫ 1

0

(
1 + x+ x2 + · · ·+ xp−2

)
dx

=
(p− 1)2

φ(p− 1)

(
1 +

1

2
+

1

3
+ · · ·+ 1

p− 1

)
=

(p− 1)2

φ(p− 1)
Hp−1

<
(p− 1)2

φ(p− 1)

(
log(p− 1) + γ +

1

2(p− 1)

)
.

In the last step we used inequality (3.1) for estimating Hp−1.

Similarly, dropping all the (1− e−pit) terms gives us a lower bound:

E(T ) >

∫ ∞
0

(
1−

(
1− e−

φ(p−1)

(p−1)2
t
)φ(p−1))

dt
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=
(p− 1)2

φ(p− 1)
Hφ(p−1)

>
(p− 1)2

φ(p− 1)

(
log φ(p− 1) + γ +

1

2φ(p− 1)
− 1

8φ(p− 1)2

)
,

again using inequality (3.1). Note that by Proposition 4.2,∫ ∞
0

(
1−

(
1− e−

φ(p−1)

(p−1)2
t
)φ(p−1))

dt

is equal to the expected time if we assume the elements in Table 1.3 are randomly

distributed but all elements other than the primitive roots are blank.

4.2.1 Expectation estimate for the case p = 2q + 1

Let p = 2q+1, where q is also a prime. We let the residue classes 1 and p−1 ≡ −1 mod p

correspond to the blank coupons since they are easy to collect; they will appear in the

first two rows of Table 1.3. We need only consider the number of draws required to collect

all other residue classes, which have large order. There are q − 1 elements of order q in

(Z/pZ)×, each of which appear 3(q − 1) times in Table 1.3, and q − 1 elements of order

2q, each of which appear (q − 1) times in Table 1.3.

Proposition 4.6. Given 2q different coupons of which two are blank, q − 1 each appear

with probability (q−1)
4q2

, and q − 1 each appear with probability 3(q−1)
4q2

, then the expected

number of draws to obtain all 2q − 2 useful coupons is bounded by

E(T ) =

∫ ∞
0

(
1−

(
1− e−

(q−1)t

4q2

)(q−1)(
1− e−

3(q−1)t

4q2

)(q−1)
)
dt

≤ (p− 1)2

φ(p− 1)

(
log (p− 1) + log

1

2
+ γ +O

(
1

q1/4

)
+

1

4(p− 1)

)
.

Proof. By Proposition 4.2, the expected time to collect the 2q−2 useful coupons is given

by

E(T ) =

∫ ∞
0

(
1−

(
1− e−

(q−1)t

4q2

)(q−1)(
1− e−

3(q−1)t

4q2

)(q−1)
)
dt.
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Let u = e
− (q−1)t

4q2 . Then dt = − 4q2

(q−1)
du
u

and

E(T ) = − 4q2

(q − 1)

∫ 0

1

1

u

(
1− (1− u)(q−1)(1− u3)(q−1)

)
du

=
4q2

(q − 1)

∫ 1

0

1

u

(
1− (1− u)(q−1)(1− u)(q−1)(1 + u+ u2)(q−1)

)
du

=
4q2

(q − 1)

∫ 1

0

1

u

(
1− (1− u)2(q−1)

(
(1− u)2 + 3u

)(q−1))
du

=
4q2

(q − 1)

∫ 1

0

1

u

(
1− (1− u)2(q−1)

(
(1− u)2(q−1) +

(
q − 1

1

)
(1− u)2(q−2)3u+

. . .+ 3(q−1)u(q−1)
))
du

=
4q2

(q − 1)

∫ 1

0

1

u

(
1− (1− u)4(q−1) − . . .−

(
q − 1

k

)
(1− u)2(q−1)+2(q−k)3kuk−

. . .− 3(q−1)u(q−1)(1− u)2(q−1)
)
du.

The first term is evaluated as in Proposition 4.5:

4q2

(q − 1)

∫ 1

0

1

u

(
1− (1− u)4(q−1)

)
du =

4q2

(q − 1)
H4(q−1)

=
4q2

(q − 1)

(
log 4(q − 1) + γ +

1

2(p− 1)

)
=

(p− 1)2

φ(p− 1)

(
log (p− 1) + log 2 + γ +

1

4(p− 1)

)
.

The other terms in the binomial expansion can be approximated as follows. We recall

the definition of the Euler Beta function:∫ 1

0

(1− t)a−1tb−1 = B(a, b) =
(a− 1)!(b− 1)!

(a+ b− 1)!
.

Then

3k
∫ 1

0

(
q − 1

k

)
(1− u)2(q−1)+2(q−k)uk−1du

= 3k
(
q − 1

k

)
B (2(q − 1) + 2(q − k) + 1, k)

= 3k
(

(q − 1)!

k!(q − 1− k)!

)
(2(q − 1) + 2(q − k))!(k − 1)!

(2(q − 1) + 2(q − k) + k)!

=
3k

k

(q − 1)

(4q − k − 2)

(q − 2)

(4q − k − 2− 1)
· · · (q − 1− l)

(4q − k − 2− l)
· · · (q − 1− k + 1)

(4q − k − 2− k + 1)
.
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In general:

(q − 1− l)
(4q − k − 2− l)

=
1

4
+

−2− 3l + k

4(4q − k − 2− l)
.

Since 0 ≤ l < k and k ranges from 1 to q − 1, we can bound the left hand side from

above:

1

4
+

−2− 3l + k

4(4q − k − 2− l)
≤ 1

4
+

−2 + k

4(4q − k − 2− l)

≤ 1

4
+
−2 + q

16q

≤ 1

4
+

1

16
=

5

16
.

Let K be a number much less than q − 1. We will take K = q1/4 for simplicity,

although any K = o(q1/2) is sufficient. Summing over k we have

q−1∑
k=1

3k

k

k−1∏
l=0

(q − 1− l)
(4q − k − 2− l)

=

q−1∑
k=1

3k

k

k−1∏
l=0

(
1

4
+

−2− 3l + k

4(4q − k − 2− l)

)

≤
K∑
k=1

3k

k

k−1∏
l=0

(
1

4
+

−2 + k

4(4q − k − 2− l)

)
+

q−1∑
k=K

3k

k

k−1∏
l=1

5

16
.

The second term can be approximated by a geometric sum:

q−1∑
k=K

3k

k

k−1∏
l=1

5

16
=

q−1∑
k=K

3k

k

(
5

16

)k−1
≤ 16

5

∞∑
k=K

1

k

(
15

16

)k
=

16

5

1

K

(
15

16

)K (
1− 15

16

)−1
=

(16)2

5

1

K

(
15

16

)K
.

The first term will be approximated with the aid of several inequalities obtained from

Taylor series. Since ex > 1 + x for all real x, we have,

K∑
k=1

3k

k

k−1∏
l=0

(
1

4
+

−2 + k

4(4q − k − 2− l)

)
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=
K∑
k=1

1

k

(
3

4

)k k−1∏
l=0

1 +
−2
q

+ k
q

4
(

1− k
16q
− 1

8q
− l

16q

)


≤
K∑
k=1

1

k

(
3

4

)k
e

1
q

∑k−1
l=0

−2+k

4(1− k
16q−

1
8q−

l
16q ) .

Using

1

q

k−1∑
l=0

−2 + k

4
(

1− k
16q
− 1

8q
− l

16q

) ≤ 1

q

k−1∑
l=0

−2 + k

3
≤ 1

q

(
−2

3
k +

k

6
(k − 1)

)
≤ k2

q

and the inequality ex < 1/(1− x) for x > 0, we have

K∑
k=1

3k

k

k−1∏
l=0

(
1

4
+

−2 + k

4(4q − k − 2− l)

)
≤

K∑
k=1

1

k

(
3

4

)k
e
k2

q

≤
K∑
k=1

1

k

(
3

4

)k
1

1− k2

q

≤
K∑
k=1

1

k

(
3

4

)k
q

q − k2

=
K∑
k=1

1

k

(
3

4

)k (
1 +

k2

q − k2

)

=
K∑
k=1

1

k

(
3

4

)k
+

K∑
k=1

1

k

(
3

4

)k (
k2

q − k2

)
.

Finally, we use the Taylor expansion for log(1− x) to obtain

K∑
k=1

3k

k

k−1∏
l=0

(
1

4
+

−2 + k

4(4q − k − 2− l)

)
≤ − log

(
1

4

)
+O

(
K2

q

)
ln

(
3

4

)
= log 4−O

(
K2

q

)
.

Putting it all together, we conclude

E(T ) ≤ (p− 1)2

φ(p− 1)

(
log (p− 1) + log 2− log 4 + γ +O

(
1

q1/4

)
+

1

4(p− 1)

)
=

(p− 1)2

φ(p− 1)

(
log (p− 1) + log

1

2
+ γ +O

(
1

q1/4

)
+

1

4(p− 1)

)
.
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Thus the expected number of draws required to collect all residue classes differs from

the classical coupon collector model by log(1/2) ≈ −0.693. It may be reasonable to

assume that the entire probability distribution function has shifted by this amount, since

in Figure 3.2, the empirical distribution function differs from the theoretical one by a

shift to the left of approximately 0.6 units, for primes of the form p = 2q + 1.

We note that log p + log(1/2) is approximately log φ(p− 1). Although only -1 and 1

were considered as blank coupons, the upper bound of the expectation approaches the

lower bound in Proposition 4.5, where all non-primitive residue classes were considered

blanks. In the next section, we will use the lower bound in Proposition 4.5 in determining

the cumulative distribution function.

4.3 Cumulative distribution function

Recall that for the classical coupon collector problem with m types of coupons which are

uniformly distributed, we have

E(T ) = m logm+ γm+
1

2
+ o(1)

and

lim
m→∞

P (T ≤ m logm+ tm) = e−e
−t
.

Similarly, given a coupon collector problem with probability distribution matching the

frequencies of the residue classes in Table 1.3, if all but the primitive element residue

classes are considered to be blank we have

E(x) =
(p− 1)2

φ(p− 1)
log φ(p− 1) + γ

(p− 1)2

φ(p− 1)
+

1

2

(
p− 1

φ(p− 1)

)2

+ o(1)

from the proof of Proposition 4.5. Using this estimate for the expectation, we show that

lim
p→∞

P

(
x ≤ (p− 1)2

φ(p− 1)
log φ(p− 1) + t

(p− 1)2

φ(p− 1)

)
= e−e

−t
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in the coupon collector problem considering the entire table with no blank coupons, if

p− 1 is square-free.

To calculate the cumulative distribution function, we return to generating functions.

In [FS09, p. 192], we have the following result.

Proposition 4.7. Consider a set of m coupons under a general probability distribution

{pi}mi=1, which are drawn with replacement. Then the probability of obtaining a full col-

lection by time T less than or equal n is given by

P (T ≤ n) = n![zn]
m∏
i=1

(epiz − 1) .

Proof. Associate to the m coupons the letters α1, α2, . . . , αm. Let L be the language

consisting of words containing each letter at least once. Then

L = α≥11 � α≥12 � · · ·� α≥1m

where

α≥1 = α · α∗.

If αi is a letter occuring with probability pi, then the exponential generating function

associated to α≥1i is (epiz − 1). Thus, the exponential generating function of L is

l̂(z) =
m∏
i=1

(epiz − 1) .

Thus, the probability that a random word of n letters is in the language L is

n![zn]
m∏
i=1

(epiz − 1) .

From now on, we assume that p is a prime such that p−1 is square-free. By Proposition

1.11 each residue class of order d in appears in Table 1.3 a total of φ(d)g ((p− 1)/d) times,
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where g is a multiplicative function and g(q) = 2q − 1. Since there are φ(d) elements of

order d, we would like to estimate

n![zn]
∏

d|(p−1)

(
e
φ(d)g( p−1

d )
(p−1)2

z − 1

)φ(d)

=
n!

(p− 1)2n
[zn]

∏
d|(p−1)

(
eφ(d)g(

p−1
d )z − 1

)φ(d)
.

Thus, we set

G(z) =
∏

d|(p−1)

(
eφ(d)g(

p−1
d )z − 1

)φ(d)
.

Since G(z) is an analytical function, let

G(z) =
∞∑
n=0

gnz
n,

so that gn = [zn]G(z). By the Cauchy integral formula,

gn =
1

2πi

∫
C

G(z)

zn+1
dz

where C is a contour that encircles the origin. For certain functions G(z), the integral can

be evaluated using the saddle point method. Roughly speaking, we can choose a contour

C such that the function is large only on a small part of the contour and small everywhere

else; the integral may be approximated by a Gaussian integral which captures the area

under the peak. The path of integration passes near to the saddle point of the function,

hence the name.

We can use the saddle point method if G(z) is Hayman-admissible. The following

definition is from [Hay56, p. 68], with notation from [FS09, Definition VIII.1., p. 565].

Letting z = reiθ, we have

logG
(
reiθ
)

= logG(r) +
∞∑
ν=1

αν(r)
(iθ)ν

ν!

and define

h(z) = logG(z)

and

a(r) = α1(r) = rh′(r)

b(r) = α2(r) = r2h′′(r) + rh′(r).
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Definition 4.8 (Hayman-admissibility). Let G(z) have a radius of convergence R with

0 < R ≤ ∞ and be always positive on some subinterval (R0, R) of (0, R). The function

G(z) is said to be H-admissible (or Hayman-admissible) if, with a(r) and b(r) defined as

above, it satisfies the following three conditions:

1. (Capture condition) limr→R a(r) =∞ and limr→R b(r) =∞.

2. (Locality condition) For some function θ0(r), defined over (R0, R) and satisfying

0 < θ0 < π, one has

G
(
reiθ
)
∼ G(r)eiθa(r)−θ

2b(r)/2

as r → R, uniformly in |θ| ≤ θ0(r).

3. (Decay condition) Uniformly in θ0(r) ≤ |θ| ≤ π,

G
(
reiθ
)

= o

(
G(r)√
b(r)

)
.

One of the convenient closure properties of Hayman-admissibility functions is the

following, [Hay56, Theorem VII.].

Proposition 4.9. If G1(z) and G2(z) are H-admissible functions with the same radius

of convergence R, then G1(z)G2(z) is also H-admissible.

Thus for G(z) to be H-admissible it is sufficient to check that a function of the form

H(z) = (eαz − 1), where α > 0, is H-admissible.

Proposition 4.10. H(z) = (eαz − 1) where α > 0 is H-admissible.

Proof. H(z) is analytic and positive on (0,∞), as required. We have

a(z) = αz

(
eαz

eαz − 1

)
b(z) = αz

(
eαz

eαz − 1

)
− α2z2eαz

(eαz − 1)2

and

lim
r→∞

a(r) =∞, lim
r→∞

b(r) =∞,
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satisfying the first condition.

The value of θ0 is found using the coefficients in the expansion of logG(reiθ), by

requiring

α2(r)θ
2
0 → ∞

α3(r)θ
3
0 → 0.

Since the coefficients αj(r) tend to αr, we can take θ0 = (αr)−
2
5 .

Thus,

logG(r)eiθa(r)−θ
2b(r)/2 = log (eαr − 1) + iθa(r)− θ2 b(r)

2

∼ αr + iθαr − θ2αr
2

= αr

(
1 + iθ − 1

2
θ2
)

as r tends to infinity. On the other hand,

logG
(
reiθ
)

= log
(
eαre

iθ − 1
)

= log eαre
iθ
(

1− e−αreiθ
)

= αreiθ + log
(

1− e−αreiθ
)

∼ αreiθ

= αr

(
1 +

iθ

1!
+

(iθ)2

2!
+ . . .

)
.

For n ≥ 3, the terms ∣∣∣∣αr (iθ)n

n!

∣∣∣∣ =
1

n!
α1−2n/5r1−2n/5

tend to zero as r tends to infinity. Thus G
(
reiθ
)
∼ G(r)eiθa(r)−θ

2b(r)/2, satisfying the

locality condition.

Finally,

∣∣G (reiθ)∣∣ =
∣∣∣eαreiθ − 1

∣∣∣ ∼ ∣∣eαr cos θ∣∣ ≤ ∣∣∣∣eαr(1− θ22! + θ4

4!

)∣∣∣∣
≤

∣∣∣eαr− 1
2
(αr)1/5+ 1

24
(αr)−3/5

∣∣∣
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≤ eαr

e
1
2
(αr)1/5

= o

(
eαr√
αr

)
= o

(
G(r)√
b(r)

)

as r tends to infinity. We have used the bound θ < (αr)−2/5 above.

The theorem below allows us to estimate the Taylor coefficients of an H-admissible

function, from [Hay56, Theorem I.] with notation from [FS09, Theorem VIII.4., p. 565].

Theorem 4.11. Let G(z) be an H-admissible function and ξ = ξ(n) be the unique solu-

tion in the interval (R0, R) of the equation

ξ
G′(ξ)

G(ξ)
= n.

The Taylor coefficients of G(z) satisfy, as n→∞:

gn = [zn]G(z) ∼ G(ξ)

ξn
√

2πb(ξ)
, where, b(z) = z2h′′(z) + zh′(z),

where h(z) = logG(z).

Theorem 4.12. Let p be a prime such that p− 1 is squarefree. If the elements of Table

1.3 are sampled at random, with replacement, and x is the time (or the number of draws)

until obtaining a complete collection of residue classes modulo p, we have

lim
p→∞

P

(
x <

(p− 1)2

φ(p− 1)
log φ(p− 1) + t

(p− 1)2

φ(p− 1)

)
= e−e

−t
.

Proof. Recall that our goal is to estimate

gn = [zn]G(z) = [zn]
∏

d|(p−1)

(
eφ(d)g(

p−1
d )z − 1

)φ(d)
.

We have

h(z) =
∑

d|(p−1)

φ(d) log
(
eφ(d)g(

p−1
d )z − 1

)
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h′(z) =
G′(z)

G(z)
=

∑
d|(p−1)

φ(d)2g
(
p−1
d

)
eφ(d)g(

p−1
d )z(

eφ(d)g(
p−1
d )z − 1

)
h′′(z) = −

∑
d|(p−1)

φ(d)3g
(
p−1
d

)2
eφ(d)g(

p−1
d )z(

eφ(d)g(
p−1
d )z − 1

)2 .

Using the equality ∑
d|(p−1)

φ(d)2g

(
p− 1

d

)
= (p− 1)2

from Theorem 1.11, we have

lim
r→∞

h′(r) =
∑

d|(p−1)

φ(d)2g

(
p− 1

d

)
= (p− 1)2

lim
r→∞

h′′(r) = 0.

In addition,

a(z) = zh′(z)→
∑

d|(p−1)

φ(d)2g

(
p− 1

d

)
z = (p− 1)2z

b(z) = z2h′′(z) + zh′(z)→
∑

d|(p−1)

φ(d)2g

(
p− 1

d

)
z = (p− 1)2z.

The radius of integration should be a good approximation for the solution to the

equation ξG
′(ξ)
G(ξ)

= n, thus

ξ =
n∑

d|(p−1) φ(d)2g
(
p−1
d

) =
n

(p− 1)2
.

We use an estimate of the expectation of x in our expression for n,

n =
(p− 1)2 log φ(p− 1) + t(p− 1)2

φ(p− 1)
,

and we will find how the cumulative distribution function varies with t.

Our goal is to evaluate

n!

p2n

(
1

ξn
√

2πb(ξ)

)
G(ξ).

Using the Stirling approximation for n!, the factor n!
p2n

(
1

ξn
√

2πb(ξ)

)
tends to 1

en
. We

have,

1

en
G(ξ) =

1

en

∏
d|(p−1)

(
e
φ(d)g( p−1

d ) n
(p−1)2 − 1

)φ(d)
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= e−n
∏

d|(p−1)

e
nφ(d)2g( p−1

d )
(p−1)2

(
1− e−

nφ(d)g( p−1
d )

(p−1)2

)φ(d)

= e
−n+n

(∑
d|p−1 φ(d)

2g( p−1
d )

(p−1)2

) ∏
d|(p−1)

(
1− e−

nφ(d)g( p−1
d )

(p−1)2

)φ(d)

=
∏

d|(p−1)

(
1− e−n·

φ(d)g( p−1
d )

(p−1)2

)φ(d)

=
∏

d|(p−1)

(
1− e−

(p−1)2(log φ(p−1)+t)
φ(p−1)

·
φ(d)g( p−1

d )
(p−1)2

)φ(d)

=
∏

d|(p−1)

(
1− e−(log φ(p−1)+t)

φ(d)g( p−1
d )

φ(p−1)

)φ(d)

=
(
1− e−(log φ(p−1)+t)

)φ(p−1) ∏
d| (p−1)

2

(
1− e−(log φ(p−1)+t)

φ(d)g( p−1
d )

φ(p−1)

)φ(d)

=

(
1− 1

φ(p− 1)
e−t
)φ(p−1) ∏

d| (p−1)
2

(
1− e−(log φ(p−1)+t)

φ(d)g( p−1
d )

φ(p−1)

)φ(d)

Since

lim
p→∞

(
1− 1

φ(p− 1)
e−t
)φ(p−1)

= e−e
−t
,

it remains to show that the product over divisors of (p− 1)/2 tends to 1. Let

α =
∏

d| (p−1)
2

(
1− e−(log φ(p−1)+t)

φ(d)g( p−1
d )

φ(p−1)

)φ(d)

logα =
∑
d| (p−1)

2

φ(d) log

1−
(

e−t

φ(p− 1)

) g( p−1
d )

φ( p−1
d )

 .

We must have t � −φ(p − 1), since we expect n � p2/φ(p − 1) by Theorem 4.5 on

the lower bound on expectation. Thus,
(

e−t

φ(p−1)

)
� 1. Using the Taylor expansion for

log(1− x) for small x, we have
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logα =
∑
d| (p−1)

2

φ(d)

−( e−t

φ(p− 1)

) g( p−1
d )

φ( p−1
d )

+O

(
e−t

φ(p− 1)

)2
g( p−1

d )
φ( p−1

d )



If (p− 1)/d = q1q2 . . . qr then

g

(
p− 1

d

)
= (2q1 − 1)(2q1 − 1) · · · (2qr − 1)

φ

(
p− 1

d

)
= (q1 − 1)(q1 − 1) · · · (qr − 1)

so that

inf
g
(
p−1
d

)
φ
(
p−1
d

) = 2.

Notice that (p − 1)/d = q and as q gets very large, then (2q − 1)/(q − 1) approaches 2.

We will use the notation d(x) for the number of divisors of x. We have

|logα| <

∣∣∣∣∣∣∣
∑
d| (p−1)

2

φ(d)

(
−
(

e−t

φ(p− 1)

)2

+O

(
e−t

φ(p− 1)

)4
)∣∣∣∣∣∣∣

<

∣∣∣∣∣−
(

e−t

φ(p− 1)

)2

φ(p− 1)d

(
p− 1

2

)
+ φ(p− 1)d

(
p− 1

2

)
O

(
e−t

φ(p− 1)

)4
∣∣∣∣∣

<

∣∣∣∣−( e−2t

φ(p− 1)

)
pε +O

(
e−4tpε

φ(p− 1)3

)∣∣∣∣ .
Thus:

lim
p→∞

logα = 0.

lim
p→∞

α = 1,

as required.
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4.4 Computational results

The theoretical cumulative distribution function now agrees well with empirical results,

correcting the shift seen in the simple model. We change

Xp =

(
x− p(p− 1) log(p− 1)

φ(p− 1)

)(
φ(p− 1)

p(p− 1)

)
,

to

Xp =

(
x− p(p− 1) log φ(p− 1)

φ(p− 1)

)(
φ(p− 1)

p(p− 1)

)
. (4.6)

We have modified the expression from Theorem 4.12 by a multiple of p/(p−1), to correct

for the omission of multiples of p when we are drawing elements from Table 1.3. However,

this is not a significant change.

The empirical distribution function for the Xp’s matches the function e−e
−t

quite

well, as shown in Figure 4.1. We will use the Kolmogorov-Smirnov test, which is based

on a stronger version of the Glivenko-Cantelli theorem, to compare the empirical and

theoretical distributions.

Theorem 4.13 (Glivenko-Cantelli). Let X1, X2, . . . , Xn independent, identically dis-

tributed random variables with cumulative distribution function F (x). Then the empirical

cumulative distribution F̂n(x) converges uniformly to F (x). That is,

sup
x∈R
|F̂n(x)− F (x)| → 0

almost surely (i.e. with probability 1).

Kolmogorov proved the following stronger result.

Theorem 4.14 (Kolmogorov). If F (x) is continuous then the distribution of supx∈R |F̂n(x)−

F (x)| does not depend on F .

Furthermore Dn =
√
n supx∈R |F̂n(x) − F (x)| converges to the Kolmogorov-Smirnov

distribution.
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Theorem 4.15. With notation as above, we have,

P (Dn ≤ t)→ H(t) = 1− 2
∞∑
k=1

(−1)k−1e−2k
2t2

where H(t) is the cumulative distribution function of the Kolmogorov-Smirnov distribu-

tion.

Thus, if the empirical sample has cumulative probability distribution F (x), then

the distribution of Dn (which depends only on n) is approximated by the Kolmogorov-

Smirnov distribution. Otherwise, supx∈R |F̂n(x) − F (x)| > δ, and Dn >
√
nδ → ∞ as

n→∞. The Kolmogorov-Smirnov test rejects or accepts the null hypothesis based on a

threshold value of Dn, which depends on the level of significance.

For primes less than 72500, the graphs comparing the empirical and theoretical dis-

tributions shows a great improvement from the graphs in Section 3.3. For squarefree

primes, the Kolmogorov-Smirnov test accepts the null hypothesis of the double exponen-

tial distribution e−e
−t

, at a significance value 0.05, with p-value of 0.05301. For all odd

primes less than 72500, the test accepts the null hypothesis at a significance value 0.05,

with p-value of 0.7318.

The p-value is the probability of getting a result at least as extreme as the empirical

value, assuming that the null hypothesis is true. A p-value of 0.7318 means that there is

little or no evidence against the null hypothesis.
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Figure 4.1: Comparison between the cumulative distribution function derived from the

coupon collector problem and the empirical distribution function for the variables Xp

from equation (4.6). The graphs represent the empirical distributions obtained from

squarefree primes less than 72500 and all odd primes less than 72500, respectively.



Chapter 5

A deterministic bound

In this chapter we will prove the following theorem.

Theorem 5.1. For a sufficiently large prime p, and any fixed residue class a mod p,

there exists an n such that

nn ≡ a (mod p)

and n < p2−α, for some α > 0 independent of p.

For instance, for any large p, the value α ≤ 1 × 10−3 is sufficient, as shown in

Section § 5.4.

5.1 Elements a of small order

If a ≡ 0 (mod p), we have pp ≡ 0 (mod p), and so we may consider only nonzero

elements a in Z/pZ. Table 1.3, reproduced below for convenience, will again be useful.

Given a, finding a solution n < p2−α to the equation nn ≡ a (mod p) is equivalent

to the element a appearing in the first p1−α rows of the table. Using the notation from

the table, this means that we have nn ≡ a (mod p) with n = kp+ b where k < p1−α and

1 ≤ b ≤ p− 1.

62
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Values of nn (mod p), where n = kp+ b

b 1 2 3 . . . (p− 2) (p− 1)

k = 0 11 22 33 . . . (p− 2)p−2 (p− 1)p−1

k = 1 12 23 34 . . . (p− 2)p−1 (p− 1)1

k = 2 13 24 35 . . . (p− 2)1 (p− 1)2

...
...

k = (p− 2) 1p−1 21 32 . . . (p− 2)p−3 (p− 1)p−2

Recall that if b (mod p) has low multiplicative order, ord b = m, then all the elements

of order dividing m will appear in the first m rows of the bth column in Table 1.3. Thus

if a column is ‘generated’ by an element b of low order, then b itself will appear as

nn = (kp+ b)kp+b ≡ b (mod p)

for some k < m.

Therefore if

nn ≡ a (mod p)

where a has small order, say pη, we may find solutions with n ≤ p1+η simply by considering

the elements in the column generated by a. Therefore, we separate the elements of

(Z/pZ)× into those of small multiplicative order (less than or equal to pη) and those of

large order (greater than pη). It remains to prove the theorem for a of large order.

To obtain an numerical value for α in Theorem 5.1 using a deterministic bound from

Shparlinski [Shp11], we must take η > 1/2.

5.2 Elements a of large order

The idea for the proof for elements of large order is as follows: we would like the position

of an element a to be scattered enough in Table 1.3, so that a will appear at least once
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in the top rows. We will consider the appearance of a only in the columns of elements of

the same order. To simplify further, it is sufficient for a to be scattered in the columns

of Table 5.1.

Values of nj (mod p)

n 1 2 3 . . . (p− 2) (p− 1)

j = 1 11 21 31 . . . (p− 2)1 (p− 1)1

j = 2 12 22 32 . . . (p− 2)2 (p− 1)2

j = 3 13 23 33 . . . (p− 2)3 (p− 1)3

...
...

j = (p− 1) 1p−1 2p−1 3p−1 . . . (p− 2)p−1 (p− 1)p−1

Table 5.1: We consider the table nj (mod p), from which we may obtain the table for

nn (mod p) by a shift along the diagonal. Thus if elements in this table are scattered,

so are those in the nn table.

The proof follows the strategy for Theorem 8 in [Mur10]. We relabel a as g, and we

consider it to be a fixed element in (Z/pZ)× of multiplicative order t > pη. On a first

reading of the proof, it may be useful to think of the simplest case, when g is a primitive

root; hence the change in notation.

Denote the representatives mod p of all the elements of order t as

1 < g1 < g2 < . . . < gN < p

where N = φ(t). Note that g is equal to one of the gi’s. Let 1 ≤ ai < t be the numbers

relatively prime to t such that

gaii ≡ g mod p.

Then,

gi ≡ ga
−1
i mod p,
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where the inverse of ai is taken modulo t.

To show that nn ≡ g mod p has a solution in n with n < p2−α, it will be enough to

show that the sequence {(ai, gi)}Ni=1 is sufficiently scattered in the t × p rectangle. This

is equivalent to the element g being scattered in Table 5.1. First normalize to the unit

square [0, 1)2 and recall that gi ≡ ga
−1
i mod p, to obtain the sequence{(

ai
t
,
gi
p

)}N
i=1

=

{(
ai
t
,
ga
−1
i

p

)}N

i=1

.

We begin by showing that the discrepancy of this sequence is small.

Figure 5.1: If g is primitive, the rectangle of interest has dimensions (p − 1) × p. The

figure shows the positions of {(ai, gi)}Ni=1 corresponding to the smallest primitive roots

g = 6 and g = 2 for the primes 151 and 491, respectively.

Proposition 5.2. Let p be a prime. The discrepancy of the sequence{(
ai
t
,
gi
p

)}N
i=1

is bounded by O
(
(log2 t)N−1t1−δ

)
, for some δ > 0, where N = φ(t).

Proof. Consider the sum

Sm,n =
N∑
i=1

e

(
m
ga
−1
i

p
+ n

ai
t

)
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=
N∑
i=1

ep

(
mga

−1
i

)
et(nai)

=
∑

(x,t)=1

ep

(
mgx

−1
)
et(nx).

We will restrict m,n to be integers less than t in magnitude. Theorem 4 in [BS08]

gives the following bound, which applies for the case m 6= 0 and −t < m, n < t.

Theorem 5.3. For any η > 0 there exists δ > 0 such that for t ≥ pη, uniformly over

m ∈ (Z/pZ)× and n ∈ Z/tZ, we have the bound

Sm,n � t1−δ.

If n 6= 0 and m = 0 the sum reduces to the Ramanujan sum:

S0,n =
∑

(x,t)=1

et(nx).

We have

S0,n = S0,−n,

so that |S0,n| = |S0,−n|. Therefore, we need only consider the cases when m,n are non-

negative. The Ramanujan sum can be evaluated using von Sterneck’s formula, where

k = gcd(n, t):

S0,n = µ

(
t

k

)
φ(t)

φ
(
t
k

) .
By the Erdős-Turán inequality, Theorem 3.4 for two dimensions, we have

∆ ≤ C

 2

M + 1
+

1

N

∑
(m,n)6=(0,0)
0≤m,n≤M

(
1

1 +m

)(
1

1 + n

)
|Sm,n|

 . (5.1)

Taking m and n non-negative above only changes the constant in Erdös-Turán inequality

by a multiple of 4, so that

C = 4 ·
(

3

2

)2

.
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We can separate the sum above into two parts, depending on whether |Sm,n| < t1−δ

or |Sm,n| > t1−δ. By the result of [BS08] quoted above, we only have to consider sums of

the form |S0,n|. Let A be the set

A =
{

1 ≤ n < t such that |S0,n| > t1−δ
}
.

Taking M = t− 1 in equation (5.1), we have

∆ ≤ C

2

t
+

1

N

∑
(m,n)6=(0,0),n/∈A

0≤m,n<t

(
1

1 +m

)(
1

1 + n

)
t1−δ +

1

N

∑
n∈A

1≤n<t

(
1

1 + n

)
|S0,n|


≤ C

2

t
+ (log2 t)

t1−δ

N
+

1

N

∑
n∈A

1≤n<t

(
1

1 + n

)
|S0,n|

 (5.2)

In order to show that the discrepancy is small, it remains to show that

1

N

∑
n∈A

1≤n<t

(
1

1 + n

)
|S0,n|

is small. We obtain the needed bound from the following two lemmas.

Lemma 5.4. If n ∈ A, then n > t1−2δ.

Proof. In general, S0,n = 0, or

|S0,n| =
φ(t)

φ
(
t
k

) .
For n ∈ A, it follows that

φ(t)

φ
(
t
k

) > t1−δ.

Thus φ
(
t
k

)
< tδ.

Since for all x > 2,

φ(x) >
x

eγ log log x+ 3
log log x

[BS66, p. 320] and log log(t/k) > 1 for (t/k) > ee, we have

tδ > φ

(
t

k

)
>

t
k

eγ log log t
k

+ 3



Chapter 5. A deterministic bound 68

provided (t/k) > ee. Thus

tδ >
t
k

eγ log log t+ 3

k >
t1−δ

eγ log log t+ 3
. (5.3)

We remark that in the case log log(t/k) < 1, we have k > (t/ee). Thus in either case,

n > k > t1−2δ for t large enough.

Lemma 5.5. For p large enough, |A| ≤ t2δ.

Proof. We have from [Bac97] the identity

t∑
n=1

|S0,n| = φ(t)2ω(t)

where ω(t) is the number of distinct prime divisors of t. From the inequality [NZM91, p.

394]

2ω(t) < t
(1+ε) log 2
log log t

we obtain 2ω(t) < tδ if t is large enough.

Thus, there are at most

2ω(t)N

t1−δ
≤ 2ω(t)tδ ≤ t2δ

elements of A, where we have N = φ(t).

We can now return to the proof of Theorem 5.1. Using the trivial estimate |S0,n| < N ,

we have

1

N

∑
n∈A

1≤n<t

(
1

1 + n

)
|S0,n| ≤ t2δt−1+2δ =

1

t1−4δ
.

Substituting this into the expression for the discrepancy in (5.2), we have

∆ < C ′(log2 t)
t1−δ

N
< C ′(log2 t)

t1−δ

N
.
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Proposition 5.6. Every element g ∈ (Z/pZ)× of order t > p1/2 can be represented as

nn ≡ g mod p for some natural number n ≤ p2−α for some α > 0.

Proof. For the equivalence nn ≡ g mod p to have a solution with n < p2−α, we must

show that

ggi+kii ≡ g mod p

for ki < p1−α, for at least one value i = i0. Then the required n is equal to pki0 + gi0 .

We find such a solution as follows.

Recall that the discrepancy is defined by

∆ = sup
B⊂[0,1)2

∣∣∣∣N (B)

N
− |B|

∣∣∣∣
where N (B) is the number of elements in the sequence that fall into the box B. Recall

that N = φ(t) and using the bound for discrepancy as in [Mur10], we obtain

N (B) > N(|B| −∆)

> φ(t)|B| − C ′(log2 t)t1−δ.

Therefore, if

|B| = φ(t)−δ
′
, where δ′ < δ

we have N (B) > 0 for p large enough; this is because t1−δ = o
(
φ(t)1−δ

′)
. In other words

B contains at least one point, {(
ai
t
,
gi
p

)}N
i=1

from the sequence.

When we re-normalize, we note that the length and width of the box were stretched

by different factors, so that we must multiply the area by pt. Thus, in the t×p rectangle

every box of area

|Bre-normalized| = ptφ(t)−δ
′
= pt1−δ

′′
, where δ′′ < δ′ < δ. (5.4)

contains a point of the sequence {(ai, gi)}Ni=1.
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The rectangles of size t×p will repeat within the larger (p−1)×p rectangle. Consider

a box of height t1−δ
′′/2 and length pt−δ

′′/2. Position it as in Figure 5.2, so that its upper

right corner is along the diagonal (c, c), 1 ≤ c ≤ p − 1 and so that it falls within one of

the t× p rectangles. Then we have

g
ai0
i0
≡ g

gi0+ki0
i0

≡ g (mod p)

where

ki0 < pt−δ
′′/2 + t1−δ

′′/2.

If we take t > p1/2+o(1), then

ki0 < p1−δ
′′/4 + t1−δ

′′/2 ≤ 2p1−δ
′′/4 < p1−α

as required.

5.3 Proof of Theorem 5.1

To summarize, to prove Theorem 5.1 we divided the elements a ∈ (Z/pZ)× into two sets

according to their multiplicative order. From §5.1, if a ∈ (Z/pZ)× has multiplicative

order less than or equal pη, there exits n so that

nn ≡ a (mod p)

and n ≤ p1+η.

From §5.2, if a has multiplicative order greater than pη, there exits n so that

nn ≡ a (mod p)

and n < p2−α for some α > 0.

Choosing η < 1− α we obtain Theorem 5.1 for all a ∈ (Z/pZ)×.
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Figure 5.2: Every box of height t1−δ
′′/2 and length p1−δ

′′/4 contains one element of the

sequence {(ai, gi)}Nj=1. Considering a box positioned under the diagonal will give an

element (ai0 , gi0) with the required properties.
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5.4 A numerical value of α

To find a finite value of α in Theorem 5.1 that is large enough, it is sufficient to maximize

δ′′, hence δ (see equation (5.4)). Let t = pη where 1
2
< η ≤ 1. We will find a value of δ

in terms of η that is maximal according to the following explicit bound for Sm,n given by

Shparlinski in [Shp11].

Theorem 5.7. Let g be of multiplicative order t. Then for any fixed integers u, v ≥ 2

uniformly over m ∈ (Z/pZ)× and n ∈ Z/tZ, we have the bound

Sm,n ≤ t1−ru,vpsu,v+o(1)

as p→∞ where

ru,v =
1

2(2u+ v)
− 1

4uv
and su,v =

1

4(2u+ v)
.

Since ru,v < su,v/2, we may assume that

t ≥ p1/2(log p)2

as otherwise the bound is trivial. Let t = pη, where η > 1/2. Substituting p = t1/η into

the inequality for Sm,n,

Sm,n ≤ t1+
1
η

1
4(2u+v)

− 1
2(2u+v)

+ 1
4uv

+
o(1)
η = t1−δ

where

δ = δu,v =
1

2(2u+ v)
− 1

4uv
− 1

η

1

4(2u+ v)
− o(1)

η
. (5.5)

We will find the appropriate values of u, v > 2 that maximize δ for a given η according

to the formula above. This is a small calculus exercise.

Claim. The value δ is maximized in the equation (5.5) when

u =
4η

(2η − 1)
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v =
8η

(2η − 1)

and

δ =
1

27

(2η − 1)2

η2
− o(1)

η
.

Proof. Let z = 2u+ v. Then v = z − 2u and

δ =

(
1

2
− 1

4η

)
z−1 − 1

4
u−1(z − 2u)−1.

δu = −1

4
(−1)u−2(z − 2z)−1 − 1

4
u−1(−1)(z − 2u)−2(−2)

δz =

(
1

2
− 1

4η

)
(−1)z−2 − 1

4
u−1(−1)(z − 2u)−2.

For δu to be zero,

1

u2
1

(z − 2u)
− 2

u

1

(z − 2u)2
= 0

1

u2
1

(z − 2u)
=

2

u

1

(z − 2u)2

(z − 2u) = 2u

z = 4u

∴ v = 2u.

For δv to be zero as well,(
1

2
− 1

4η

)
1

z2
=

1

4
· 1

u
· 1

(z − 2u)2
.

Substituting z = 4u, (
1

2
− 1

4a

)
· 1

16u2
=

1

4
· 1

u
· 1

(2u)2

u =
1(

1
2
− 1

4η

)
∴ u = =

4η

(2η − 1)
.
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Substituting the above expression of u in terms of η into z = 4u and then into δu,z,

yields the required values. It remains now to show by the second-derivative test that

these values are maximums. Since

δuu|u= 4η
(2η−1)

= −1

4

(
1

2
− 1

4η

)4

< 0

δzz|u= 4η
(2η−1)

= − 1

32

(
1

2
− 1

4η

)4

< 0

δuz|u= 4η
(2η−1)

=
1

16

(
1

2
− 1

4η

)4

and

δuuδzz − δ2uz =
1

256

(
1

2
− 1

4η

)4

> 0,

by the second derivative test, we have a local maximum.

The maximum found is absolute. The function δu,v has continuous derivatives in u

and v, so that it is sufficient to check the values on the boundaries of u, v ∈ [2,∞). As

u or v tend to infinity, δu,v tends to −o(1)
η

. If v = 2,

δu,2 =
1

(u+ 1)

(
1

4
− 1

8η

)
− 1

8u
− o(1)

η
< 0.

If u = 2, δ2,v has a maximum at

v =
4

−1 +
√

4− 2
η

provided that η > 2
3
, but this maximum is smaller than the one found inside the region

u, v > 2.

We have δ′′ < δ′ < δ and α < δ′′/4. Therefore if η = 5/6, for instance, we ensure that

u = 5 and v = 10 are integers and by equation (5.5)

δ = 0.005− 5

6
· o(1).
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We may take

α < 0.004/4 = 0.001.



Chapter 6

Conclusion and future work

We expect that nn ≡ a mod p has a solution with n ≤ x, for any given residue class a,

if x is approximately p2 log φ(p − 1)/φ(p − 1). We have proved the deterministic bound

x < p2−α where α > 0 is small. The first natural question to ask is whether it may be

possible to obtain a deterministic bound that is closer to the heuristic bound.

To obtain the heuristic estimate, we used a model based on the coupon collector

problem. To our knowledge, the coupon collector problem has not previously appeared

in a number theory context. We anticipate modifying the problem to improve and obtain

other estimates. A first improvement would be to calculate the cumulative distribution

function for all primes p, not only for the case when p− 1 is square free.

Furthermore, it would be interesting to check under what conditions the least frequent

coupons are the bottleneck for determining the expectation. Thus, the coupon collector

problem with blank coupons may be used to obtain estimates for a full collection of residue

classes with a desired property, such as kth powers. All residue classes not possessing

the property would be ‘blank’ coupons.

Finally, we may be able to give a heuristic argument for the number of different

residue classes that appear as nn mod p where 1 ≤ n ≤ p−1, to determine the sharpness

of the bounds given by Crocker [Cro69] and Somer [Som81].

76
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We established the existence of small solutions for nn ≡ a mod p, although nn mod p

is not uniformly distributed. The method of proof was first applied in [Mur10] to find

small solutions for xq ≡ a mod p, where the order of a is a multiple of (p − 1)/q and

the magnitude of q depends on p. Thus, the same method may be used to find small

solutions of other functions.

In the first part of the thesis, we extended bounds for the number of solutions to

nn ≡ a mod p for a fixed residue class a. Previous bounds from Balog et al. [BBS11]

considered 1 ≤ n ≤ p − 1, and we extended those bounds for the case when n > p.

The bounds obtained are quite far from the conjectured values [Hol02b]. Using further

tools from additive combinatorics and exponential sums, we may perhaps obtain stronger

results.



Appendix A

Formal Languages and Probabilities

The following background on formal languages, generating functions, and probabilities is

taken from Section 2 of [FGT92], which summarizes the methods used to relate formal

descriptions of regular languages to generating functions and probability estimates.

Definition A.1. Let A = {a1, a2, . . . , am} be a fixed set called the alphabet whose ele-

ments are the letters. Then A∗ denotes the set of all finite sequences, called the words

or strings of A. A language is any subset of A∗.

Given languages L1, L2, and L, we define the following operations:

• union of L1 and L2: L1 + L2 = {w|w ∈ L1 or w ∈ L2}

• product of L1 and L2: L1L2 = {w1w2|w1 ∈ L1 and w2 ∈ L2}

• star L∗: the language formed from all possible sequences from elements of L,

L∗ = {ε}+ L+ (L · L) + (L · L · L) + . . .

where ε denotes the empty word.

Definition A.2. The class of regular languages is the smallest class of languages con-

taining the finite sets and closed under the three operations of union, product and star.

78
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We extend the class of regular languages by the addition of another operation:

• shuffle product : Given two words w1 and w2, their shuffle, (w1 � w2) is the set of

all words obtained by interlacing the letters of w1 and w2 in all possible ways, while

preserving their order inside w1 and w2. For example, if w1 = ab and w2 = xy, then

(ab� xy) = {abxy, axby, axyb, xaby, xayb, xyab}.

The shuffle of two languages L1 and L2 is

L1� L2 =
⋃

w1∈L1
w2∈L2

(w1� w2) .

These operations translate into generating functions which are used to estimate prob-

abilities. Given a language L, let ln1,...,nm be the number of words in L that have n1

occurrences of letter a1, . . ., nm occurrences of am. The multivariate function of L is

l(z1, . . . , zm) =
∑

n1,...,nm≥0

ln1,...,nmz
n1
1 z

n2
2 · · · znmm .

We use the notation [xmynzk]f(x, y, z) to denote the coefficient of the term xmynzk

in the polynomial f(x, y, z).

Associate to the alphabet A = {a1, a2, . . . , am} a weight distribution where letter ai

has weight pi. The weight extends multiplicatively to words so that w = aj1aj2 . . . ajn

has weight

π[w] = pj1pj2 · · · pjn .

In our case, the weight distribution is a probability distribution and
∑m

i=1 pi = 1. Fur-

thermore π[w] is the probability of a word w being in An, the set of words with n letters.

Definition A.3. The function

l(z) = l(p1z, p2z, . . . , pmz) =
∑

n1,...,nm

ln1,...nmp
n1
1 · · · pnmm zn1+...+nm =

∑
w∈A∗

π[w]z|w|
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is called the ordinary generating function (OGF) of the language L with respect to the

weight distribution ~p = (p1, . . . , pm) and is denoted by l(z). The exponential generating

function (EGF) is defined with zn/n! replacing zn,

l̂(z) =
∑

n1,...,nm

ln1,...nmp
n1
1 · · · pnmm

zn1+...+nm

(n1 + . . .+ nm)!
=
∑
w∈A∗

π[w]
z|w|

|w|!
.

The value [zn]l(z) is the probability that a random word in An is in L.

The ordinary and exponential generating functions are related by the Laplace-Borel

transform

l(z) =

∫ ∞
0

l̂(zt)e−tdt

following from the classical relation∫ ∞
0

tne−tdt = n!

An operation on languages is unambiguous if every word of the resulting language is

obtained only once. The following is Theorem 2.1 in [FGT92]. Along with the Laplace

transform integral, it is the key to determining the generating function of a language

defined by a combination of the four basic operations.

Theorem A.4. When they operate unambiguously on their arguments, the operations of

union, product, star, and shuffle product translate into generating functions:

(a) L = L1 + L2 ⇒ l(z) = l1(z) + l2(z).

(b) L = L1 · L2 ⇒ l(z) = l1(z)l2(z).

(c) L = L∗1 ⇒ l(z) = (1− l1(z))−1.

(d) L = L1� L2 ⇒ l̂(z) = l̂1(z)l̂2(z).
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