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Abstract

Accounting for Unpredictability in Autonomous Driving Behaviour

Sepehr Samavi
Master of Applied Science
Graduate Department of The Institute for Aerospace Studies
University of Toronto
2021

Autonomous Vehicles (AVs) need to behave like humans when interacting with them.
We define unpredictability of surrounding drivers as a measure to take into account for
trajectory planning and use Maximum Entropy Inverse Reinforcement Learning (IRL)
to demonstrate that incorporating unpredictability into a lane change reward function
provides insights on human driving behaviour. We first evaluate the IRL algorithm on
a Linear Quadratic Regulator proof of concept. Then we use the IRL algorithm to
model reward functions for conducting a lane change maneuver in a highway setting. We
investigate whether the unpredictability of surrounding traffic will have an effect on the
behaviour of the lane changing car by learning two reward functions from human data, a
baseline reward function and a reward function that incorporates unpredictability. Our
evaluation confirms that incorporating unpredictability results in modest improvements

in explaining the behaviour of human drivers and can result in human-like AVs.

ii



Acknowledgements

As this chapter of my life comes to a close, I have much to be thankful for. First
and foremost, I am grateful for the love and support of my parents, Reza Samavi and
Mahvareh Ahghari, without which no achievement of mine would be possible. I wish to
also thank my supervisor Prof. Angela Schoellig who supported this project from the
beginning and Prof. Florian Shkurti whose insight on imitation learning methods was
invaluable.

At the beginning of this degree, I had the pleasure of collaborating with the aUToronto
team. I would like to thank my colleague Keenan along with the rest of the team for the
enjoyable experience of getting our self-driving car, Zeus, to work autonomously, whether
at our weekend work sessions at UTIAS, or the field trials which spanned two countries
and always happened to occur during inclement weather. I would also like to thank Prof.
Tim Barfoot for his guidance.

Finally I would like to thank all the students I had a pleasure of working along
at the ever-expanding Robotics community at the University of Toronto and at the
Vector Institute for Artificial Intelligence. Even on the gloomiest days, our lunch-time

conversations were intriguing and uplifting.

o slab s 4 Ols S Jate s 5 GdliSy S Al (e e
Cause the drop of knowledge which Thou gavest (us)

heretofore to become united with Thy seas. E]

Jalal ad-Din Rum1

!Translated from Persian by R. A. Nicholson, The Mathnawi of Jalalu’ddin Rumi, Vol. 1, Messrs.
Luzac & Co., London, UK 1925.

ii



Contents

2.1

Human-lik haviour models for AVsl . . . . . . . .. .. ... ... ..

P2

Predictability, Legibility and Explainability] . . . . ... .. ... .. ..

eory

B

Optimal Control Preliminaries|. . . . . . . . ... ... ... ... ....

B2

Inverse Reinforcement Learning Preliminaries| . . . . . . . . ... . ...

B3

Probabilistic Inverse Reinforcement Learningl . . . . . . . ... ... ..

[3.3.2  Maximum Causal Entropy as Softened Bellman Equations| . . . .
[3.3.3  Maximum Causal Entropy for IRL| . . . .. ... ... ... ..

or

A1

Background| . . . . .. ..o

[4.1.1 Review of the forward LQR solution| . . . . . ... .. ... ...

12

Experimental Setup| . . . . . . ... oo

[4.2.1  System and Reward Structure{ . . . . . . . ... ...

A3

Synthetic Data Generation Method| . . . . . . ... ... ... .. ... .

aw}

Implementation Details| . . . . .. ... ... ... ... ... ......

[4.4.1 IRL Objective and Optimization| . . . . . . . .. ... ... ...

4.

iv



[4.5.1 Experiment 1: IRL with expert trajectories generated with perfect

| policy| . . . . . 34
[4.5.2  Experiment 2: [RL with expert trajectories generated with stochas-

| tic policies|. . . . . . . . . 35

[> Unpredictability in Lane Changes| 40

Bl Overview] . . . . . . . . 40

[>.2  Lane Change Problem Formulation| . . . . . . ... ... ... ... ... 41

[>.2.1  Ego-vehicle Dynamics Modell . . . . . .. .. ... .. ... ... 41

[>.2.2  Lane Change Environment|{. . . . . . . ... ... ... ... ... 42

2. Baselin rd Function| . . . . . . . . ... oL 42

[5.3  Unpredictability Formulation| . . . . . .. .. ... ... ... ...... 45

[>.3.1  Unpredictability Metric| . . . . ... ... ... ... ... ... 45

[5.3.2  Unpredictability Reward Feature| . . . . . . ... ... ... ... 47

[b.4 Dataset Generation|. . . . . . . . . ... 47

[>.4.1 Data Smoothing| . . . . . . . ... ... oL 48

[>.4.2  Extraction of Expert Lane Change Trajectories| . . . . . . . . .. 48

[>.4.3  Calculation ot Ego-vehicle Dynamics| . . . . . . .. ... ... .. 49

[>.4.4  Characterization of Lane Change Environment|{. . . . . . . . . .. 49

45 D Divisionsl . . . . . . ... 51

[5.4.6  Trajectory Initial Position Normalization|. . . . . . . . . . .. .. 52

(5.5 Implementation Details| . . . . ... .. ... ... ... ... ... 52

[5.5.1  Forward Algorithm Implementation Details) . . . . . . ... . .. 52

[5.5.2 IRL Algorithm Implementation Details| . . . . . . . ... ... .. 52

[5.6  Algorithm Verification with Synthetic Data] . . . . . ... ... ... .. 56

[5.6.1  Generating Synthetic Trajectorires] . . . . . . . . ... ... ... 56

[.6.2 IRL Model Trainingl . . . .. ... ... ... .. ... ..... 57

[5.6.3  Verification Results . . . . . .. ... ... ... ... 57

[5.6.4  Tuning of Scaling Parameter|. . . . . . . . ... ... ... .... 60

[>.7 IRL Model Trainingl . . . . . .. .. ... ... ... . 60

Its and Di 00| . . . . 62

[5.8.1 Quantitative Improvements| . . . . . . . .. ... ... ... ... 63

[5.8.2  Qualitative Analysig . . . . . .. ... ... oL 65

6__Conclusions| 69

1 Futur TRl . 70



(Bibliography|

[A Auxilliary Proofs and Theorem|

[B Towards an Autonomous Vehicle Scoring Framework]

vi

71

78

83



List of Tables

[4.1  Results of IRL on our LQR System| . . . . . .. .. ... ... ... ... 35
[>.1 Summary of the longitudinal separation critera for trajectory datasets|. . 51
[5.2  Summary of the lateral separation critera for trajectory datasets . . . . . o1
[>.3  Summary of reward parameter values for synthetically generated datal. . 57
[5.4 TRL model performance on 127 trials using all five synthetic datasets| . . 58

(5.5  Summary of IRL parameter values and model performance with different

reward coefficients for synthetic dataset 60f . . . . . . . ... ... . ... 60
[5.6 Seperate Traffic, Lateral| . . . . . . .. ... ... ... ... ... .. .. 63
[5.7  Combined Traffic, Lateral . . . . . . ... ... ... ... ... ..... 64
[>.8 Separate Trathc, Longitudinalf . . . . . . . . . ... .. ... ... .... 64
[5.9  Combined Traffic, Longitudinall . . . . . . . .. ... ... ... ... .. 65
[5.10 Summary of average model performance improvement by incorporating
unpredictability. These results only include runs where 6, > 1075 . . . 65
11 [earned Parameters for Combined Datasets . . . . . ... .. ... ... 65
[5.12 Improvement for Combined Training Datasets| . . . . . . . .. . ... .. 66
[5.13 Improvement for Combined Test Datasets| . . . . . ... ... ... ... 66

vii



List of Figures

[4.1  The effect of parameter scaling on maximum likelihood offset for a system

with a two-dimensional state and single action. The LQR parameter r; is |

fixed and the parameters ¢, ¢, are learned. The blue contour illustrates |

|
|
| the likelihood function for parameters scaled by r; = 10° and the red |
|

contour lines illustrate the likelihood function without scaled parameters.| 33

[4.2  Evolution of reward parameter estimates over the IRL optimization pro-

| cess. Note that all the values on the ¢; and ¢ axes were scaled for per- |

| forming the optimization as described in Section [4.4.1. Unscaled values |

| are illustrated on this graph.|. . . . . ... ... ... ..o 36

4.3 Trajectories generated by LQR with ground truth parameters, 8, (blue),

| initial parameters for IRL, 6 (orange), and final paramters generated |

| by IRL, 6 (green) (c). The values of the state at each time step are |

| illustrated for the first dimension (a) and the second dimension (b).| . . . 38

[4.4  Error in learned parameters for different amounts of expert trajectories

| used for IRL on plotted on a log-log scale. In this set of experiments, all |

| example trajectories start from the same initial condition, xo = [10,10]"'| 39

[4.5  Error in learned parameters for different amounts of expert trajectories

| used for IRL on plotted on a log-log scale. In this set of experiments, each |

| example trajectories start from a randomly selected initial condition, sam- |

| pled from a uniform distribution, xq = [#{, 22", where 2, 22 ~ U(—10,10)| 39

[>.1  Blockdiagram ot how we intent to learn and compare the reward function

| learned using only the baseline features and the reward function learned |
| that adds the unpredictability feature.| . . . . . . . .. ... ... .. .. 41

(5.2 Illustration of unpredictability metric. We define unpredictability at time

| k as the mean predictive error of the prediction made by the model at |
| time kK —t,.| . . . . 46

viii



53

The distribition of lane labels in the NGSIM 1-80 (a) and USA-101 (b)

datasets. The ranges of the axes are different in order to highlight the

distribition of lane labels along the x-axis. Lanes 1-6 are thru-lanes and

Lanes 7 and 8 are on and off ramps, respectively. Traffic flows in the

direction of increasing y coordinate. The black lines mark the longitudinal

separation defined by us.|. . . . . ... ... 0oL

5!

Snapshot of a synthetically generated lane change trajectory. Scatter

points illustrate the position of the ego-vehicle (blue) and adjacent ve-

hicles (grey) at time step 39. From each scatter point, we illustrate a trail

of the past 10 time steps.| . . . . . . . . . .. ... ...

57

55

Loss optimization for IRL with synthetic dataset 57 and initial condition

0o = (L1, LI oo

58

5.6

Comparison of the states (5.6af to [5.6d)) and actions (5.6€] |5.6f) of the

synthetically generated expert lane change trajectory (blue) with trajec-

tories generated by optimizing rewards parametrized by initial guess of

parameters, 6, (orange), and parameters learned using IRL, 8, (green). |

29

5%

IRL loss optimization for baseline model and model incorporating un-

predictability for highway usal01, traffic congestion time slot t2, and

geometry lath.| . . . . . L Lo

63

6

Comparison of the human expert lane change trajectory (blue) with tra-

jectories generated by optimizing rewards parametrized by the baseline

reward parameters, @, (orange), and reward parameters that incorpo-

rate unpredictability, O, (green)| . . . . . ... ..o

66

5.0

Comparison of the states from human-demonstrated expert lane change

trajectory (blue) with trajectories generated by optimizing rewards parametrized|

by the baseline reward parameters, 0, (orange), and reward parameters

that incorporate unpredictability, Oy, (green)|. . . . . .. ... ... ..

67

[5.10

Comparison of the actions of the human-demonstrated expert lane change

trajectory (blue) with trajectories generated by optimizing rewards parametrized|

by the baseline reward parameters, 0, (orange), and reward parameters

that incorporate unpredictability, ¢, (green).. . . . . . . ... ... ..

X

68



Chapter 1
Introduction

An increasing number of autonomous vehicles (AVs) have started to be deployed in mixed
traffic situations (e.g., Waymo’s robo-taxi pilot), where the AV shares the same road
with human-driven vehicles (HVs). The AV research community and the industry (e.g.,
Waymo, GM, Apple) have put considerable efforts into enhancing control and planning
algorithms of these vehicles. Little is known about how the presence of an AV in mixed
traffic situations changes the behaviour of the human drivers and in turn how an AV
should react to these changes [19]. While driving is considered a nearly ubiquitous task
for humans, driving behaviour of individuals varies and has considerable subtlety [21].
For example, an experienced driver with a priori knowledge of the driving environment
will behave differently with respect to decelerating and accelerating when performing a
lane change. Using this priori knowledge, the driver may decide to cut-off another vehicle
(which can be an AV or HV) during the lane change maneuver and introduce a safety
risk and in turn garner a reaction from surrounding vehicles.

For the safe introduction of AVs into mixed traffic, behaviour models will need to
understand and predict the chain of behavioural actions and reactions between drivers.
Specifically, the AV will need to predict the behaviour of other vehicles and act in a way
such that surrounding vehicles will be able to predict its behaviour.

In this thesis we propose unpredictability as a measure for more human-like AV be-
haviour planning. We use performance metrics of an off-the-shelf vehicle trajectory pre-
diction model [14] through time as a measure of the unpredictability of a human driver.
We assume that if the off-the-shelf model performs poorly on a particular car at a partic-
ular time, then that car is behaving unpredictably and vice versa. We propose incorpo-
rating unpredictability as a measure of how an AV should act around a particular human
driver. We analyze human lane change behaviour using an Inverse Reinforcement Learn-

ing (IRL) approach to demonstrate that incorporating this unpredictability measure can
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better explain human driving behaviour. Therefore, incorporating the unpredictability
measure into a planning framework of an AV can result in more human-like behaviour.
We first summarize the theoretical foundation of Maximum Entropy IRL approaches
[60] for dynamical systems with continuous control and action spaces [33]. We then
use a Linear Quadratic Regulator (LQR) toy example to investigate how well the IRL
algorithm [33] can recover reward parameters in the presence of noise. Finally, we use
the IRL algorithm to model reward functions for conducting a lane change maneuver in a
highway setting. In order to test the hypothesis that the unpredictability of surrounding
traffic will have an effect on the behaviour of the ego-car, we learn two reward functions
from human data, a baseline reward function and a reward function that incorporates

unpredictability.

1.1 Contributions

The main contribution of this thesis is defining a measure of unpredictability based on
an off-the-shelf trajectory prediction model. We present two reward functions for mod-
elling the lane changes: a baseline reward function and a reward function that incorpo-
rates unpredictability. We demonstrate that the model incorporating the unpredictability
measure can better explain human lane change trajectories.

In addition, we make the following three contributions,

1. We present the underlying theory for IRL for an audience with a background in
control theory by compiling the relevant literature from the fields of Information

Theory and Optimal Control.

2. We design and conduct an experimental analysis of the performance of the IRL
algorithm [33] on an LQR problem. We evaluate how accurately the algorithm
can recover reward parameters as a function of noise and the number of synthetic
demonstration trajectories. We also present numerical tricks and practical consid-

erations for implementing the algorithm.

3. We build a dataset of smoothed lane change trajectories extracted from the NGSIM
[12, [11] datasets. The trajectories include measurements of the state and actions

in a kinematic unicycle model.

In addition to the contributions of this thesis listed above, in the Masters program I

also made the following contributions.
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1. In a project in collaboration with Geotab Inc., we studied the problem of evaluating
level 4 autonomous vehicles on public roads using a telematics device. The findings

of this study are presented in a technical report. A summary of the report can be
found in Appendix [B]

2. In a collaborative project for the University of Toronto’s self-driving car team,
aUToronto, we designed a pedestrain detection and tracking system, published in
[9]. T was also deputy lead for the team during the second year of the AutoDrive
Challenge. The AV design and competition results for the year were published in

[8].

1.2 Thesis Structure

We begin by presenting related work for the main application of this thesis: unpredictabil-
ity as a measure for more human-like driving in Chapter 2l In Chapter [3] we provide a
detailed overview of the theoretical foundations of Inverse Reinforcement Learning (IRL),
also known as Inverse Optimal Control (I0C), including the derivation of the algorithm
that we use to test the main hypothesis of this thesis. In Chapter 4| we conduct a set
of experiments that applies the IRL algorithm to recovering LQR parameters given a
varying number of noisy demonstration trajectory data. In Chapter [5 we use the IRL
algorithm to model reward functions for conducting a lane change maneuver in a highway
setting. We conclude this thesis in Chapter [0}



Chapter 2

Related Work

In this chapter we present literature related to the main application of this thesis: un-
predictability as a measure for more human-like driving. We use Inverse Reinforcement
Learning (IRL) and Optimal Control to evaluate if human drivers take unpredictability
into account when driving. We also evaluate the performance of the IRL algorithm that
we use on a Linear Quadratic Regulator (LQR) system. Note that the theoretical back-
ground literature related to IRL and Optimal Control and a summary of work related to
IRL with LQR systems are presented in Chapters [3] and [4] respectively.

2.1 Human-like behaviour models for AVs

Designing human-like behaviour models for planning and control in Autonomous Vehi-
cles (AVs) that operate in mixed Human-driven Vehicle (HV) and AV environments is
explored from different perspectives.

In the classical approach, the planning modules in AVs usually take information about
the future of their surrounding environments (e.g. location of adjacent vehicles, pedestri-
ans, road geometry) from prediction models and then produce collision-free trajectories
[16], 148, [35]. A major shortcoming of such cascaded prediction and planning approaches
is that it does not account for the complex interactions and interdependencies between
agents that are operating near each other [49]. Progress has been made in modelling
interdependencies between agents within the prediction models (e.g. [2, [14]). Alahi et
al. [2] propose a social pooling layer within a Long-Short Term Memory (LSTM) pedes-
trian trajectory prediction network to account for interdependencies between the agents.
Deo et al. [14] extend this principle to apply to vehicles on a highway. However these
prediction models continue to be completely independent of the planning models in the

ego-vehicle.



CHAPTER 2. RELATED WORK 5

Among works that incorporate predictions about other agents into planning and con-
trol, a number of recent methods use game theoretic techniques to model interactions
between AVs and HVs [47, 45, 50, 18]. Sadigh et al. [47] design a game between an AV
and an HV to enable the AV to influence the HV’s behaviour. The authors in [45] use
a game theoretic formulation to generate AV behaviour that is empathetic towards an
interacting HV. These models focus on one-on-one interactions, ignoring other surround-
ing vehicles. Schwarting et al. [50] use psychological metrics to incorporate estimates
of HVs’ personality into a game theoretic framework for performing highway merging
maneuvers and making uncontrolled intersection decisions. Fisac et al. [18] propose a
hierarchical game theoretic framework in order to make modelling interactions between

agents tractable.

Other methods focus on imitating human driving styles by learning behaviour models
from human data using Maximum Entropy Inverse Reinforcement Learning (MaxFEnt
IRL) [61]. With this method, the behaviour model is represented as a cost function that
is learned from expert demonstrations. Kuderer et al. [32] use IRL to learn human-like
velocity and acceleration profiles for highway driving. However, their model is focused on
modelling the preferred driving style for passengers in the AV rather than interactions
with other vehicles. Levine and Koltun [33] extend MaxEnt IRL to be used in cases
where expert demonstrations are only locally optimal and noisy. They show that it is

possible to learn cost functions for evasive and aggressive driving styles in a simulator.

What is common among the three perspectives described above is that these proposals
focus on presenting novel methods for optimizing AV behaviour in order to have human-
likeness. We take one step further and study what we need to optimize to capture

human-like driving behaviour.

Other works that focus on the what aspect include Buckman et al. [7] who propose
maximizing the visibility of the ego-car in highway and blind intersection scenarios. In
a driving simulation, they demonstrate that a visibility-aware AV slows down before
entering HVs’ blindspots. Sun et al. [53] formalize a notion of being courteous to other
interacting drivers. They hypothesize that human drivers are in fact also courteous. The
authors test their hypothesis using an IRL analysis, in the same way as this thesis intends
to do. Rather than formalizing a notion for courteousness, we define the unpredictability
of surrounding traffic as a new parameter that needs to be considered for optimizing AV

behaviour.
Hayashi et al. [2I] present a Reinforcement Learning (RL) framework for driving in a
simulator based on a quantified notion of unpredictability in the scene they are driving in.

They claim that the more unpredictable the scene, the more un-humanlike the behaviour
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of the ego-car has been. Thus, by minimizing unpredictability one can build a human-
like driving model. They define a reward function that is only based on the prediction
of adjacent vehicles, then train an RL agent to drive. However their model is exclusively
trained and tested in a simulator, and does not use any human data. Therefore, their

notion of unpredictability is limited to the driver models that are coded in the simulator.

2.2 Predictability, Legibility and Explainability

The concepts of predictability, legibility, and explainability have also been studied in the
context of Human Robot Interaction (HRI) literature [15, 29 [34]. Dragan et al. [I15]
formalize predictable robot planning as motion that is unsurprising to a human observer
and legible robot planning as motion that makes it easy for humans to infer the robot’s
intent. Koppenborg et al. [29] and Lichtenthaler et al. [34] investigate factors that may
affect legibility. The results from these studies are generated from user studies, thus,
the scope of their studies is limited by safety considerations. As opposed to conducting
human studies, in this thesis we use human-generated driving data and IRL to investigate
whether unpredictability affects human driving behaviour.

We define the unpredictability of surrounding traffic as a new parameter that needs
to be considered for optimizing AV behaviour. We then use the extension of MaxEnt IRL
proposed by Levine and Koltun [33] to learn cost functions for lane changes on a highway,
which incorporate unpredictability. A detailed treatment of the theoretical foundations

of MaxEnt IRL [61] and its extension to locally optimal demonstrations [33] is presented
in Chapter



Chapter 3
Theory

Optimal Control and Reinforcement Learning (RL) are powerful tools for modelling nat-
ural learning phenomena. Both methods rely on the assumption that a reward function,
as opposed to a policy (i.e. a direct mapping between action and state), is the most suc-
cinct and efficient definition of a task. Most methods rely on a known reward function.
However, when our goal is to perform a task that is demonstrated successfully in nature,
we should consider the reward function as an unknown function and empirically estimate
it.

In this chapter we provide the theoretical background of Inverse Reinforcement Learn-
ing (IRL), also known as Inverse Optimal Control (IOC). In IRL, we assume that an agent
is executing a control policy by optimizing some underlying reward function, R*(x, u).
Given expert demonstrations of a task, our goal is to find an estimate of the underlying
reward function that results in behaviour that resembles the expert. However given sub-
optimal demonstrations in the presence of noise, many different reward parameters could
result in behaviour resembling the expert. Thus, IRL is ill-posed in most formulations
[43].

The IRL problem was first described by Kalman in 1964 [27], specifically for the case
of a linear plant, linear constant scalar control, and full state observability. However,
in this thesis we focus on the inverse of more general optimal control and reinforcement
learning problems, resembling the formulations presented in litarature by Ng and Russel
[43], Abbeel and Ng [1], Ziebart et al. [61], and Levine and Koltun [33].

In Section |3.1| we present an overview of Optimal Control, followed by the formulation
of IRL in Section [3.2l Then, in Section we present the Maximum Causal Entropy
(MCE) probability distribution, in which inference is analogous to solving the optimal
control problem. We finally present a probabilistic learning approach to solving IRL for

fixed horizon control tasks with continuous state and action spaces and locally optimal
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demonstrations.

3.1 Optimal Control Preliminaries

We first review the Optimal Control problem [5] as it relates to this chapter. We define
a fixed-horizon control task of length K.

X1 = f(Xg, ug, ep) dynamics (3.1a)
x, € X state space (3.1b)
u, €U action space (3.1c)
e, €D disturbance space (3.1d)
e, ~ p(eg|xk, ug) disturbance probability distribution (3.1e)
T ={po, -, hKx_1} policy (3.1f)
w, = pup(xk) € U(xx) CU,Vx, € X set of all admissible policies (3.1g)
Ri(xp,ug) : X x U — RT stage reward (3.1h)
Ri(xg) : X — R terminal reward (3.1i)
We assume that at each time step, £ = 0,..., K — 1, we receive a stage reward, and

at the final time step, a terminal reward R (zx). The optimal control problem is then

formalized in the following maximization problem,

K-1
maximize E,, |Ri(xx)+ Z Ry (xk, ug)
k=0
subject to X1 = f(Xg, ug, €x) (3.2)

uy, = fu(X)

X( given

where our task is to find the policy that maximizes the reward, called the optimal policy

m = {p5(%0), - s i1 (Xx-1)}-

Theorem 1 (Bellman’s Principle of Optimality[3] [%). Let 7* = {ug, ..., uj_,}
be the optimal policy for the overall problem (3.2). Assume in the process of applying

*

™, a state X occurs at time k, with positive probability. Consider the sub-problem
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whereby we are at x5, and we want to maximize the sub-problem

K-1

Ee, |Ri(xk)+ Z Ri(xe, )
t=k

Then the truncated policy {u, ..., Wi_,} is optimal.

?QOriginally formulated by Bellman [4].

The Principle of Optimality (Theorem [l]) allows the maximization over m = {yq, ..., ftg—1}
in to be converted to K maximizations, each over a single time step. We consider

the value of a policy, V,", at time step k.

K-1

VI (k) = Be, [Ric(xx) + > Ri(xi, )] (3.3)

i=k

The value function calculates the expected reward-to-go at time step k, i.e. the reward
that would be obtained if we continue along the trajectory by following the truncated
policy {ptg, ..., x—1}. The expectation is over the disturbance probability distribution,
pex|xx, ux). We also define the quality function (Q-function), which depends on the state

and action at time step k,

Qr (Xk, ug) = R (Xp, ug) + Ee, [ViT g (Xp41)]- (3.4)

The Q-function calculates the expected reward-to-go of choosing an action u; at state xy,
given that after the next time step the truncated policy {jg11, - - -, tix—1} will be followed.
Under the optimal policy, 7%, we can define the value function as a maximization of the

quality function,
Vi (%) = max QF (xg, uy). (3.5)
uy

The value of a state x; is therefore determined by choosing the action that maximizes
quality. Equations , are commonly referred to as the Bellman Equations. We can
find an optimal policy by calculating the Bellman Equations at the end of the trajectory
and iterating backwards in time to solve Equation . This iteration is called the
Dynamic Programming Algorithm (DPA).

Definition 1 (Dynamic Programming Algorithm [5[). Starting at time step
K with

Vi (xx) = Rk (xk)
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and iterating backward in time from k = K —1,...,0, then the value for each time

step Xy, is given recursively by,
Vi (xx) = max Ry (xx, ug) + Ee, [V (Xp11)]- (3.6)
ug

Ifu; = . for all k optimizes the right side of (3.3)) then the policy m* = {ug, ..., w1}

s optimal.

?Qriginally formulated by Bellman [4].

3.2 Inverse Reinforcement Learning Preliminaries

Inverse Reinforcement Learning (IRL) also known as Inverse Optimal Control (IOC) is
defined as the problem of learning the reward function of a task from demonstrations
of optimal or near-optimal behaviour [43]. In IRL, we start with System but with
an unknown reward function. We have access to a set of N demonstration trajectories
(aka expert trajectories), D = {(xM, u®) ... (x™ u™)} where xV = [x],..., x5 ,]"
and u” = [u],...,ul |7 fori = 1,...,N. In the broadest sense, the goal of IRL is
to find a reward function, Ry(xy,ux), under which optimal behaviour |'| matches the
demonstrated behaviour of the experts, irrespective of the true process that generated
the demonstrations. Recovering such a reward, was first characterized by Ng and Russell
[43], however for a systems with finite or infinite state spaces, X, finite action spaces, U,
and an infinite time horizons. They show that demonstrated behaviour can be optimal
under many different reward weights including the trivial case R = 0, therefore the
formulation of IRL is ill-posed [43].

To formulate a general IRL problem, we define p € Z™ reward features, ¢; : X x U —
R, where ¢ = 1, ..., p is function of the state and input at each time step. We formulate

the stage reward as a linear combination of the features, i.e.
Rk(Xk, llk) = 0T¢(Xk, llk) (37)

where ¢(xy, ;) = [d1(Xx, wp.), ..., ¢p(Xk, up)] " is a vector of the features at time step k,
and @ € RPT is a vector of parameters. For the remainder of this thesis we will focus on
reward functions of this form.

Abbeel and Ng [1] formulate the IRL problem as feature matching between the learned
model and the observed behaviour. Let Pp(x®™ u®) be the probability of trajectory i in

lie. states and actions generated by solving the optimal control problem Equation (3.2) given the

learned reward function.
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the dataset D. We can write feature matching as,

K-

N
Eek d) = P ¢ Y
#1= 2 Polxu) 3 ' u) (3.8)

,_\

Ee,[¢] = Epy[9].

For all features we want the total feature expectation over the control horizon under the
learned reward (left) to match the empirical feature counts in dataset D (right). The
authors demonstrate that feature-matching is equivalent to matching the value function

(Equation over the entire horizon. This finding is summarized in a theorem.

Theorem 2 (Abbeel and Ng [1]). For a system with a reward function of the form
(13.7), a policy m matches feature counts with observed feature counts i.e. Ee [@] =
Ep, [¢(i)] if and only if the policy also matches the total expected value over the entire
horizon with the observed value VT (x¢) = V,P(xy), on the unknown parameters of a

reward linear in features, ¢;.

Proof. [60]
Eek [¢] = EP‘D [¢]
V0, O0'E.[¢]=0"Ep [¢]
Vo, E. |0' Z Or(xp, ) | =Ep o' Z &1 (X, uk)]
k i L k
o Be, [ D Ri(xkw)| =Ep, ZRk(Xk,Uk)]
k i L &
O, Vi (x0) = Vi (xx)
proof of the necessary condition follows the same argument. [

Theorem [2| provides a mechanism for matching the expected total value over the
horizon , V{7 (xg), between our model, parametrized by 6, and the demonstrated trajec-
tories. However, we need to justify why matching the total expected value results in
matching the expected behaviour over the entire horizon. From Definition [1| we know
that if the value of the policy, V" (xx), is optimal for every time step k =1,..., K — 1
(Equation (3.3])) then the policy is optimal. From Theorem , we know that if a policy,
7* is optimal for a system over the entire horizon, then for any subset of the hori-
zon, the associated truncated policy is also optimal. If we assume that the demonstrated

trajectories in the dataset D are optimal and that we find parameters @ such that we
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can match the expected total value over the horizon, then we also match the value at
every other time step k, V;7(xx). Therefore matching the expected sum of features over
the horizon results in matching the expected behaviour at each time step in the horizon.

The assumption that the demonstrated trajectories in the dataset D are optimal
is very limiting. For real-world problems we will need to account for noise and sub-
optimality in the demonstrations, and modelling error in the dynamics. Furthermore,
due to the linear structure of the reward function and the selection of the features in
the reward function, there may not be a set of parameters that perfectly matches the
demonstrated behaviour. To address these concerns, Ng and Russell [43] and Abbeel and
Ng [1] propose heuristics to make the best selection. In the next section we focus on a

probabilistic approach to address this limitation.

3.3 Probabilistic Inverse Reinforcement Learning

In probabilistic IRL, we assume that there exists an underlying distribution of possible
trajectories and our dataset contains samples from this distribution. We model x,u as
sequences of random variables that describe a trajectory. To simplify notation we can
define the tuple 7 := (x,u) and the probability distribution function p(7) to denote the
underlying distribution of all trajectories. Our goal is to estimate p(7) by using the
dataset. In other words, we want to learn a distribution ¢(7) that is the best estimate
of p(7) given D. Estimating one distribution p(7) with another ¢(7) based on data is
formulated as an optimization problem. We need to find the parameters, # of some
parametrized probability distribution, gy(7), to fit to dataset D. The distribution gg(7)
needs to account for noise and sub-optimality in the demonstrations, as well as mod-
elling error in the formulation of g4(7). In the rest of this section, we will present an
information theoretic approach to probabilistically model optimal control problems, then
show how IRL can be formulated as a maximum likelihood estimation problem under this

probabilistic model.

3.3.1 Information Theoretic Preliminaries

In probabilistic IRL we are interested in selecting the distribution gy(7) that is consistent
with the incomplete information in the available dataset D. To avoid introducing bias,
we use information theory to find a parametrized distribution without making arbitrary
assumptions on the parameters. Intuitively we want to structure go(7) such that it has

the least commitment to any particular outcome in D. In other words we want the widest
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possible or most uncertain distribution. We use entropy as a measure of the uncertainty

of a probability distribution and maximize that measure.

Definition 2. The Shannon’s Information Entropy [52] of a discrete random
variable, x, which can take on the values x;,1 = 1,...,n each with probability P(x;)

is defined as,

n

Hp(x) = Epg[—log P(x)] = = Y P(x;)log P(x;). (3.9)

i=1

Information Entropy (Definition is a unique measurement of the uncertainty in a
probability distribution of a discrete random variable [52]. However, in many optimal
control applications the state and action spaces are continuous, thus requiring trajectories
to be modelled as a continuous random variables. Differential Entropy (Definition [3)) was
presented by Shannon [25] as the analogous measure of uncertainty in the distribution of

a continuous random variable.

Definition 3. The Differential Entropy [13] of a continuous random variable,
x € X C R with probability distribution p(x) is defined as,

Hgiff(x) = B[~ logp(x)] = — /Xp(x) log p(x)dx (3.10)

Jaynes [25] demonstrated that Differential Entropy lacks some of the properties of
Shannon’s Information Entropy, most notably invariance under change of parameters. As
a result Differential Entropy is not a unique measure of uncertainty in the distribution of
a continous random variable. Jaynes instead derives the continuous version of Shannon’s
Information Entropy by taking in the limit of n — oo to arrive at

H7 (x) = By {— log T];((};))} =— /Xp(x) log %d){ (3.11)
where m(x) is defined as an invariant measure, which is known to be challenging to
determine [25].

In order to find the widest possible distribution for a random variable, we need to
maximize the appropriate entropy measure. The Principle of Maximum Entropy (Equa-
tion (3.12))) formalizes selecting the widest possible distribution that matches observed
data. Jaynes [24] presents the solution to the parametrized probability distribution that
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maximizes Information Entropy (Definition [2|) for a discrete random variable. For con-
tinuous random variables, we need to maximize HY(x). However, taking the maximum
of the Differential Entropy (Definition , Hgif I, with respect to p is equivalent to taking
the maximum of HY(x) because m(z) does not affect p(x). We present the probability

distribution that results from maximizing the Entropy in Theorem [3|

Theorem 3. The Maxzimum Entropy Probability Distribution [2]] is the
distribution with the maximum information entropy subject to matching the expected

characteristics, denoted by characteristic functions, g;(P(x)) with the empirical char-

acteristic averages, g;(P(x)). It is obtained from the optimization,

arg m}ngp(X) subject to
vj, 9;(P(x)) = g;(P(x))
Z P(x;) =1

(3.12)

We focus on probabilistically weighted characteristic functions,

9;(P(x)) = Ep[¢;(x)]

where, ¢; is the j™ of p features, i.e. functions of random wvariable x. Then the

distribution satisfying the mazximization will have the following form,

_exp (Zj 9j¢j(X)>

Pe) = —7a - 0,) (3:13)

The parameters, 0;, where j = 1,...,p are obtained to satisfy the constraints in

(3.12) and the partition function, Z, is defined as,

docexp (22, 0i0;(x) if x discrete

Z(0,.....0,) =
" 2 Jeexp (D2,;0;0;(x)) if x continuous

The proof for this theorem can be found in Appendix [A]
The Maximum Entropy Probability Distribution in Theorem 3| is immediately appli-
cable to problems where we are constructing a probability distribution to model a single

random variable. For example we have a dataset containing empirically measured values,
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f (x), of a random variable x. We use the Principle of Maximum Entropy to build a
probability distribution of x, p(x), and use the distribution to find the expectation of
f(x). Then we can check the probability of a statement such as “The expectation of
the function, f(x), of random variable, x, is 5.0.” However in the most general sense of
optimal control, i.e. System with a stochastic policy and with stochastic dynamics,
we are unable to model a trajectory as a single random variable. Instead we must model
the trajectory as two sequences of random variables, a sequence of actions and a sequence

of states.

Maximum Entropy for Sequences of Variables

As a robot proceeds through a trajectory, at each time step, an action is selected from a
stochastic policy. Then by execution of the action, the robot arrives at a new state. The
transition to the new state is governed by stochastic dynamics. Each new action relies
on the values of the previous actions and the previous states. To represent a distribution
for the sequence of actions over the entire trajectory, we define a causally conditioned
probability distribution (Definition [)).

Definition 4. The probability of a sequence of random variablesu = [ug ..., uj_]"
causally conditioned [31] on another sequence of random variables
x=[x],...,xx|" is defined as

K—-1

P(ul|x) := H P(ug %ok, Wo:—1)

k=0
where Xo., = (X0, X1,...,Xg) and Wo.x_1 = (Ug, Wy, ..., u,_1) indicate concatenations
of the sequences x and u for k=0,..., K —1.

To apply causal conditioning to optimal control, we will let u; represent an action at
time step k and x; represent a state. As the trajectory proceeds in time, we can view
each executed action and each visited state as new information about future variables
in the sequence. Formally, the new information is presented as a tuple of a state and
an action value, (xz,uy). Each subsequent action is produced by a stochastic policy,
modelled by the distribution P(ug|X¢.x, uo,—1) for all time steps k = 0,..., K — 1. The
states are produced by performing the actions and progressing forward in time under the
stochastic dynamics, modelled by the distribution P(xy|Xg.x_1,Uo—1). The distribution
that corresponds to the dynamics of the system is called the distribution of side infor-

mation, P(Xo.x||ugx—1) = HkK;()l P(xk|X0.x—1,p:x—1). This kind of sequential revelation of
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information is causal. Past variables reveal information about future variables but not
vice versa. In other words, past variables cause future variables.

The generalization of Information Entropy to the causal setting is called Causal En-
tropy (Deﬁnition@. To define Causal Entropy we need to first define Conditional Entropy
(Definition [5).

Definition 5. The Conditional Entropy of a random variable u conditioned on

a random variable x is defined as,

Hp(x,u)(u|x) = Ep(x,u)[— log P(ul|x)]. (3.14)

The causal entropy can be decomposed to a sum of the conditional entropies as shown

in (519

Definition 6. Let u be causally conditioned on x as in Definition |4 with joint
probability distribution P(x,u). The Causal Entropy [31] of u given x is defined

as,

HP(UHX) = IEP(X,u)[_ 10gP<uHX>]

= _ Z Z P(x,u)log (1__[ P(ug|xo., uO:kl))

x€X ueld

K-1

- Z Z Z P(x,u)log (P(ug|xo:x, Uo:—1))
k=1 x€X ueld

-1

- H p(xu) (| Xo:k, Wop—1)

1

(3.15)

=

i

Ziebart [60] presents the generalization of the Principle of Maximum Entropy to the
causal setting, called The Principle of Maximum Causal Entropy. The Maximum Causal
Entropy Probability Distribution (Theorem [4]) formalizes selecting the widest possible

distribution that matches observed sequentially revealed data.

Theorem 4. The Mazimum Causal Entropy Probability Distribution [60]
is the distribution with the maximum causal entropy subject to matching the expected
characteristics, denoted by characteristic functions, g;(P(u||x)) with the empirical

characteristic averages, g;(P(u||x)) and given the distribution of side information
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Vk, P(xg|X0.k—1,U0.k—1)- It is obtained from the optimization,

arg mgX]H[p(uHx) subject to
¥j, 9;(P(ul[x)) = g;(P(ul]x))
vx ) Puljx) =1 (3.16)

ueld

Vx,u, P(ul|x) >0
Ve, U, X, and X st X, =X, > (P(uljx) — P(u||x)) =0

Ugt1:K

We focus on probabilistically weighted characteristic functions,

9;(P(ul[x)) = Epgcu[¢i(x, w)]

where, ¢; is the i™ of p features, i.e. functions of random variable sequences x and
u; let ¢ == [p1,...,¢,]". Then the distribution satisfying the mazimization will have

the following recursive form,

Zuk|X0:k7u0:k—1§9

Po(ug|Xo.1; Wok—1) = 7 (3.17)
X0:k,0:k—1;0
where,
10g<ZX0:k7u0:k71§9) = log <Z Zuk|X0:k’u0:k1;0)
' (3.18)
= SOfElHlaX Z P(Xk-i-l ’XO:ka Uo:6—15 0) log(ZXO:k+17“0:k§9)
g Xk4+1
and,

Zuk|X0:kvu0:k—1§9 = €xXp Z P(Xk+1|X02k7 uO:k—l) log(ZXO:k+1:uO:k§0) (3 19)

Xk+1

ZXO:K,UO:KA;Q = eXp<9T¢(X7 u))

where softmax, f(z) := log(>_, exp(f(x))) and 8 = [0:,...,0,]" are the Lagrange
multipliers for the characteristic matching constraint. If we assume that the features

decompose into a sum over individual random variables, x; and u, i.e. P(x,u) =
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Y & Gxpm, and the distribution of side information is Markovian, i.e.
P(xg|X0:5—1, Wo.p—1) = P(Xk|Xg—1,_1), then the recursive form simplifies to,
Loy, |x
Py(uy|xy,) = —aebed (3.20)
Zxk,e
where,
o) =10 ()
uy,
3.21
= SOfJElmaX Z P<Xk+1|X0:k7 uO:kfl) 10g<ZXO:k+17u0:k) + 0T¢Xk,ﬂk ( )
r Xk+1
= SOfEIkIlaX (EP(XMXmuk) [log(zxk+1,9>] + ‘9T¢Xk,llk)
and,
Zuk\xk,e = €Xp Z P(Xk’xka uk) IOg(ZXk+1,9) + 9T¢Xk7uk
- (3.22)
+1
= eXp (Ep(xk+1|xk»uk)[log(ZXO:kJrl’“O:k)] + 6T¢Xk7llk)

The final constraint in optimization ensures the causality of the optimal probability
distribution. This constraint forces the probability up to time step s to be equal for all
possible side information values, x,1.x, that may be revealed after time step x. The
proof for Theorem [4] is presented in Appendix [A]

The Maximum Causal Entropy probability distribution provides an information the-
oretic framework to approximate the probability distribution of sequentially revealed
information. In the rest of this section, we will show how this distribution is directly

applicable to optimal control.

3.3.2 Maximum Causal Entropy as Softened Bellman Equations

The Maximum Causal Entropy probability distribution in Theorem [4| can be interpreted
as a softened version of the Bellman Equations (3.4] [60]. First, we re-express the
Maximum Causal Entropy distribution as,

soft —

o (Xk, ug) =108 Zy, x, 0

soft . (3.23)
= EP(Xk+1|Xk7uk)[v9 (XkJrl)} + 60 ¢xk,uk



CHAPTER 3. THEORY 19

V;Oft(xk) = log Zx, 0 (324
= softmax Q3™ (xy, uy,). '
uy

If we take the stage reward function in Equation to be Ry(xx,ug) = 0T¢xk,uk
and replace the max,, in Equation (3.5) with a softmax,,, we arrive at , .
Intuitively, the Maximum Causal Entropy (MCE) probability distribution is
a generalization of the Bellman Equations to settings where we do not view
the optimality of a trajectory as binary variable, but rather a probabilistic
spectrum. In his spectrum, policies closer to the optimal policy are exponentially more
likely. More concretely, as a result of the softmax,, function in the soft value function

(3.24)), the probability of an action at a particular time step uy scales exponentially with,
P(uglxi) = exp(Qg™" (wg, %) — Vo' (x1)) (3.25)

Ziebart [60] illustrates that in the case that 6 is scaled by a constant «, as a — 0o, then

the softmax function behaves like the max function. In this limit, the Equations (3.23]

3.24) become equivalent to the Bellman Equations (3.4] [3.5).

Deterministic Dynamics

In many optimal control systems, the dynamics are deterministic, i.e. a simplification
of System (3.1]) where x;1 = f(xx,u;). In these settings, given an initial condition, xg,
the sequence of states can be deterministically recovered from the sequence of actions.
Thus, given the dynamics function, we can describe a trajectory using only the sequence
of actions. Then the Maximum Causal Entropy optimization in Equation reduces

to,

arg m]z}XHp(u) subject to

Vi, Epgew[0i(x, 0)] = Ep ) [0i(x, u)]
(3.26)

Z P(u) =1
ucld
Vu, P(u) >0

In order to find the optimal probability distribution we will follow the same approach
as the proof of Theorem [3] However we replace the expectation matching criteria on
a single variable, Ep(y,)[x;| with Epw)[>_, ¢(xk, u)]. We will introduce a vector of La-

grange multipliers @ = [0y, ...,0,]" instead of the multiplier . The optimal probablity
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distribution that we get is,

exp (07 Y1 d(xx, )
prw - ! 0 )

(3.27)

where the partition function is the sum over all dynamically possible actions,

Z(0) = Zexp (OT z_: o(xy, uk)> :

u

3.3.3 Maximum Causal Entropy for IRL

With the MCE distribution we can characterize soft-optimal policies probabilistically.
We need to apply the soft-optimal policies to IRL. In Theorem [2] we used the Bellman
equations , to demonstrate that matching expected feature counts results in
matching total expected value and because of the Bellman equations would also result
in matching expected behaviour at every time step. We need to show that using the
MCE distribution to approximate a dataset of trajectories would also result in matching
expected behaviour at every time step.

To this end, we analyze the proof of Theorem [2, We can see that using the soft-
ened Bellman equations , in that proof, would result in the same outcome.
Therefore, trajectories derived from the MCE distribution that are able to match feature
counts with trajectories in a dataset provide the same behavioural guarantees as trajec-

tories derived from solving the Bellman equations. We can summarize this finding in

Corollary [4.1]

Corollary 4.1 (Ziebart [60]). The Mazimum Entropy Probability Distribution (The-

O'rem provides the same total expected value over the entire horizon as demonstrated

variable sequences on any unknown parameters of a reward function linear in ¢(x,u).

sketch of proof. We start with the characteristic matching requirement from Theorem [4],
Epou|di(x,u)] = Ep, [¢i(x, )], and follow the same argument as the proof of Theo-
rem [2 O

Learning Parameters from a Dataset

In the context of learning from data, the Maximum Causal Entropy distribution is
parametrized by the Lagrange multipliers that correspond to the feature matching con-

straint, 8. Given a dataset, D = {(x,u®), ... (x™) u™)}, where x®¥ = [x],...,x}]"
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and u® = [ug,...,u; 4" fori=1,..., N are a set of observed trajectories, we need to

solve the following maximization problem.
0" = arg max Py(ul|x) (3.28)

where P(u|[x) = []1—,' P(ug|Xo:, Uosx_1) and we are given the dynamics. This maximiza-
tion problem is a maximum likelihood estimate of the parameters. In other words, the
optimal parameters 8* maximize the likelihood of observing the samples in the dataset
under the probability distribution parametrized by 6*. Ziebart [60] demonstrates that
maximizing the causal entropy with feature matching constraints as in Equation (3.16)

is equivalent to a maximum likelihood estimate (Equation (3.28])).

Theorem 5 ([60]). Given a dataset D = {(x, u®), ... (x™ u™)} with empiri-
cal distribution f’(x, u), maximizing the causal entropy subject to the characteristic
matching constraint, Epixu|@] = Ep (@], as in Equation (3.16)), is equivalent to
mazximum likelihood estimation of @ given D (Equation ).

The proof for Theorem |5 can be found in [60]. In maximum likelihood estimation, we
typically use gradient-based optimization techniques to find the optimal value for model
parameters, 8* [38]. Theorem [5| demonstrates that in the Maximum Causal Entropy
distribution, maximum likelihood estimation of the parameters is equivalent to solving
the optimization problem in Equation . In the proof of Theorem , we introduced
the Lagrangian of the optimization problem, A(P, 8), in Equation ([A.4). In order to find
the optimal parameters we need to apply gradient-based optimization to A(P,@). To this

end, we find the gradient with respect to each parameter, 6;,5 =1,...,p,

Vo, A(P,0) = Epxu[@;(x,0)] = Ep [ (%, 0)] (3.29)

The second term in in Equation is given by the dataset D. Thus, the main
algorithmic challenge of IRL is calculating the first term, Epqu[¢;(x,u)]. The algo-
rithms proposed by Ziebart [60] require performing inference in the MCE distribution,
or equivalently solving the optimal control problem every time the gradient is required.
Although this method is tractable for systems with small finite state and action spaces,
it is intractable in continuous settings. Therefore, next we present a method that uses
an approximation of P(x||u) to directly solve Equation (3.28) in the case of deterministic

dynamics and infinite state and action spaces.
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Continuous Control and Action Spaces and Locally Optimal Examples

Levine and Koltun [33] present the simplification of the MCE distribution for this system,

P(ulxo) = ﬁ exp <Z_
_exp (R(u))
[ exp(R(w))du

Rk(Xk, Uk))
(3.30)

where R (u) denotes the sum of rewards over a trajectory (xo,u) and Z = [ exp (R(u)) du
is the partition function. This is the continuous version of Equation (3.26). Assuming
each expert trajectory is independently and identically distributed (i.i.d), we can obtain
the probability of all trajectories in dataset, D, by multiplying the probability of each
expert trajectory. To find the optimal parameters, 8, we will maximize this probability,

which is equivalent to a maximum likelihood estimate (Equation (j3.28])).

An analytical solution for Z does not exit. For a numerical approximate solution,
we use the Laplace approximation [33]. The Laplace approximation for a d-dimensional

vector x, constant M, and scalar function f(x) with unique global maximum at x,, is,

d
2

2\ 2 eMfGxm)
MfX) Jx
e dx ~ | — 3.31
/ (M > [H,, |2 .
where Hy  is the Hessian of f at x,, and | - | denotes the determinant.

We first find the second order Taylor expansion of R around u.

R L OR

R(1) =~ R(u) + (0 —u) a + i (@ —u) a2 (@ —u) (3.32)

where %—f denotes the gradient of R with respect to u and PR denotes the Hessian. For

Ou?
simpler notation, let g := %ij and H := %2775. We substitute the Taylor expansion into
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the partition function

eR(w)
P(U|X0) fe )+ (ii—u) g+%(ﬁ_u)TH(ﬁ_u)dﬁ
1
- [ et et THE) g
1
f62 H(u u)+g) " (a— u)du
1
f62 1(H(i—u)+g) TH-'H(ii—u ) dit
1 (3.33)
- fe%(ﬁ*U)Tng%(H(ﬁ*u)Jrg)TH*l(H(ﬁ*u)+g)*%(H(ﬁ*u)Jrg)TH*lgdﬁ
1
j’eQ —uw)Tg—3 (i—u) THTH- g+ (H(a—u)+g) TH-! (H(i—u)+g)— 38 H g J5y
1
feg(u u) —uw)THH g+ 5 (H(a—u)+g) TH-! (H(i—u)+g)— 38 H g 75y
e%gTH‘lg

[ sy TH (H(E—w) ) g

In Equation (3.33) we assume that R(u) has continuous second partial derivatives with

respect to the elements in u. Then by Schwartz’s Theorem H is symmetric, i.e, H' = H.

By using the Laplace approximation (Equation (3.31])) to find an approximate solution

to the integral in Equation |3.33] we arrive at a closed-form estimate of the probability,

du

P(ulxo) ~ e28 B '8| — H|z2 (27) % (3.34)

where d, denotes the dimension of u. We finally obtain the approximate log likelihood,

1 1 dy
L= 5gTH—lg + log| — H| — = log(27) (3.35)

In order to maximize the log likelihood, we can use any gradient-based optimization
technique. We need the gradient with respect to each parameter 6;,7 = 1,...,p. The
gradient is given by,

1 H 1 H
Vo, L = gTH*T@ — —gTH*Ta—Hflg + =tr (Hla ) (3.36)

where tr(-) indicates the trace of a matrix.
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3.4 Conclusion

In this chapter we presented the theory behind Probabilistic IRL. We began by reviewing
the optimal control problem and presented a solution, Determinisic Dynamic Program-
ming, to the forward optimal control problem for settings with deterministic dynamics
and infinite state and action spaces. Then, we presented a general formulation of the
inverse problem, IRL, and explained that this problem is ill-posed. Starting from first
principles in Information Theory, we derived the Maximum Causal Entropy probability
distribution, in which inference is analogous to solving the optimal control problem. We
demonstrated how finding parameters for this distribution is equivalent to solving the
IRL problem. Finally, we presented a method for performing IRL for settings with de-
terministic dynamics and infinite state and action spaces. In the rest of this thesis, we

will apply the method to an autonomous driving setting.



Chapter 4

IRL for LQR

The Linear Quadratic Regulator (LQR) is one of the most studied optimal control algo-
rithms. To verify the Inverse Reinforcement Learning (IRL) theory described in Chapter
we conduct a set of experiments that applies IRL to recovering LQR parameters given

varying amounts of noisy example trajectories data.

4.1 Background

The inverse LQR problem has been used in the literature to study IRL algorithms.
Ziebart uses an inverse LQR problem as a practical demonstration of the IRL with the
Maximum Causal Entropy (MCE) framework [60]. First, the author shows that the MCE
model can be solved analytically in the setting of an LQR problem with linear dynamics
that are perturbed by Gaussian noise. The inverse LQR algorithm reported in their thesis
relies on the fact that the policy is modelled as a Gaussian distribution. Second, Ziebart
experimentally compares the success of the MCE inverse LQR approach with another IRL
algorithm on a helicopter hovering problem in an off-the-shelf simulator. Demonstrations
are generated by noisily sampling the policy obtained from a forward algorithm. Ziebart’s
experiment demonstrates that the Maximum Causal Entropy method is applicable to
inverse LQR tasks, however the author only presents one experiment. As a result a
conclusion cannot be made on how much data is required for successfully recovering
LQR parameters under variable amounts of noise.

In our inverse LQR experiments, we use a simpler dynamical system and present more
in depth analysis of the effect of the number of example trajectories on the accuracy of
inverse solutions under variable amounts of noise. We use the IRL algorithm proposed
by Levine et al. [33] (summarized in Section [3.3)), which is an extension of the MCE

IRL framework to account for continuous state and action spaces and locally optimal

25
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demonstration trajectories. The algorithm performs a linear-quadratic expansion of the
dynamics and reward function of a system with non-linear dynamics and/or reward
around the example trajectories.

Other works have also evaluated inverse LQR algorithms, albeit using different formu-
lations of the problem. The authors in [6] and [44] use a Linear Matrix Inequality-based
approach to inverse LQR. In [44] the inverse method is applied to recovering LQR pa-
rameters for a controller that imitates a human’s balancing movements when their seat is
perturbed externally. The authors present data collected from a participant and demon-
strate that their learned controller would respond in a similar way as the participant.

Another formulation of the inverse LQR problem uses Pontryagin’s Maximum Prin-
ciple (PMP) for discrete-time control systems [59]. Their experiments evaluate the effect
of the number of example trajectories on the quality of their solution. In contrast to the
PMP formulation of IRL used in this proposal, we use the MCE IRL formulation.

In this section we report the results of two groups of experiments. In the first group
we demonstrate that the IRL method can be used to exactly recover LQR parameters
from demonstration trajectories in the absence of noise and when our problem has linear
dynamics and a quadratic reward. Then in the second set of experiments we investigate
the effect of varying amounts of noise and number of demonstration trajectories on the

accuracy of the parameters recovered by the IRL algorithm.

4.1.1 Review of the forward LQR solution

We focus on a simplification of System (3.1]) with deterministic dynamics, and quadratic

reward function. We define the linear fixed-horizon control task of length K,

Xp+1 = f(Xg, ug) = Axy + Buy, dynamics (4.1a)
x, € X =R" state (4.1b)
u, €U =R" action (4.1¢c)
Ri(xp, ) = —x; Qx; — u, Ruy, stage reward (4.1d)
Ri(xx) = x5 Qxx terminal reward (4.1e)
T ={po,- -, hKx—1} policy (4.1f)

where A € R™"™ and B € R™ are the system matrix and input matrix, respec-
tively. The matrices Q € R™™ and R € R™*™ are positive semi-definite matrices that
parametrize the reward function.

The goal of the LQR problem is to obtain a policy that, when executed, results in
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a trajectory with maximal reward. We can define the Bellman Equations , for
the LQR reward (4.1d) and use the Dynamic Programming Algorithm (Definition [1)) to

obtain an optimal solution for the policy.

VKW* (XK) == RK(XK) == X}QXK (42)

Vi () = max Roe(xi, w) + B [V (Xe1)]
" ) (4.3)
= max{—x; Qx — w Ru} + V7T, (Xe41)
uy

Details for the derivation of the solution are beyond the scope of this thesis and can be

found in [5]. The optimal control law for every time step, k, has the following form,

pr. (%) = Lixy, (4.4)

where the feedback matrix is given by,
L, = —(B'K;.,B+R)"'B'K;, A (4.5)

The value K, for each time step is found by recursive iteration from the final time step
such that it is a solution to the Discrete-time Algebraic Ricatti Equation (DARE) [5],

Kk =Q

(4.6)
K, =A"(Ki; — K 1BB'K. B+R)"'B'K;,1)A +Q.

4.2 Experimental Setup

We formulate a generic LQR problem to be used in both sets of experiments. We select
values for the state matrix, A, input matrix B, and the reward matrices, Q and R. We
use the DARE (Equation (4.6))) to generate a synthetic trajectory for a stabilization task,
i.e. driving the state to zero, xx = 0. We use a dataset of synthetic trajectories as the

dataset and use theory presented in Section to recover the reward parameters.
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4.2.1 System and Reward Structure

We set up system to be unstable and controllable. For a given state dimension, n,

our system matrix takes the following form,

111

A= R e R™" (4.7)
L

1.1

where the empty matrix elements are zeros. For a given action dimension, m, the input

matrix, B € R™*™ takes the following sparse block-diagonal form,

Inxn 1fn:m
0
fn>m=1
0
1
Ime
B={l0...1 , (4.8)
fn>m>1
0...1
0O ... 0
In><n
ifl<n<m.
0O ... 0
1 ... 1
\ L .

We also assume that the state x; can be observed. We set up the reward matrices to be

diagonal.

Q = diag(q, - -, qn) (4.9a)
R = diag(1,re,...,7m) (4.9b)

We require that ¢; > 0,2 = 1,...,m and r; > 0,7 = 2,...,m such that the matri-

ces, Q and R, are positive semi-definite. The parameters of our reward function are
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(r1i,...sTm,q1,---,qn). However, any scaling of the parameters,
VM e RY (Mry,...,Mr,,, Mq,...,Mg,),

would result in the same behaviour under an optimal control law. Therefore, for each
trajectory an infinite number of reward parameters could be found with IRL. To over-
come this problem, we can fix one of the parameters, which has the effect of parameter
normalization. Thus, we set r; = 1.

To match the notation in Section[3.3.3] we can define reward features from the reward
function (4.1d)). Let x;, = [z, ..., Tng) " and uy = (U1, ..., Umy) . Then, we can define

the vector of reward features as,
_ 2 2 2 2 9T
¢(Xk, uk) — [_ulvk, ceey _um,k.7 —Jil,k, ey _‘Tn,k] . (410)
Then, we can summarize the reward parameters in a vector,

0= [1,7“2,...,rm,ql,...,qn]T. (4.11)

Using Equations (4.10 4.11)) we can represent the LQR reward function (4.1d) in the

same format as Equation ([3.7]).

Ri(xp,ux) = —X;—ka — u;Ruk

= 0" o(xk,u;)

4.3 Synthetic Data Generation Method

For a horizon length, K, state dimension, n, action dimension m, a set of N initial con-
dition, Z = {x¢}), and ground-truth reward parameters, 6,, we implement the forward
LQR solution described in Section to generate a dataset of optimal trajectories,
D = {xM,u®), ... (x™ u™)}. In order to evaluate the performance of our inverse
LQR algorithm in a setting with a stochastic policy, we perturb the optimal input by a

random noise. Therefore, instead of Equation (4.4) we have the following set up,
pr(xy) = Lgxy + wy, (4.12)

where w; ~ N(0,) is a disturbance sampled drawn from a Gaussian distribution with
mean 0 and covariance . For the first experiment, we will set the covariance to zero

to have an exact policy. In the second set of experiments we vary the covariance to
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investigate the effect of policy stochasticity in the example trajectories on the accuracy

of the parameters.

4.4 Implementation Detalils

Our implementation uses Python (v3.8.5) with Numpy (v1.19.4) [20] for storing vectors
and matrices. We use the NLOpt package (v2.6.2) [26] implementation of the Sequential
Least-Squares Quadratic Program (SLSQP) algorithm [30] to optimize the IRL objective
function. Below, we describe the IRL objective function, then we make note of two

numerical tricks that are used in the implementation.

4.4.1 IRL Objective and Optimization

System has deterministic dynamics and infinite state and action spaces. We will
use the IRL technique described in [33] to recover the reward parameters for this system.
In order to estimate the likelihood of a trajectory, we need to calculate the matrices in
Equation . Recall the lifted vector notation for a trajectory, x = [xy,...,xx]|", and
u=[up,...,ug 1] . Because our system has deterministic dynamics, any trajectory can
be fully described by an initial condition, xo and a set of actions, u € RX™. Therefore, to
use the Laplace approximate (Equation ) we need to find the gradient and Hessian
matrices, g and H, of the reward function with respect to the the input, u. Then, we
can use the the log likelihood function described in Equation (3.35)) and its gradient with
respect to the parameters (Equation (3.36))) to perform IRL. We use the chain rule to

find the values of the matrices,

_OR  oxTOR

g = %—1—%& (4.13&)
PR 0x' ?Rox 0*x OR
H= e " oo 0w ox (4.13b)

where - represents a tensor contraction. Note that for systems with linear dynamics,

such as our LQR system, the three-dimensional tensor g—i’; = 0. For a system with

non-linear dynamics, setting the tensor % = 0 is equivalent to linearizing the system
around the trajectory. Since the LQR reward is quadratic in terms of the trajectory,
i.e. Equation is quadratic with respect to the elements in x and u, the Laplace
approximation of the distribution Equation (3.30), is exact. Alternative to solving the
Gaussian integral for the Taylor approximate, Equation ([3.30) itself has a form that can

ox'T -~ IR 4 OR

be solved as a Gaussian integral. For simpler notation, let J = % g := =, g := 5=,
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H = %27722, H = %27722, and H := %. With these definitions, Equations (4.13a)) can be

summarized as,

g=g+Jg (4.14a)
H-H+JHI +H.g (4.14D)

For the LQR system (4.1)) we need to calculate the values of the vectors and matrices
in Equations (4.14a)). First, the matrix J € RE™*En hag the following upper block-
diagonal form,

oxT ol B" BTAT ... BT(AK-)T
81'10 U 81'10 BT o BT(AK—Z)T
g—| : _ - _ (4.15)
axir Bx; T :
811[(,1 e 611}{,1 BT

where the matrices A and B are defined in Equations (4.7 , respectively. Second,
the vectors g € RE™ and g € RX™ have the following form,

—2U1’0
—2rausg
g—fo _2rmum,0
g=| | = : (4.16)
OR
e —2u1 g1
_27’2U2,K71
__2Tmum,K71_
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[ —2Q1l’1,0 ]
—2@29
-g_l?- _2ann,0
g=| 1 | = (4.17)
_59,32_ —2q171 K
—2¢o9 ¢
__QQHxn,K'_

Finally, the matrices H € RE™*Em and H € RE™E" have the following symmetric

forms,
2R 9?R 9°R
Ou3 Oupdu; " Oupdug _1 —2R
2R 0°R 0°R IR
- du;1 0u ou? T DuiOug_ -
H= o H e = (4.18)
2R 9’R _
Er=rm . o oz | 2R
[ 2R 9°R 2R ]
8){% 0x10x9 " O0x10x K _2Q
2R 2R 2R —9Q
I:I _ Ox20x%1 Bxg e Ox20X ¢ _ (419)
2R 2R B
| Fxicoms . o prealll 2Q.

We can see that in the case of the LQR System , the matrices H and H can be
expressed as K block-diagonal repetitions of —2R and —2Q, respectively. The matrices
R and Q are defined in Equations ([£.9).

We need to maximize the log likelihood (Equation (3.35)) in order to estimate the

reward parameters, starting with an initial set of parameters, 6.

4.4.2 Numerical Considerations
Calculating log|—H]|

The likelihood equation, Equation (3.35)), requires calculating log |—H|. The matrix H €
REm*Km j5 Jarge and can have a very large determinant. We observed that calculating
the determinant may cause floating point overflows. However, we only require the log

of the determinant, thus we use the following matrix identity to avoid floating point
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Comparison of likelihood contoutours for scaled and unscaled @
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Figure 4.1: The effect of parameter scaling on maximum likelihood offset for a system
with a two-dimensional state and single action. The LQR parameter r is fixed and the
parameters ¢, qs are learned. The blue contour illustrates the likelihood function for
parameters scaled by 7; = 10° and the red contour lines illustrate the likelihood function
without scaled parameters.

overflows,

log |~ H| = 2tr(L) (4.20)

where L denotes the Cholesky decomposition of the positive matrix —H = LL" and tr(-)

denotes the trace of the matrix.

Scaling of Parameters

By using the Maximum Causal Entropy Probability distribution for the LQR problem,
we are estimating the max function in the Bellman Equation (3.5) with a softmax as in
Equation (3.24)). As discussed in Section[3.3.2] for some function, f(z), softmax, af(z) —
max, «f(x) as the coefficient of the argument, o — oo. Therefore, the larger the magni-
tude of the stage-reward of the LQR problem (Equation (4.1d))), the more accurately the
maximum causal entropy probability distribution estimates the Bellman equations. We

observed that for problems with small reward magnitudes, the maximum of the likelihood
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function, Equation (3.35)), is significantly offset from the ground truth parameters. To
fix this problem, we increase the magnitude of the reward function by setting r; >> 1
and scaling the rest of the parameters in 6 accordingly. In Figure [4.1| we illustrate the
offset between the likelihood function with unscaled parameters and the ground truth
parameter values.

We also need to balance the requirement for a large reward magnitude with the
floating point limitations of our computing resources. Practically, we found a good scale
1
5

that works for a variety of example trajectories is r; = %05”, where ||Xg|| is the Euclidean

norm of the mean initial condition of the expert trajectories in the dataset.

4.5 Results and Discussion

4.5.1 Experiment 1: IRL with expert trajectories generated
with perfect policy

We first present the results of performing IRL on an LQR example with no noise on the
policy. We set the horizon length, K = 100, state dimension, n = 2, action dimension
m = 1, a single initial condition, xq = [5,20]", ground-truth LQR reward parameters,
0. =[1,q1¢, G2 = [1,0.005,0.045] ", and initial condition for LQR reward parameters
in IRL optimization 8y = [1,0.001,0.0005]". We use the IRL implementation described
in Section to obtain an estimate of the LQR reward parameters, 87 = [1,q1f,q2] "

The results of using the IRL algorithm are summarized in Table [£.1] We report the
parameters obtained by IRL, 8. We also report three metrics to guage the similarity of
a trajectory generated by 6; with a trajectory generated by the ground truth, 6.. We
use the solution to LQR, DARE Equation , to generate a new trajectory in order
to validate the behaviour of the system under the obtained parameters. We report the
Root Mean Squared Error (RMSE) between the trajectories generated from the ground
truth parameters, 6. and the obtained parameters, 8 for each dimension of the system.
We also report the Mean Euclidean Error. As shown in the table, the difference in the
parameters and the trajectories are negligible.

Figure illustrates a contour plot of the IRL approximate log likelihood (Equa-
tion for parameter combinations of (g1, g2) along with the evolution of the reward
parameters over the IRL optimization process. We can observe that the parameters ¢;
and g2 approach the ground truth values ¢; . and ¢, . as we maximize the IRL approximate
log likelihood.

Figure illustrates the trajectories generated by LQR with ground truth param-
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Table 4.1: Results of IRL on our LQR System

Evaluation Parameters Values

Estimated Parameter Values for 85 (q1 7, q2.f) 0.00499999, 0.04500091
Root Mean Squared Error (RMSE) for the z; dimension | 1.33 x 107>

Root Mean Squared Error (RMSE) for the z, dimension | 3.78 x 107°

Mean Euclidean Error (MED) 7.08 x 107

eters, 0., initial parameters for IRL, 6y, and final parameters obtained by IRL, 6;.
Figures and display the state values for each dimension over the time horizon,
and Figure displays the trajectories. We can observe that the trajectories gener-
ated using 6y is nearly identical to the ground-truth trajectory. We can interpret this
observation to mean that the RMSE values presented in Table are generated from

consistently low error along the entire trajectory.

4.5.2 Experiment 2: IRL with expert trajectories generated

with stochastic policies

To evaluate the performance of the IRL algorithm under variable amounts of policy noise,
we conduct a series of experiments. We set the horizon length, K = 20, state dimension,
n = 2, action dimension m = 1, ground-truth reward parameters, 8, = [1,q1.,qa.]" =
[1,0.2,0.2]". Since m = 1, the noise on the policy, wy, ~ N(0, 0?) is a scalar. We conduct
experiments with w,, sampled from normal distributions with several standard deviation
values: 02 = 0.01,0.05,0.1,0.15,0.2. For each value of 02, we generate trajectory datasets
with the number of examples, N, increasing by multiples of 4 i.e. N =1,4,16,...,45.
In the first set of experiments, every trajectory in the dataset starts from the same

initial condition xo = [10,10]". For each combination of o2

and N, we generate 40
datasets of trajectories, D. The 40 datasets are equally divided among four parameter
initial conditions, 8y = [1,¢1,0,q20]'. We select parameter initial conditions that are 25%
deviated from the ground truth values in the ¢, ¢y directions, i.e. 6y takes the follow-
ing values: [1,0.15,0.15]7,[1,0.15,0.25] ", [1,0.25,0.15] T, [1,0.25,0.25] T. We use the IRL
implementation described in Section to obtain an estimate of the LQR parameters,
0; = [1,q1.7,q2.7]" based on each dataset. In this set of experiments we generate 1800
datasets, and conduct a total of 1800 respective IRL optimizations.

We evaluate the Euclidean distance of the ground truth parameters from the final
parameters in the parameter space, ||@; — 6.||. Figure illustrates the Euclidean
distances for the results obtained from each IRL optimization. Each point on the plot

denotes ||0; — 0.|| for an IRL performed using a particular dataset. We plot the mean
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IRL Optimization in Parameter Space
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Figure 4.2: Evolution of reward parameter estimates over the IRL optimization process.

Note that all the values on the ¢; and ¢y axes were scaled for performing the optimization
as described in Section [£.4.1 Unscaled values are illustrated on this graph.

parameter Euclidean distance for each group of experiments with the same number of
example trajectories.

We first note that on average lower o2

results in a more accurate parameter set for
every N. As expected, less perturbed example trajectories result in better IRL per-
formance. For each 02, we can also observe that as the number of expert trajectories
increases, the final parameters become more accurate. Since the policies that generate
the example trajectories are perturbed by additive white Gaussian noise, we expect that

adding more trajectories results in the effect of the noise to be diminished.

Interestingly, we can observe that the standard deviation of the noise, 02, has an effect
on the speed at which the error in the parameters tends to zero. The higher the standard
deviation, the less of an effect increasing the size of the dataset has on the accuracy of
the learned parameters. Furthermore, we can also observe that the larger the dataset
size, the lower the deviation in the error across different IRL optimizations. In other
words, the error in the parameter estimates, 8 are more consistent in experiments with a

higher number of example trajectories. Therefore for very noisy data, even exponentially
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increasing the number of trajectories may have a negligible effect on the accuracy of the
parameters obtained by IRL.

We performed another set of 1800 IRL optimizations, with the same experimental pa-
rameters, except for the initial conditions, xg, of the example trajectories in the datasets.
In the second set, each of the example trajectory starts from an initial condition that is
drawn from a uniform distribution xo = [z}, 23] ", where z}, 2% ~ U(-10, 10).

Figure [4.5| illustrates the Euclidean distance of the learned parameters from the
ground truth for each group of experiments with the same number of example trajectories.
This set of experiments produce worse parameter estimates than the set of experiments
where the example trajectories are generated from the same initial condition. We explain
the worse performance by the fact that in the second set of datasets we have N different
example trajectories each perturbed by noise. In contrast, in the first set of datasets we
had N copies of the same trajectory, distinguished from each other only by the effect of
noise. The parameter error in this set of experiments also tends more slowly to zero than
the previous set. We can conclude that for datasets where the trajectories are generated
from random initial conditions, we would need to have much more data to achieve an

accurate parameter estimate.
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Figure 4.3: Trajectories generated by LQR with ground truth parameters, 8. (blue),
initial parameters for IRL, 6, (orange), and final paramters generated by IRL, 8 (green)
(c). The values of the state at each time step are illustrated for the first dimension (a)

and the second dimension (b).



CHAPTER 4. IRL FOR LQR 39

Number of Trajectories vs. Learned Parameter Error
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Figure 4.4: Error in learned parameters for different amounts of expert trajectories used
for IRL on plotted on a log-log scale. In this set of experiments, all example trajectories
start from the same initial condition, xq = [10,10]"

Number of Trajectories vs. Learned Parameter Error

10°
glo_2 ] e —— = E o
-4 | B \! i
=10 ¥ i i i e X
TR e

—6 x
LleO — Mean error o2 =0.01 g
= —— Mean error o2 =0.05 * fr —
810—8 7 2 X
= — Mean error o© =0.1 « % ¥ : %
E —— Mean error o2 =0.15 . x
1071 4 — Mean error o? =0.2

10° 10* 102 103 104 10°

Number of expert trajectories

Figure 4.5: Error in learned parameters for different amounts of expert trajectories used
for IRL on plotted on a log-log scale. In this set of experiments, each example trajectories
start from a randomly selected initial condition, sampled from a uniform distribution,
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Chapter 5
Unpredictability in Lane Changes

In this chapter we will use Inverse Reinforcement Learning (IRL) to model reward func-
tions for conducting a lane change maneuver in a highway setting. The key hypothesis of
this project is that the unpredictability of the surrounding traffic will have an effect on
the lane change behaviour of the ego-car. In order to evaluate this hypothesis we learn
two reward functions using IRL, a baseline reward function and a reward function that

includes an unpredictability feature.

5.1 Overview

In this chapter, we describe the formulation of the lane change maneuver as an opti-
mal control problem, the pre-processing of lane change data, implementation of IRL,
implementation of the forward optimal control problem, and results of the comparison
between the two models. An overview of our experimental methodology is presented as
a block diagram in Figure 5.1} Using human expert lane change trajectories from the
NGSIM dataset, {(x¢”, u?) N, we learn two parametrizations for two reward functions
using IRL, Oy, for the baseline reward function and 6y, with the additional unpre-
dictability feature. The shaded blocks refer to components related to the baseline reward
function, and the plain blocks refer to components that use the reward function that
contains the additional unpredictability feature. For each model, we perform optimal
control to generate trajectories using the learned reward functions, {(x%, u%)}fvzo and
{(ng;)w, ugf)w) N, respectively. Then we compare the generated trajectories with the hu-
man expert trajectories by calculating the Average Mean Euclidean Error, M EF.¢; and
MEE, fw- We evaluate the improvement in performance of the model that from adding

the unpredictability feature to show our hypothesis.

40
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Lane Change

Surrounding

Environment ) { @ () }N ] ) D
IRL (only baseline Optimal Gontrol (0 up)}iso | Comparisonwith | MEEeyss

reward features) gf b P F Expert Trajectories

{9, ufyLy \‘

IRL (incl. 0/
unpredictability - Optimal Control CINO)

reward feature) ’—> {3 “f,m)}%io

Figure 5.1: Blockdiagram of how we intent to learn and compare the reward function
learned using only the baseline features and the reward function learned that adds the
unpredictability feature.
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5.2 Lane Change Problem Formulation

We formulate a lane change maneuver as an Optimal Control problem that we will solve
using trajectory optimization. We model the maneuver as a deterministic discrete control
task over a finite horizon of length K. We define the initial condition xg, continuous
states, x = [x;',...,x5]", and continuous control actions u = [ug",...,ur_,]". We
characterize lane change with time invariant system dynamics, xx+1 = f(xg, ux) a stage
reward, Ry (xg,ux), and a terminal reward Ry (xx). The optimal control actions are

found by maximizing the stage reward over the horizon,
K—1

u* = arg max Z R (Xk, ug) + R (xk)
R (5.1)

s.t. Xk+1 = f(Xk, uk).

5.2.1 Ego-vehicle Dynamics Model

We model the dynamics of the ego-vehicle with a simple kinematic unicycle model. Then
discretize the system to match the NGSIM dataset [12) [11]. We first define the state as,

xZ
x=|y| € X =R? (5.2)
(G

where (z,y) is the two-dimensional position of the ego-vehicle and 1) is its heading. We

(Y
u=
w

define the control action as,

cU =R (5.3)
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where v is the longitudinal velocity input and w steering input of the car. Then, the

dynamics of the vehicle are defined as,

veos(1)
x = f(x,u) = |vsin(y)]| . (5.4)

w

We discretize the dynamics model using the forward Euler method with sampling rate
0t = 0.1s for the NGSIM dataset.

vgcos(y,)
Xp1 = f(Xp, W) = Xp, + 6 | vgsin(iy) (5.5)

Wk

5.2.2 Lane Change Environment

We use the phrase lane change environment to refer to both the geometry of the highway
in the vicinity of the lane change, as well as the adjacent vehicles that are surrounding
the ego-vehicle during the maneuver. The lane change maneuver consists of the vehicle

traveling from the current-lane (CL) to the target-lane (TL). We formulate each lane as

a line parametrized by two points, p{* = [z{%, y¢]T, pSt = [2§F, yIE]T and pIt =
[%TL?ZATL}T? ng = [ QTL , sz L]T, respectively.

We take into account four vehicles that are surrounding the ego-vehicle during the
maneuver: the vehicle (1) preceding in the current lane, (2) following in the current
lane, (3) preceding in the target lane, and (4) following in the target lane. Each adjacent
vehicle is parametrized as a point-mass with a two-dimensional position. For the four
adjacent vehicles, i = 1,...,4, and timesteps k = 1,..., K, we take into account x,;; =
[ms,i,k,ys,i,k]T. For each lane change maneuver, we take the average speed of the four

adjacent vehicles as the desired velocity, vy = Z?Zl Zle Vs i k-

5.2.3 Baseline Reward Function

In order to use the IRL algorithm, presented in Section we formulate the reward
function at each time step as a linear combination of features. The reward function is

written as,

Rio(xp, 1) = 07 d(xy, uy) (5.6)

where ¢ := [¢y,..., ¢, are referred to as a set of p features. For j = 1...p, each feature

is defined as a function ¢; : X xU/ — R that maps from the state or control action spaces
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to a real-valued number at a particular time step k. The parameters 6 := [0,...,6,]"
provide the weight of each feature in ¢. Only the relative weighting of the reward features
has an effect on the maximization of the total reward. Therefore, we fix #; = 1 and vary

the other weights accordingly.

Baseline Reward Features

We reviewed features commonly used for trajectory generation in highway driving. Nau-
mann et al. [42] present a detailed survey of features. We present the features that

compose our baseline reward function as enumerated below,
1. Lateral deviation from target lane [53] is represented as,

o = —ep (%) (5.7)

where d;, is the distance from the position of the car, x;, to the centre-line of the
target lane. We parametrize the target-lane as a line and w is the average distance
between the centre-line of the current lane (CL) and the centre-line of the target
lane (TL) in the vicinity of the lane change maneuver. The distance, dy, is given

by the distance from a point to a line,

(2" =y ) — (23" — 21" )ye + 23"y " — 2" |

dk =
VT =yl + @ — o)

Furthermore, since y7* = ¢ and yI* = y§'*, we have that,
TL _ ,.CL TL _ ,.CL
1 a4l —ag

2

_

2. Deviation from the mean speed of traffic is represented as,

QZ% = —(Uk; — Ud)2 (58)
where v, is the mean speed of the adjacent vehicles over the entire trajectory.

3. High angular speed is represented as,
b = —wi (5.9)

4. Distance from adjacent vehicles. We evaluated a number of formulations for
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the feature that incorporates surrounding vehicles. Since the objective of this thesis
is to evaluate how unpredictability of adjacent cars affects driving behaviour, this
is the most important feature in our formulation. Our unpredictability feature,

which we present in Section [5.3.1], is also an extension of this feature.

« Formulation based on [53].

Ns

0 ==Y cop (/o= ) 610

=1

o Formulation to take into account the target speed.

bs 1= — 2 exp <—l\/(l’k — l’s,i,k)Q + (yk - ys,i,k)2> (5'11>

v
i=1 d

o Formulation to take into account the ego-vehicle’s speed.

n
- 1
b= =3 oean (Lo r ) G2
o Formulation to take into account the ego-vehicle’s speed.

Ps 1= — Z ( ! ) (5.13)

« Formulation based on [17]. We use this formulation in this thesis.

ns

G5 = — Z (ddes - \/(xk — Toik)? + (Yp — ys,i,k)2>2 (5.14)

=1

where dges = dpmin + theadwayVds Amin aNd Theqduway are hyperparameters, and vy

is the desired speed as defined in Equation (/5.8)).

« Formulation based on [17]. We use this formulation in this thesis.

Ns

bs 1= — Z <ddes - \/(xk — Tsik)? + (Yp — ys,i,k)2>2 (5.15)

i=1

where dges = dimin + theadwayVks min a0 theadway are hyperparameters, and vy,

is the speed of the ego-car.
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5.3 Unpredictability Formulation

In this section we describe the unpredictability metric that we use to test the hypothesis
that the unpredictability of the surrounding traffic will have an effect on the lane change
behaviour of the ego-car. We then describe how we incorporate the unpredictability
metric into the lane change reward function structure described in Section [5.2.3]

5.3.1 Unpredictability Metric

The predictability of an agent is often studied in the field of Human-Robot Interaction
(HRI) in the context of user studies, which are limited in terms of the scope of behaviours
encountered. Chapter [2| summarizes some relevant literature regarding predictability in
HRI. However, most AVs that operate in human environments, use a prediction model
of the other agents’ behaviour [49]. We propose a different approach to measuring pre-
dictability — which we call unpredictability — that uses the performance of this prediction
model. We propose to take an off-the-shelf model of behaviour prediction that has been
learned from human data, then to use the performance of that model as a heuristic for
measuring predictability.

Behaviour prediction in literature is often performed using camera data. The visual
information is fed directly into Long Short-Term memory (LSTM) recurrent neural net-
work architectures [36], 55, [10], or other stochastic methods such as Variational Auto
Encoders (VAEs) [3], |46l [58]. However since our data does not include visual information
this type of prediction model is incompatible for our purposes. Other proposals use a
variety of sensors, such as cameras or LIDAR to represent the surrounding world as a
Dynamic Occupancy Grid Map (DOGMa) in 2D [22 [39] 23] or 3D [37]. These models
are concerned with predicting the drivable space in the future, and do not explicitly con-
sider the interdependence of agents that participate in the flow of the highway in their
design. The final group of models that we investigated look at individual agents and
their trajectories |28, [14]. These models predict the future trajectory of agents given a
trajectory history. We use the trajectory prediction model presented in [14], which takes
into account the behavioural interdependencies between the agents in the highway:.

The authors in [14] use an encoder-decoder LSTM model with convolutional social
pooling. The encoder LSTMs are responsible for learning vehicle dynamics based on tra-
jectory history input. They use convolutional social pooling layers, an extension of social
pooling [2], to take into account the interdependencies between the different vehicles on
the highway. Finally, the encoder is responsible for outputting a probability of maneuver

classes as well as the most probable trajectory, given a predicted maneuver. We take the
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Figure 5.2: Illustration of unpredictability metric. We define unpredictability at time k
as the mean predictive error of the prediction made by the model at time k — ¢,,.

highest-probability maneuver’s trajectory as the model’s prediction. We calculate the
Mean Euclidean Error of the prediction with respect to the ground truth and use this
value as the unpredictability metric. As illustrated in Figure for adjacent vehicle ¢
at time k, we evaluate the predictive error of the prediction made by the model at time
k —t,. Then take the average of the error from time k — t,, to k as the unpredictability
measure. Concretely, for adjacent car ¢ at time step k£ the mean Euclidean predictive

error is defined as,

k
1 _ _
Gk = Y \/(%,j — a2 4 (- g2 (5.16)

C(k—tn) (k—tn)

T;5 ", ) is the prediction

where t,, is the number of time steps we look to the past, (&
made at time k — ¢, by the model [14] of where car i would be at time j, and (z;;, yi ;)

is the observed position of car ¢ at time j.

Unpredictability Metric Normalization

We normalize the unpredictability metric for each adjacent car in each trajectory to lie
between [0, 1] given a dataset of trajectories. The normalized unpredictability metric is

given by,
ZA/i,k — i,k i,k,min . (517)

Zik;max — i k,min

where 2; i min and 2; k. maes represent the minimum and maximum values across every

adjacent vehicle in every trajectory in a dataset, respectively.
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5.3.2 Unpredictability Reward Feature

In order to incorporate the measure of unpredictability into our baseline lane change
reward function, described in Section [5.2.3) we augment the reward function with the

following additional feature,

5. Deviation from unpredictability-weighted desired distance to adjacent
cars. The intuition behind this formulation is that for an adjacent vehicle, i, the
driver will favour being farther away, if the adjacent vehicle is behaving unpre-
dictably.

s

o= =) <ddes - \/(a:k — Tsin)® + (Y — ys,i,k)Q)z (5.18)

=1

where
ddes = dmineﬁi’k + theadwayvk- (519)

The unpredictability metric, Z;, is defined in Equations (5.16) and (5.17)), the
hyperparameters d,,i, and theqdwey have the same values as the baseline reward

feature ¢ (Equation (5.15))), and vy is the speed of the ego-car.

With this formulation, the desired minimum distance increases exponentially with the

unpredictability of the adjacent vehicle.

5.4 Dataset Generation

In this section we explain the data preprocessing tasks performed on the NGSIM data to
generate the human expert lane change trajectories. We start with the NGSIM US-101
[12] and I-80 [11] datasets, which contain observations of traffic flow on a roughly 600m
and 500m stretch straight freeway, respectively. Figure [5.3| illustrates the geometry of
the freeways. For each freeway, the trajectories are recorded over three 15-minute time
slots that correspond to varying levels of congestion. The information that we use from
the NGSIM datasets include: 2D position labels of vehicles, lane labels of vehicles, and
the velocity of the vehicles. We rely on the training, validation, and testing set splitting
from the off-the-shelf prediction model [14] that we use for the unpredictability measure
described in Section[5.3.1] Ounly the lane changes used in the training set for the prediction
model are included in our lane change trajectory training set.

In the following subsections we first describe how we smoothed the position labels
and extracted the ego-vehicle’s dynamics. Then we describe how we selected lane change

trajectories and characterized the lane change environment. We also describe how we
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divided the data into several different datasets based on geometry, and traffic congestion.

Finally, we describe how we normalized the feature values within each dataset.

5.4.1 Data Smoothing

Our primary source of data from the NGSIM dataset are the paths of individual vehicles.
Sources of errors in the construction of vehicle trajectories in the NGSIM dataset include
mislabelling and noise [54]. The two-dimensional position and lane classification of ve-
hicles are labelled using bounding boxes on images from static video cameras. In some
frames, the bounding boxes are slightly translated with respect to the actual position of
the vehicle in the image [41]. In a trajectory that transitions from a well-labelled frame
to a misaligned frame, there is a jump in the position signals of the vehicle. Additionally,
random noise in the labelling position information contributes to the creation of small
jumps in the signal. Since some of the values we use are derived from finite differences of
the position information, such small jumps can potentially cause large jumps in derivative
data. In order to reduce the effect of noise and mislabelling, we filter the position values.
Following [54], we smoothed the paths with a symmetric exponential moving filter. Let
(Zk,meas.» Yk.meas.) De the originally measured position in the NGSIM datasets. Then, the

smoothed values are defined by,

1 k+D
—|k—i|/A
Lk, smooth = Zk+D “Jh—i|/A E Tk,meas.€ | \/
i=k—D € i=k—D
1 k+D
—|k—i|/A
Yk,smooth = Zk+D i/ A E Yk, meas.€ | I/
i=k—D € i=k—D

where A := % is the smoothing width. We used T" = 0.5s and the sampling rate for the
NGSIM datasets is 6t = 0.1s.

5.4.2 Extraction of Expert Lane Change Trajectories

In order to build a dataset of lane change trajectories, we find every instance in the
NGSIM datasets with a lane change. In the NGSIM datastets, the location of each car
at each time step is assigned to a lane label. Figure illustrates the locations of every
point assigned to each lane label for the two highways.

To find trajectories that contain a lane change, for each vehicle in the NGSIM datasets
we find the time steps, t;., where the lane label changes. Then, we extract the trajectory

of the car on the interval ¢t € [t,. — At, ¢, + At]. A typical lane change maneuver takes
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5 — 6s on the NGSIM dataset [54]. We pad the trajectory with one second of lane
following before and after the lane change, thus we choose At = 4s. Since the sampling
rate for the NGSIM datasets 6t = 0.1, each lane change trajectory contains a total of 79
time steps. We use the initial pose of the ego-car as the initial condition for the ego-car,
Xo = [T0, Yo, o). With this formulation the length of each trajectory becomes 78 time
steps.

Since we are only interested in modelling normal lane changes, we exclude every
trajectory with more than one lane change. Specifically if a lane change occurs within

6s of another lane change, we discard both lane changes from our dataset.

5.4.3 Calculation of Ego-vehicle Dynamics

We fit the trajectory data provided in the NGSIM datasets to the ego-vehicle dynamics
model described in Section|5.2.1, The NGSIM dataset provides position at each timestep,
lane 1D, and speed information for each vehicle. However, the provided velocity data
is unfiltered and noisy [54]. Furthermore we found that the velocity values were not
dynamically consistent with the location values. We only use the smoothed location
values that we found in Section [5.4.1] (zy,yx) at each timestep k. We calculated the

speed of the ego-car using finite differences,

\/('Tk+1 — 25)% + (Ykt1 — yr)?
ot '

Vi —

The dynamics model also requires the heading values for the state of the ego-car and
angular velocity for the control actions of the ego-car. We used the atan2(-,-) function

to obtain heading values that lie between ¢y, € [—m, 7],

Y = atan2(Ypp1 — Yk, Thr — Tp).

Then, we used finite differences to calculate the angular velocity,

o — Y1 — Vg
k ot

5.4.4 Characterization of Lane Change Environment

For the lane change environment, as described in Section [5.2.2] we require character-

ization of the centre-line of the current lane (CL) and the target lane (TL) charac-

terized as two points, pi™* = [z, y"]", py" = [2§", 93 "]" and pi* = [27% y{*]",
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Figure 5.3: The distribition of lane labels in the NGSIM I-80 (a) and USA-101 (b)
datasets. The ranges of the axes are different in order to highlight the distribition of
lane labels along the z-axis. Lanes 1-6 are thru-lanes and Lanes 7 and 8 are on and off
ramps, respectively. Traffic flows in the direction of increasing y coordinate. The black
lines mark the longitudinal separation defined by us.

Pyt =[xt st

mation about lane boundaries or a lane’s centre-line, however the location of every car

, respectively. The NGSIM dataset does not provide geometric infor-

at every time step in the entire dataset is assigned to a lane label. For each maneuver we
locally approximate the target lane and current lane as a line on the road, assuming a
flat plane. We perform linear least squares regression on the coordinates of all recorded
positions assigned to the target lane accross the entire dataset within the vicinity of the
lane change of interest to obtain a line characterizing the centre-line for each lane. We

then store each line as two points.

We also require the trajectories of adjacent vehicles during the lane change maneuver.
The trajectories include the positions of the vehicles, Xs;x = [Tsik, Ysik] , as well as
their velocities, v ; 5, where ¢ = 1...4 is the index for each adjacent car and k =1... K
is the index for the time step with K = 78. For each vehicle position, the NGSIM

dataset includes the identifier of the vehicles preceding and following the ego-vehicle
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Table 5.1: Summary of the longitudinal separation critera for trajectory datasets

Geometric Description Numerical Numerical
Separation Criteria (I-80) | Criteria (USA-101)
long0 before on-ramp yr € [0,650) Y € [0,500)

longl between on-ramp and off-ramp | yx € [650,2500) | yx € [500, 1320)

long?2 after off-ramp not applicable yr € [1321,2500)

Table 5.2: Summary of the lateral separation critera for trajectory datasets

Geometric Description

Separation

lath lane change originates in lane 5
lat4 lane change originates in lane 4
lat3 lane change originates in lane 3
lat2 lane change originates in lane 2

in its lane. For each lane change trajectory, we extract the smoothed positions of the
vehicles preceding and following the ego-vehicle, before and after the lane change. Since
we are only interested in modelling normal lane changes, we only include trajectories
with exactly four adjacent vehicles. We also discard any lane change trajectory if the
position of any adjacent vehicles is unavailable for any frame in the trajectory. For the
velocity, since we are only interested in the average velocity over the trajectory, we use

the original velocity values provided by the dataset.

5.4.5 Dataset Divisions

In order to gain more insight on the driving behaviour in different parts of the highway,
we separate the dataset based on the geometry of the highways and the time period when
the data was recorded. Each lane change trajectory dataset that we generate contains
trajectores from one highway, one geometric separation, and one traffic time period.
The NGSIM datasets are originally divided into two separate highways, [-80 and
USA-101, and three 15-minute time periods, which we call 0,1, ¢2, corresponding to
increasing congestion levels. We also define an additional traffic time period, ¢, which
combines trajectories from all three congestion levels. Tables [5.1| and summarize
the geometric separation criteria we used. Each of our lane change trajectory datasets
is either divided based on longitudinal criteria or lateral criteria, but not both. As a
result some trajectories may be included in multiple datasets. Figure illustrates the

longitudinal and lateral separations with respect to the geometry of the highway.
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5.4.6 Trajectory Initial Position Normalization

For each lane change trajectory, we normalize all position values with respect to the initial
position of the ego-vehicle, [z, yo] ', such that every trajectory begins at xo = [0,0, 4] .
The normalized position include the positions of the ego-vehicle, the positions of the

adjacent vehicles, and the points characterizing the current lane and target lane.

5.5 Implementation Details

5.5.1 Forward Algorithm Implementation Details

We formulate the forward optimal control problem as a constrained trajectory optimiza-
tion problem starting from an initial state, xo, that is known a priori. Recall the lifted
vector notation for describing a trajectory, x = [x{,...,x5|" and u = [u],...,u; |7,

we introduced in Section Using the lifted vector notation, the optimization problem

can be written as,

maxR(x,u)
% (5.20)
subject to xp11 = f(Xg,ug), k=0... K —1

To find the optimal trajectory, we need to solve for x, u such that the reward function, R
is maximized, subject to the dynamics, f(xg,u), of the ego-vehicle. Both the objective
function and the dynamics are nonlinear.

Our implementation uses Python (v3.8.5) with Numpy (v1.19.4) [20] for storing vec-
tors and matrices. We use the SciPy Package (v1.4.1) [56] and the function
scipy.minimize.optimize() to solve (5.20). We are required to provide an initial guess
for the vectors x,u before optimizing. When optimizing a reward function to compare
the resulting trajectory with an expert trajectory, x., u., we use the expert trajectory as
the initial guess. When generating synthetic data, we set the initial guess for the inputs
as the ego-vehicle proceeding straight in the direction initial lane at the desired velocity.
We use the default hyperparameters for scipy.minimize.optimize(), except for the

maximum iterations, which we set to maxiter=1e4.

5.5.2 IRL Algorithm Implementation Details

Our implementation uses Python (v3.8.5) with Numpy (v1.19.4) [20] for storing vectors
and matrices. We use the NLOpt package (v2.6.2) [26] implementation of the Sequential
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Least-Squares Quadratic Program (SLSQP) algorithm [30] to optimize the IRL objective
function. Below, we describe the IRL objective function, then we make note of two

numerical tricks that are used in the implementation.

IRL Objective and Optimization

Just as with the IRL implementation for the LQR system in Section |4.4.1} we use the IRL
technique described in [33] to recover the reward parameters. The unicycle model of a car
that we described in Section [5.2.1] has deterministic nonlinear dynamics and infinite state
and action spaces. In order to estimate the likelihood of a trajectory, we need to calculate
the matrices in Equation . Recall the lifted vector notation for a trajectory, x =
x{,...,x]",andu=[u],...,u ,]". Due to the deterministic dynamics of the system,
any trajectory can be fully described by an initial condition, xo and a set of actions,
u € RE™, Therefore, to use the Laplace approximate (Equation (3.31])) we need to find

the gradient and Hessian matrices, g and H, of the reward function with respect to the

input, u. To simplify notation, let J = %"—J, g = %i]f, g = %ij, H = %QTG, H = %2775,
and H := %. With these definitions, the matrices in the log likelihood equation for IRL
(Equations (3.35])) can be summarized as,
g=g+Jg (5.21a)
H=-=H+JHJ +H. g (5.21b)

where - represents a tensor contraction between the three-dimensional tensor H and the
vector g. We set H = 0, which is equivalent to linearizing the dynamics [33]. We calculate
the values of the vectors and matrices in Equations . First, the matrix J € REm>En
has the following upper block-diagonal form,

ox] oxF
Oug T Oug
J= : : ) (5.22)
8){1r Gx%
Oug_1 " Oug_1
. T T ox) x| . .
We use the chain rule to calculate 3X—1_ = 8’2 WE Xﬁfl,V’L > 5 > 0. We also have
Ou; Ox;_1 OX;_2 Ou;
-
that 68):1"‘ = 0,Vj > i. Therefore, the matrix J is upper block-diagonal.
J

Second, the vectors g € RE™ and g € RX™ have the following form,
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(5.23)

09
Il

(5.24)

Q>
I

Finally, the matrices H € RE™*Em and H € RE™E" have the following symmetric

forms,

PR *R ’R
aug Ouglu; =~ Jugdug _1
R PR ’R
~ Ou; O, ou? Tt OuiOug_
H — 1. 0 1 1 'K 1 (525)
9’°R 9’°R
_8uK_18u0 o . . e 811%(_1 i
[ 2R R 2R ]
8)(% 0x10%x2 "7 Ox10X K
’R R *R
I:I _ 8xg'8x1 6x% e 8xz.8xK ‘ (526)
9’°R 9’R
_8XK8X1 o .. oo 8X%( |

The individual elements of the vectors and matrices were calculated symbolically using
MATLAB and hardcoded in vectorized form in the Python code.

We use the symbolically calculated vectors and matrices to define the negative of
the log likelihood (Equation (3.35))), and minimize the equation in order to estimate the

reward parameters. We set the gradient of the negative log likelihood with respect to the
parameters 6 using Equation ((3.36]).

Feature Normalization

The order of magnitude of the different features vary for any trajectory. We observed
that this variation resulted in floating-point overflows in the H matrix. Therefore, we
use min-max normalization to map all features to lie between [0, 1] in the dataset. We

redefine each feature, ¢;, as
¢i - ¢i,min

¢i,ma:c - ¢i,min

where ¢; min and @; 1,4, are constants corresponding to the minimum and maximum values

By = (5.27)

of ¢; found in any timestep in any of the trajectories in the dataset, respectively.
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Numerical Stability Normalization Feature

The log-likelihood, (Equation (3.35)), includes a log determinant term, log | — H|. Thus
we require H to remain negative-definite for all values of the parameters that are traversed
during the optimization. Following [33], we introduce a dummy regularization feature, ¢,
to our reward function in order to ensure numerical stability. The gradient of the feature
is zero, g, = 0, and its Hessian is the identity matrix, H, = —I € RE™*Km_ Before
starting the optimization with arbitrary initial parameters, 6y, we set the parameter for
the regularization feature, 6, = 1FE — 10. Then we loop over every trajectory in the
dataset and calculate H. If we reach a trajectory with H that is not negative-definite,
then we double 6, and restart looping over the trajectories with the new 6, value. We
repeat this process until we reach a 6, value such that H is negative-definite for every
trajectory in the dataset. In our optimization we set 6, = 0 as a constraint. With this
formulation, we observed that the optimization is numerically stable with our datasets,

and gently arrives at optima with 6, = 0, regardless of the initial condition 0,..

Scaling of Parameters

Following the justification Section[4.4.2] we multiply the parameters by a constant reward
coefficient. Taking into account the need for a sufficiently large reward coefficient and
the floating point limitations of our computer, we found a good coefficient that works for
a variety of synthetic trajectories is r; = 10°. We present the details about selecting the
value in the next section (Section [5.6).

Outlier Rejection

Sources of errors in the construction of vehicle trajectories in the NGSIM dataset include
mislabelling and noise [54], 40, 41]. The two-dimensional position and lane classification
of vehicles are labelled using bounding boxes on images from static video cameras [54].
In some frames, the bounding boxes are slightly translated with respect to the actual
position of the vehicle in the image. In a trajectory that transitions from a well-labelled
frame to a misaligned frame, there is a jump in the position signals of the vehicle. Addi-
tionally, random noise in the labelling position information contributes to the creation of
small jumps in the signal. To construct the lane change trajectory datasets, we calculate
heading and linear velocity from finite differences of the position and we calculate the
angular velocity based on finite differences of the heading (second order finite difference
of the position). Therefore, the position jumps translate into large jumps in the other

signals. The reward features that we use rely on the velocity and angular veclity as well
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as the positions of the ego-vehicle, and four adjacent vehicles. Trajectories that include
these jumps will generate inaccurate feature values and can result in the failure of the
IRL algorithm due to numerical overflows. If the algorithm succeeds despite the jumps,
they can result in an inaccurate learned model.

We use outlier values of the reward features as a heuristic to removing trajectories
that contain the position jumps. For each feature, ¢;, we calculate the median, @; ,,eq and
standard deviation, o; over every frame in every trajectory in the dataset. We then reject
any trajectory that contains a timestep with a feature value greater than ¢; meq +7reject0is

where 7,¢ject € R is a hyperparameter.

5.6 Algorithm Verification with Synthetic Data

In order to verify the features in our reward function and our IRL algorithm, we generate
datasets consisting of synthetic lane change trajectories. We demonstrate that given ap-
propriate parameters, a reward function consisting of our features can generate a variety
of qualitatively good lane change trajectories. Furthermore, we use the IRL algorithm
to learn reward parameters from the synthetic datasets that we use as a ground-truth.
We generate new trajectories using the learned parameters. We demonstrate that the
learned parameters produce nearly identical trajectories as the parameters originally used

to genereate the datasets.

5.6.1 Generating Synthetic Trajectorires

To create a synthetic dataset, we first generate the lane change surrounding environment,
which consists of the current lane, the target lane, and the adjacent vehicles. We extract
six environments from the NGSIM datasets by taking the average over every trajectory
in each highway and traffic congestion level for each element in the environment. We
choose a set of parameters for our reward function. Given the reward parameters, we
use the forward algorithm described in section to generate each of the six synthetic
trajectories in the dataset. The initial condition for the forward optimization (Equa-
tion ((5.20))), (Xinit, Winit), are set to the ego-car driving straight in the current-lane at the
mean velocity of the highway, vg.

Table lists the parameter values, ésymh = [éd,év,éa,és,]T, we use. The chosen
values were found to produce qualitatively good results. Since the features cannot be
normalized before generating the synthetic dataset, the elements of ésymh vary by orders
of magnitude. Figure illustrates a snapshot of Trajectory 3 from Dataset 57.
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Table 5.3: Summary of reward parameter values for synthetically generated data

Dataset ID | 641 6, | 6, | 0

56 1|5 50 | 0.01
57 1 [0.1]50 |0.001
58 1|1 50 | 0.01
59 1 |10 | 200 | 0.05
60 1|5 200 | 0.01

Synthetic Lane Change Trajectory, Dataset: 57, Trajectory: 3, Time step: 39 of 78

Adjacent Vehicles

& —e— Snapshot of Trajectory
& 950+ - - - Initial Lane

'g Target Lane

"g — Entire Trajectory

S 0 e
8

T T T T
—20 0 20 40 60 80 100 120 140 160 180 200 220 240 260 280
y coordinate (ft.)

Figure 5.4: Snapshot of a synthetically generated lane change trajectory. Scatter points
illustrate the position of the ego-vehicle (blue) and adjacent vehicles (grey) at time step
39. From each scatter point, we illustrate a trail of the past 10 time steps.

5.6.2 IRL Model Training

We define the loss function by taking the negative of the likelihood function, as described
in Section[5.5.2] Starting from an initial reward parametrization, 8y, we use the synthetic
trajectory datasets in the IRL implementation described in Section to recover opti-
mal parameters, 8. We performed a hyperparameter sweep over 6y. For each element,
we used the values, 6; = 0.01, 1,100, where ¢ = v,a,s. With our five datasets and 27
initial parameter values, we learn 135 IRL trials. Figure illustrates the learning curve

for one of the initial conditions.

5.6.3 Verification Results

To evaluate the reward function learned using the IRL algorithm, we will generate tra-
jectories using the initial and learned parameters, and compare with the synthetic expert
trajectories. More concretely, given the lane change environment for each trajectory in the
datasets, we use the forward optimal control implementation described in section to
generate trajectories that are optimal with respect to a reward function parametrized by

0y and 0;. We then compare these trajectories to the expert trajectories in the dataset.
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Figure 5.5: Loss optimization for IRL with synthetic dataset 57 and initial condition
0y =1[1,1,1,1]".

Table 5.4: IRL model performance on 127 trials using all five synthetic datasets

Measure (ft.) | Minimum | Mean | Maximum
MEE. 1.061 6.226 | 21.738
MFEE,.; 0.037 0.053 | 0.081
Improvement 1.024 6.173 | 21.673

We illustrate an example trajectory for dataset 56 and trajectory 0 in Figure 5.6, The
trajectory generated using 6, behaves significantly differently than the expert, whereas
the trajectory generated by 6 is nearly identical.

We use Mean Euclidean Error (MEE) to measure the closeness of each of the generated
trajectories with the corresponding synthetic expert trajectory. The MEE between the
trajectories generated using the learned parameters and expert parameters (labelled with
-y and o, respectively) and the synthetic expert trajectory (labelled with -.) is defined
as the mean FEuclidean distances between the two trajectories at each time step, k =
1,...,K.

K
1
MEEy; = I ; \/(Ucke — 25,0)% + (Yke — Yr0)
= (5.28)

K
1
MFEE.; = e Z \/(xke — Tk f)? + (Uke = Uns)
k=1

For each IRL trial, we calculate the initial mean MEE, MEE,, = %25:1 MFEE,.,
and mean final MEE, mef = % qu\;l MFEE.;, over the N = 6 trajectories in each
dataset. We present a summary of the results from the 127 trials in Table [5.4]

All trajectories optimal with respect to 8 are closer to the synthetic trajectories than
the trajectories optimal with respect to 8y. Therefore, our IRL algorithm successfully

learns a parametrization of the reward function.
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Figure 5.6: Comparison of the states (5.6a| to [5.6d)) and actions (5.6¢} |5.6f) of the syn-

thetically generated expert lane change trajectory (blue) with trajectories generated by
optimizing rewards parametrized by initial guess of parameters, 8, (orange), and param-

eters learned using IRL, 0 (green).
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5.6.4 Tuning of Scaling Parameter

Using the synthetic trajectories we conducted an experiment to find an appropriate value
of a constant coefficient for multiplying with the reward. Table [5.5| summarizes the
parameter values and mef. We observe that larger coefficient values correspond to
model parameters that result in lower M EFE, ¢. However, larger parameter values also risk

numerical instability during the inverse learning and forward model calculation process.

Table 5.5: Summary of IRL parameter values and model performance with different

reward coefficients for synthetic dataset 60

Reward Coef. Value | 05, | 0, 0f.q 0.5 MEFE,;

103 1 61733.2839 | 20846.2645 | 395367.524 | 1.74658071
10~2 1 6172.44888 | 2084.93245 | 39531.12 1.74582973
1071 1 616.372973 | 208.801559 | 3947.52966 | 1.73600614
10° 1 60.8414295 | 21.2115526 | 389.671796 | 1.64238031
10* 1 5.96743042 | 2.65820004 | 38.3600134 | 0.95471478
10? 1 1.64997207 | 1.16035927 | 10.9252732 | 0.12925804
10° 1 1.33506801 | 1.04798686 | 8.94777948 | 0.04477793
10* 1 1.30489093 | 1.03722661 | 8.75856694 | 0.03823539
10° 1 1.3018855 | 1.03615529 | 8.73972518 | 0.03793444
108 1 1.30155203 | 1.03603642 | 8.73763463 | 0.03800752
10° 1 1.30155173 | 1.03603631 | 8.73763274 | 0.03783267
1010 1 1.3015517 | 1.0360363 | 8.73763256 | 0.03800511
101t 1 1.3015517 | 1.0360363 | 8.73763254 | 0.03790087

5.7 IRL Model Training

In order to compare the baseline model with the model that incorporates unpredictability,
we performed IRL and forward optimal control using the same dataset and the same
hyperparameters for the pair of models, as illustrated in the block diagram in Figure 5.1}

In the IRL optimization, for each pair of models (baseline vs. with unpredictability),

we set the following hyperparameter values:

1. Initial parameter guess 6y = [1,1, 1, 1] for the baseline model and 8y = [1,1,1,1,1]"
for the model that incorporates unpredictability. We performed a hyparparameter
sweep over the IRL training step for the synthetic data where we altered the value
for each initial parameter between 6,0 = 1073,1072,107%,10°, 10", 102, 10* where
i = v,a,s,z. We found that training runs with 6, where the elements, 0;,, had

orders of magnitude of difference, resulted in numerical instability. For all cases
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that were numerically stable, the resulting final parameters were nearly identical.

Thus, we select 8y = [1,1,1,1]", which was numerically stable in all cases.

2. Relative tolerance for optimizer ftol = 107, We performed a sweep of this value
on the synthetic dataset. We found that lower tolerances did not improve the model

learned using IRL.
3. Initial value for numerical stability normalization feature, 0,y = 10719,
4. Tolerance for numerical stability normalization feature constraint, tols, = 1072

5. Reward coefficient Re.erf = 1. We performed a sweep over the IRL training step
with the following values of Reer; = 1072,10°,10%,10%,10%. We found that with
the real data, Repers = 10° resulted in a similar order of magnitude for the final
parameters as higher R, ¢ did for synthetic data. Furthermore, we found that
parameters learned using Repeff = 10° consistently resulted in the lowest MEE

values.

6. Minimum distance for distance to adjacent car (Equation (5.15))) and unpredictabil-

ity (Equation (5.18))) features, dp;, = 15.

7. Headway time for distance to adjacent car (Equation (5.15))) and unpredictability
(Equation (.18])) features, theqdway = 1.

8. Outlier rejection radius ryeject = 3. We balanced the tradeoff between rejecting a
sufficient amount of outliers due to measurement error for numerical stability with

the diversity of the trajectories that remained in the dataset.

9. Unpredictability measure (Equation [5.16)) time, ¢, = 0.2s. We evaluated model
performance improvement for the values, 0.2s, 0.4s, 0.6s, 0.8s, 1.0s. We observed
improvement across all values. We report detailed results for ¢, = 0.2s, which

resulted in the highest average improvement.

We performed IRL optimization on trajectory training datasets that consist of lane

change trajectories sorted by the following criteria,
o Highway: [-80 or USA-101.

« Traffic congestion time slot: low congestion (#0), medium congestion (¢1), high

congestion (¢2) or combined (ta).
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o Geometry: lateral sorting by lane of origin (lat) or longitudinal sorting by location

of lane change compared to ramps (long).

This sorting results in a total of 51 separated trajectory training datasets. A detailed
explanation of the criteria for sorting can be found in Section We also generated
3 combined training datasets, one for each highway (I-80 and USA-101) and a combined
dataset with all the available trajectories. For the combined criteria, we also gener-
ated 3 corresponding held-out testing datasets. The training-testing split is consistent
with the data used to train the off-the-shelf prediction model [14] that we used in the

unpredictability measure described in Section [5.3.1]

5.8 Results and Discussion

We have a total of 51 separated trajectory training datasets and 3 combined trajectory

training datasets. For each dataset, we conduct the experiment illustrated in Figure [5.1]

IRL: First, for each training dataset we conduct two IRL optimizations in parallel
to obtain baseline reward parameters, 83, and reward parameters that include unpre-
dictability, 0¢.,. We use our IRL implementation, described in Section to train
the pair of models for each dataset. Figure illustrates the loss curve during the IRL
training step for highway usa101, traffic congestion time slot t2, and geometry lats.
Because of the extra feature, the IRL model incorporating unpredictability has an extra
degree of freedom compared to the baseline model. The extra degree of freedom results
in a higher number of iterations before convergence. Furthermore, as a sanity check we
observe that the loss for the model with unpredictability is lower, as expected due to the

extra degree of freedom.

Forward: Second, for each of the N trajectories in each training dataset, using the pair
of learned parameters, we conduct forward optimal control, as described in Section [5.5.1},

to obtain trajectories from the baseline model, {ng)b, u% N |, and from the model incor-

porating unpredictability, {ng;)w, ugf)w N . We then compare each trajectory generated
using the forward optimal control with the respective expert trajectories to obtain the
Mean Euclidean Error. We calculate the Average Mean Euclidean Distance M EE, 7 and
MEE, 7w for each dataset. And finally, we calculate the improvement that incorporating
unpredictability has on Average Mean Euclidean Distance. For the 3 combined training

datasets, we repeat the forward process with the corresponding testing datasets as well.
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Loss Optimization for Highway USA101, Traffic t2, Geometry lath
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Figure 5.7: IRL loss optimization for baseline model and model incorporating unpre-
dictability for highway usa101, traffic congestion time slot t2, and geometry lat5s.

5.8.1 Quantitative Improvements
We report the results for the separated trajectory dataset in Tables[5.6]to Each table

summarizes results from trajectory datasets where trajectories are organized by non-
overlapping sorting criteria, i.e. no two lane change trajectories are repeated in datasets
within one table. In Table 5.6 we present results from trajectory datasets that have been
divided by highway, traffic congestion time, and lateral geometry. Then in Table |5.7}
we present results from trajectory datasets that have the same division criteria, except
where trajectories across traffic congestion times are combined. Table [5.8 summarizes
results from trajectory datasets that have been divided by highway, traffic congestion
time and longitudinal geometry. In Table [5.9] we combine the traffic congestion times

for longitudinally sorted trajectories.

Table 5.6: Seperate Traffic, Lateral

Highway Traff. Lat # Traj. Or b Or w MEE.; MEE¢; Imp. % Imp.
i80 t0 lat2 1 1.00, 1.74, 5.04, 0.41 1.00, 1.74, 5.04, 0.41, 0.00 9.56 9.56 0.00 0.00%
i80 t0 lat3 31 1.00, 3.69, 36.30, 1.21 1.00, 3.70, 36.32, 0.61, 3.98 11.89 10.57 1.32 11.11%
i80 t0 lat4 45 1.00, 4.78, 220.38, 1.90 1.00, 4.62, 220.42, 1.29, 27.19 10.48 10.11 0.37 3.54%
i80 t0 lath 36 1.00, 5.31, 41.22, 1.82 1.00, 5.31, 41.22, 1.82, 0.00 8.55 8.55 0.00 0.00%
i80 t1 lat2 1 1.00, 0.70, 8.35, 0.03 1.00, 0.70, 8.35, 0.03, 0.00 35.69 35.69 0.00 0.00%
i80 t1 lat3 34 1.00, 4.96, 32.48, 3.60 1.00, 4.96, 32.48, 3.60, 0.00 8.40 8.40 0.00 0.00%
i80 t1 lat4 32 1.00, 5.19, 32.58, 3.79 1.00, 5.47, 32.62, 0.17, 70.48 8.02 6.72 1.29 16.14%
i80 t1 lath 37 1.00, 4.11, 21.57, 4.62 1.00, 4.11, 21.57, 4.62, 0.00 9.33 9.33 0.00 0.00%
i80 t2 lat2 2 1.00, 6.04, 15.95, 10.30 1.00, 10.36, 17.13, 17.84, 301.29 6.69 7.05 -0.36 -5.41%
i80 t2 lat3 25 1.00, 4.60, 65.25, 5.32 1.00, 4.60, 65.25, 5.32, 0.00 7.46 7.46 0.00 0.00%
i80 t2 lat4 37 1.00, 5.71, 21.92, 2.32 1.00, 5.55, 22.16, 1.99, 13.93 7.29 6.92 0.38 5.18%
i80 t2 lath 47 1.00, 5.42, 81.00, 4.90 1.00, 5.42, 81.00, 4.90, 0.00 8.57 8.57 0.00 0.00%
usalOl t0 lat2 8 1.00, 5.21, 19.82, 0.62 1.00, 5.21, 19.82, 0.62, 0.00 7.57 7.57 0.00 0.00%
usalOl t0 lat3 19 1.00, 2.76, 18.76, 0.61 1.00, 2.76, 18.76, 0.61, 0.00 12.73 12.73 0.00 0.00%
usalOl t0 lat4 21 1.00, 4.15, 11.75, 0.00 1.00, 4.15, 11.75, 0.00, 0.00 10.15 10.15 0.00 0.00%
usalOl t0 latb 22 1.00, 4.10, 10.61, 3.04 1.00, 4.10, 10.61, 2.89, 0.45 9.06 8.94 0.13 1.41%
usalOl t1 lat2 15 1.00, 3.54, 20.76, 1.37 1.00, 3.54, 20.76, 1.37, 0.00 8.78 8.78 0.00 0.00%
usalOl t1 lat3 25 1.00, 4.29, 14.76, 0.94 1.00, 4.25, 14.77, 0.49, 8.51 9.86 9.45 0.42 4.21%
usalOl t1 lat4 30 1.00, 4.14, 20.31, 2.07 1.00, 4.14, 20.36, 1.89, 10.18 9.55 9.16 0.39 4.08%
usalOl t1 lath 30 1.00, 3.50, 66.76, 2.65 1.00, 3.50, 66.76, 2.65, 0.00 9.67 9.67 0.00 0.00%
usalOl t2 lat2 14 1.00, 4.94, 21.16, 2.87 1.00, 5.15, 21.21, 1.96, 6.43 6.48 7.37 -0.89 -13.75%
usalOl t2 lat3 29 1.00, 4.41, 16.79, 4.82 1.00, 4.36, 16.82, 4.34, 23.56 8.38 7.72 0.66 7.93%
usalOl t2 lat4 45 1.00, 3.96, 61.90, 3.57 1.00, 3.99, 62.64, 3.01, 68.17 9.41 9.00 0.40 4.28%
usalOl t2 lath 26 1.00, 4.08, 30.58, 1.06 1.00, 3.65, 30.93, 1.40, 338.12 9.93 7.94 1.99 20.03%
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Table 5.7: Combined Traffic, Lateral

Highway Traff. Lat # Traj. Gf b ef,w MEEEf b AlEEef w Imp. % Imp.
i80 ta Tat2 | 4 1.00, 2.29, 14.75, 1.49 1.00, 2.15, 15.06, 0.67, 60.98 15.11 16.90 “1.79 | -11.88%
i80 ta lat3 90 1.00, 4.92, 61.32, 3.69 1.00, 4.92, 61.32, 3.69, 0.00 9.42 9.42 0.00 0.00%
i80 ta lat4 114 1.00, 5.48, 248.41, 3.51 1.00, 5.27, 249.86, 2.51, 51.65 8.79 8.24 0.55 6.21%
i80 ta lath 120 1.00, 5.31, 110.67, 3.82 1.00, 5.31, 110.67, 3.82, 0.00 8.93 8.93 0.00 0.00%
usalOl ta lat2 37 1.00, 4.96, 23.22, 1.92 1.00, 5.00, 23.25, 1.24, 5.67 7.66 7.45 0.21 2.77%
usalOl ta lat3 73 1.00, 4.09, 18.14, 1.85 1.00, 4.06, 18.15, 1.36, 6.66 10.25 9.71 0.54 5.25%
usalOl ta lat4 96 1.00, 4.30, 64.43, 1.73 1.00, 4.27, 64.51, 1.44, 9.78 10.14 9.78 0.35 3.47%
usalOl ta laths 78 1.00, 3.99, 85.99, 2.48 1.00, 3.99, 85.99, 2.48, 0.00 9.50 9.50 0.00 0.00%

Table 5.8: Separate Traffic, Longitudinal

Highway Traff. Lat # Traj. Or b 0r w MEFEc;p MEFE¢; Imp. % Imp.
i80 t0 long0 24 1.00, 5.53, 22.34, 2.39 1.00, 5.53, 22.34, 2.39, 0.00 10.35 10.35 0.00 0.00%
i80 t0 longl 102 1.00, 4.42, 296.18, 2.18 1.00, 4.36, 296.71, 1.57, 14.77 10.10 9.35 0.75 7.39%
i80 t1 Tong0 | 37 1.00, 4.07, 23.09, 2.16 1.00, 4.04, 23.10, 0.95, 24.43 8.93 8.05 0.87 | 9.79%
i80 t1 longl 86 1.00, 5.31, 49.99, 5.71 1.00, 5.31, 49.99, 5.71, 0.00 8.74 8.74 0.00 0.00%
i80 t2 long0 54 1.00, 6.38, 64.84, 7.86 1.00, 6.44, 65.04, 7.96, 8.76 6.48 6.08 0.40 6.16%
i80 t2 longl 94 1.00, 4.72, 99.82, 3.29 1.00, 4.72, 99.82, 3.29, 0.00 9.70 9.70 0.00 0.00%
usalOl t0 longl 16 1.00, 3.09, 14.43, 2.60 1.00, 3.09, 14.43, 2.60, 0.00 10.47 10.47 0.00 0.00%
usalOl t0 long?2 16 1.00, 3.76, 9.63, 0.00 1.00, 3.76, 9.63, 0.00, 0.00 9.77 9.78 0.00 0.00%
usalOl t1 long0 1 1.00, 3.51, 8.20, 1.97 1.00, 0.00, 8.19, 0.13, 60.24 4.55 2.67 1.89 41.42%
usalOl t1 longl 41 1.00, 4.44, 85.28, 2.76 1.00, 4.43, 85.29, 2.55, 3.98 8.99 8.86 0.13 1.45%
usalOl t1 long?2 31 1.00, 3.92, 22.03, 1.97 1.00, 3.93, 22.07, 1.72, 4.30 9.86 9.14 0.72 7.32%
usalOl t2 long0 1 1.00, 5.90, 8.90, 0.00 1.00, 5.90, 8.90, 0.00, 0.00 2.70 2.70 0.00 -0.01%
usal01 t2 Tongl | 41 1.00, 4.74, 56.37, 3.11 1.00, 4.84, 56.42, 2.59, 11.27 9.31 $.49 0.82 | 8.78%
usalOl t2 long?2 44 1.00, 4.17, 27.99, 4.66 1.00, 4.06, 28.55, 2.99, 65.97 7.88 7.51 0.36 4.60%

In order to summarize the overall model performance improvement by incorporating
unpredictability, we calculate the average percent improvement over all the datasets in
each table to , weighted by the number of trajectories in each dataset. Note
that the results from datasets in Tables to where 0. approaches 0 have not
been included in the average. As expected, such models result in 0% improvement over
the baseline model. These models cannot be used to guage model improvement caused
by unpredictability because the unpredictability metric is not taken into account in the
forward optimal control step. The average results are shown in Table Each row
corresponds to the average results from Tables to Each column corresponds to
the calculated weighted average, where the last column represents the average percent
improvement. From these results we can conclude that incorporating the unpredictability
feature causes modest improvements in the generalization of the IRL models to the
training datasets.

We report results from IRL step using the combined trajectory training datasets as
presented in Table[5.11} Tables and summarize the results from performing the
forward step on the training and test datasets, respectively.

As shown in Table p.11] in the parameters of the IRL model incorporating unpre-
dictability for the combined 180 dataset, 6, approaches 0. As expected the improve-
ment over the baseline model using these parameters is 0 for both the training and test
dataset (Tables and [5.13). For the usa101 dataset and the dataset that contains all

trajectories we see modest improvements on both the training dataset and the testing
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Table 5.9: Combined Traffic, Longitudinal
Highway Traff. Lat # Traj. Or b Of w MEE ;s MEE f w Imp. % Imp.
i80 ta long0 115 1.00, 5.70, 56.81, 4.48 1.00, 5.69, 56.84, 4.08, 7.95 8.25 7.95 0.30 3.58%
i80 ta longl 282 1.00, 4.85, 319.35, 3.86 1.00, 4.85, 319.35, 3.86, 0.00 9.56 9.56 0.00 0.00%
usalOl ta long0 2 1.00, 4.62, 15.77, 1.73 1.00, 4.62, 15.77, 1.73, 0.00 6.10 6.10 0.00 0.00%
usalOl ta longl | 98 1.00, 4.54, 92.11, 2.90 1.00, 4.54, 92.18, 2.40, 7.48 9.38 8.97 0.41 1.36%
usalOl ta long2 91 1.00, 3.96, 30.97, 1.94 1.00, 3.95, 30.99, 1.72, 3.45 9.68 9.35 0.33 3.45%

Table 5.10: Summary of average model performance improvement by incorporating un-
predictability. These results only include runs where 6, > 1075.

Trajectory Average MEE (ft.) | Average MEE (ft.)

Division (baseline) (w/ unpredictability) Average 70 Tmp.
Separate Traffic, | 5 8.62 6.83%

Lateral

Combined Traffic, 0.47 9.05 4439

Lateral

Separate Traffic, | ¢ qg 8.28 6.71%
Longitudinal

Combined Traffic, | g ) 8.70 3.80%
Longitudinal

dataset. The improvements are larger on the testing dataset, meaning that incorporating
unpredictability has a greater impact on modelling lane changes when using trajectories
that were held out from the training of the prediction model. We expect the performance
of the prediction model to be more variable on the testing dataset, making it better at

measuring the unpredictability of surrounding traffic.

Table 5.11: Learned Parameters for Combined Datasets

Highway | # Train Traj. | 07 0¢

i80 464 1.00, 5.09, 287.50, 4.20 | 1.00, 5.09, 287.50, 4.20, 0.00
usalOl 286 1.00, 4.46, 103.92, 1.94 | 1.00, 4.44, 104.02, 1.49, 8.32
combined | 750 1.00, 4.84, 383.65, 3.08 | 1.00, 4.82, 383.85, 2.78, 4.66

5.8.2 Qualitative Analysis

We perform a qualitative analysis of the baseline model and the model incorporating
unpredictability on the trajectory illustrated in Figure 5.8 In order to illustrate the
evolution of the trajectory over the time horizon we also plot individual state values in
Figure [5.9] The models in this trajectory were trained using trajectories from highway
usal01, during traffic time slot t2, and geometric separation lat5. In this trajectory we
observe a large improvement with the model that incorporates unpredictability over the
baseline. The model performance for the baseline model is M EFE s, = 21.60ft., while
the performance of the model that incorporates unpredictability is M EFE,y,, = 7.62ft.,
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Table 5.12: Improvement for Combined Training Datasets

Highway | # Train Traj. | MEFE.;, | MEE.;,, | Imp. | % Imp
i80 464 9.09 9.09 0.00 | 0.00%
usalOl 286 9.82 9.34 0.47 | 4.82%
combined | 750 9.50 9.20 0.30 | 3.11%

Table 5.13: Improvement for Combined Test Datasets

Highway | # Test Traj. | MEE sy, | MEEcf,, | Imp. | % Imp
i80 10 11.74 11.74 0.00 | 0.00%
usalOl 9 8.06 7.29 0.77 | 9.57%
combined | 19 10.07 9.66 0.41 | 4.06%

66

indicating an improvement of 65 percent. In Figure we observe that the model
that incorporates unpredictability produces a significantly closer trajectory in the y di-
mension. Furthermore, in Figure we can observe that the model that incorporates

unpredictability is slower to proceed to the target lane. We interpret this behaviour as the

model acting more cautiously by incorporating the new unpredictability feature. This
interpretation is consistent with the velocity behaviour in Figure [5.10a Whereas the
velocity produced by the baseline model is very high and different from the expert tra-
jectory, the velocity profile generated by the model that incorporates the unpredictability
slowly ramps up, similar to the expert’s behaviour.
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Figure 5.8: Comparison of the human expert lane change trajectory (blue) with trajec-
tories generated by optimizing rewards parametrized by the baseline reward parameters,

0, (orange), and reward parameters that incorporate unpredictability, 6y, (green).
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Chapter 6
Conclusions

In this thesis we proposed unpredictability as a measure for more human-like AV be-
haviour planning. We used the performance metrics of an off-the-shelf vehicle trajectory
prediction model through time as a measure of the unpredictability of a human driver.
We assumed that if the off-the-shelf model performs poorly on a particular car at a
particular time, then that car is behaving unpredictably and vice versa. We proposed
incorporating unpredictability as a measure of how an AV should act around a particular
human driver. We analyzed human lane change behaviour using an Inverse Reinforce-
ment Learning (IRL) approach to demonstrate that incorporating this unpredictability
measure can better explain human driving behaviour.

We first summarized the theoretical foundations of the Maximum Entropy Inverse
Reinforcement Learning (MaxEnt IRL) approach and its extension for dynamical systems
with continuous control and action spaces and locally optimal demonstration trajectories.
We began by reviewing the optimal control problem. Then, we presented a general
formulation of the inverse problem, IRL. Starting from first principles in Information
Theory, we derived the Maximum Causal Entropy probability distribution, in which
inference is analogous to solving the optimal control problem. We demonstrated how
finding parameters for this distribution is equivalent to solving the IRL problem.

We used a Linear Quadratic Regulator (LQR) on a linear toy example dynamical
system to investigate how well the IRL algorithm can recover reward parameters from
synthetically generated demonstration trajectories. After selecting some ground truth
LQR parameter values, we produced synthetic trajectory datasets with varying amounts
of random noise on the demonstrations and a varying number of trajectories in the
datasets. We quantified the quality of the parameters learned from these datasets, in
terms of the closeness of the parameter values to the ground truth values and the simi-

larity of resulting optimal trajectories to the demonstrations. We showed that in the case
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of noisy data, the improvement in quality for each additional demonstration trajectory
in the dataset decreases exponentially.

Finally, we used the IRL algorithm to model reward functions for conducting lane
change maneuvers in a highway setting. In order to test the hypothesis that the unpre-
dictability of surrounding traffic would have an effect on the behaviour of the ego-car,
we learned two reward functions from human data using IRL, a baseline reward function
and a reward function that incorporated unpredictability. We showed modest improve-
ments in the model that incorporated unpredictability. Therefore, we concluded that

incorporating the unpredictability measure resulted in more human-like behaviour.

6.1 Future Work

There are a number of directions for extending the work presented in this thesis. In the
IRL models presented in this thesis, we focused on reward functions that are composed
of a linear combination of reward features. One direction of future work includes incor-
porating the unpredictability measure into a non-linear reward function. For example,
we could include the unpredictability measure as a component in a system that builds
reward features from component features [51] or we could include unpredictability as an
input to a Deep Neural Network (DNN) representation of a reward function [57].

In this thesis we investigated the effect of unpredictability of adjacent vehicles. An-
other interesting line of future work would be to investigate whether or not human drivers
minimize their own unpredictability when performing driving maneuvers. This investi-
gation would require closing the loop between the prediction model and planning module

which would require additional theoretical tools.
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Appendix A

Auxilliary Proofs and Theorem

Proof of Theorem[3. We will present the proof for Equation (3.13)) in the discrete case.
Let P; represent P(x;). Without loss of generality, let p = 1, i.e. there is only one
characteristic function, ¢(x;). We begin by defining the Lagrangian for a generic i, and
Lagrange multipliers A\ for the total probability constraint, and 6 for the characteristic
matching constraint. Without loss of generality, assume that the empirical expectation

of the characteristic function is Ep  [¢(x)] = 0.
L(P.\.0) = Plog Py — 0Pd(x;) — A(Ps — 1),

To find the optimal distribution, we equate the gradient with respect to P; to zero.
VpLi(F, A, 0) =0=1+log F; — po(x;) — A

We can absorb the 1 into A to get,

(A.1)
P; = exp(—A — 0¢(x;))
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To obtain the values of the Lagrange multipliers, we can plug (A.1)) into the equation for
the total probability constraint.

Z P,—1=0
Zexp(—A —09(x;)) —1=0
ZeXp(—ecb(Xi)) = exp(A) (A.2)
= log (Z eXP(—6¢(Xi))>
A =log Z(0)

where we define the partition function Z(f) := ). exp(—0¢(x;)). Now we can plug (A.2)

into (A.1)) to obtain,

exp(—0¢(x;))
P=—" A.3
For multiple characteristic functions ¢, ..., ¢,, we can show

El¢; (xi)] ZGXP (‘ Zej%(xi))

and Z(01,...,0,) :== > ;exp(D_; —0;0;(xi)), to arrive at (3.13). Furthermore, to expand
the proof to the case of continuous random variables, we would replace x; with continuous
value x, P; with a continuous function p, and the sum ) . with an integral over the space

of all possible values of x, [,. O

Proof of Theorem [l We follow the same argument as the proof of Theorem [3] We define
the Lagrangian,

A(P,6) = Hp(ul[x) + > 0;(Epgu[0;(x, )] = Ep [0 (x, w)])

J

+ZZ Z )\Xlkulk 1ZP uklxlkaulk 1)

k=0 X1.1 U1:k—1

(A4)

Then we take the gradient with respect to, P(ug|X1.x, uix—1) for a generic time step,
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k to get

VP(“k"‘l:lm“l:k—l)A(P’ 0) =0= )\Xl:k’ulzk—l
K

- P(xlzka ul:k71> (Z IE:P(x,u) [lOg P(un‘xlzm ul:,‘ifl) |x0:k7 uO:k]
k=k

- Z QjEP(x,u) [¢j(X, 11) |X0:k7 110:k]>
J

(A.5)
where the expectations are conditional, i.e. E,[f(z)|y] = >, f(x)P(z]y).

K
0= )\Xlzkvul:k—l - P(Xl:k7 ul:kfl) <Z Z Z P<X7 u|X0:k7 uO:k) log P(uﬁ‘xlzm 111;,{,1>

k=k x u

+ Z ejEP(x,u) [ij (X7 11) |X0:k:a Uo:k])

J
(A.6)
We can divide by P(x1.x,u1.,—1) and factor the the term log P(uy|Xo.x, Ug.x—1) out of the

first expectation to get

Axy i
— Rl = Z Z P(Xpt1:x, Wep1:i0-1) log P [Xik, wrg-1)

P(Xl:k> 111:k71) -

K

- Z ZZP(Xk+1:K7uk+1:K—1)logp(unb(l:mul:n—l) (A7)
rk=k+1 x u

+ Z 0 E p(xu) [@5 (X, W) [Xo:k, Uo: ]

J

But since uy is independent from Xg. 1.5, Ugi1.5 1, then we are left with,

Ao -
— otk Okl + Z EP(x,u)[logP(uH’xl:mul:n—1)|XO:k>u0:k]

1OgP(uk|X1:k7u1:k—1) - P(X1~k U5 1)

K=k+1
_ Z ejEP(x,u) [(b] (X7 u) |x0:k’ uO:k] )
J
(A.8)
1 K
P(ug|Xip, arg-1) = Mgt ) P ( > Epgea[10g P(We|X1.p, We1) Kok, ok
P <m> k=k+1

- Z GJ'EP(X,U) [¢j (X7 11) ’XO;k, llo;k]> .
J (A9)
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This is a recursive definition. Starting at the distribution for the final action,
P(ug_1|X0.5-1,W0.6—2), We can recurse back in time to calculate the distribution for the
input at each time step. In order to prove the recursive structure in Theorem [ we
will substitute the recursive partition functions into . The theorem is proven
by selecting a value of Ay, u,,_, based on the recursive partition functions to solve the
optimization poblem (Equation (3.16])).

A

_m == Z Z P(Xpi1:56, Wer1.50-1) log P(ug| X1, Wyp—1)

X u

K
- Z ZZP<Xk+1:K7uk+1:K—1>logp(un|xlzmulzﬁ—l)

k=k+1 x u

+ Z ej]EP(Xﬂl) [¢J <X7 11) |X0:k7 uO:k]

J

Ao -
—m = —log P(uk’XLk,ukal) - H:;‘FIEP(X,H) [log P(unyxl:mul:nfl)|XO:k7u0:k]

+ Z Qj]EP(x,u) [¢j(X> u) X0k, Wouke)

J
K-1
A

__ TFekUWnk-1 Z IEP(x,u) [Z P(xn—i-l |X0:m uO:n) IOg ZXO:*H-LHO-K B IOg ZXO:“’HO:”_I ’XO:k; uO:k]
P(Xlzk:ulzkfl) el Xpt1 |

- ]EP(x,u) [0T¢ — 108 Z. e w051 \Xo:k, uo:k] + IEP(x,u) [0T¢|X0:k: uO:k]

K-1
>\X1:k7u1:k—l

T Pamg ) ; E pxu) 108 Zig.r 100, — 108 Lixgpe o1 [ X0k ok —

EP(XJI) [_ log ZXO:KJJO:K—I |X0:k7 uO:k]

)‘Xlzk,ulzk—1 = P(Xltkv ul:k‘—l) log ZXO:Im“O:k—l'

(A.10)
L]

Probability of a Policy under the Maximum Causal Entropy Distribution

In optimal control, the optimality of a policy is binary. However with the MCE model,
we have a soft interpretation of optimality. Therefore we need to be able to assign a
probability to a particular stochastic policy under the MCE model. This probability is
used as a measure of optimality.

Let P(m) := {Po(uo(x0)),- .-, Pk_1(ux_1(Xxx_1))} be a stochastic policy. At each
time step, k, we sample a policy from the probability distribution, Py(ux(xx)). The

MCE model provides us with a probability distribution for a sequence of actions causally
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conditioned on a sequence of states (Definition [}), P(u||x). We can interpret the distri-
bution as the probability that a given sequence of states and actions may occur under
the MCE model. Under policy P(r), let P.(x,u) be the probability of a sequence of
states and actions, let P.(xy,u;) be the marginal probability of a state and action pair
at a particular time step, and let P, (x;) be the marginal probability of a particular state
occurring at a particular time step. Then, the probability of the policy being optimal
under the MCE model can be found by using a multinomial distribution with P(u||x) as
the probability of a configuration and P, (x,u) as the number of times a configuration

occurs within a set number of trials [60].

Py(m) = H P (g1 |[ X0 ) 0K 1m0er 1)

Uo: K —1,X0: K —1

log Py(m) =

(]

7T(X1m U—k) log P(UO:K—1HX0:K—1)
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We summarize the result of the derivation in the following theorem,
Theorem 6 ([60]). The probability of a stochastic policy
7= {uo(Xo), .., bx—1(Xx_1)}, under the Mazimum Causal Entropy distribution is
given by,
K-1 AT
D (Brtus 1o 1) | Shco 07 d(x0w)])
Pgoft(ﬂ_) _ 0: K 0:K—1 ~ ' (A12>
exp (X2, P(x0) V5™ (x0) )
The denominator is independent of the policy.




Appendix B

Towards an Autonomous Vehicle

Scoring Framework

Summary: As autonomous vehicles (AV) continue to proliferate around the world,
developing comprehensive operational performance measurements for such vehicles is be-
coming a major challenge. Municipalities and other levels of government are allowing
vehicles with varying levels of autonomous features on their roads. They have an interest
in investigating whether or not autonomous vehicles are performing to the level claimed
by manufacturers. The goal of this project was to serve as a first step for evaluating au-
tonomous vehicle performance on public roads based on data available from a telematics
device.

To this end, we described a framework for evaluating specific maneuvers performed by
the autonomous vehicle. We presented three classes of measures: behavioural indicators,
safety indicators, and quality indicators. Behavioural indicators are first used to deter-
mine what maneuvers have been performed by the AV and to segment the maneuvers
for evaluation. Then, safety indicators are used to compare the execution of a maneuver
with driving requirements. Finally, quality indicators are used to evaluate how normal or
desirable the execution of the maneuver was. We performed an experimental evaluation
of the framework using the maneuvers stopping at a stop sign and proceeding through an
intersection using our autonomous vehicle, Zeus, and a GeoTab Go telematics device. We
also compared the data collected from the GeoTab device with data collected from our
vehicle’s sensors. We finally provided a set of findings and recommendations for future

investigation. The findings of this study were presented in a technical report.
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