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ABSTRACT. Algorithms to resolve multiple-qubit unitary transformations into a se-
quence of simple operations on one-qubit subsystems are central to the methods of
quantum-circuit simulators. We adapt Householder’s theorem to the tensor-product char-
acter of multi-qubit state vectors and translate it to a combinatorial procedure to assemble
cascades of quantum gates that recreate any unitary operation U acting on n-qubit sys-
tems. U may be recreated by any cascade from a set of combinatorial options that, in
number, are not lesser than super-factorial of 2", Hfll( j!). Cascades are assembled with
one-qubit controlled-gates of a single type. We complement the assembly procedure with
a new algorithm to generate Gray codes that reduce the combinatorial options to cas-

cades with the least number of CNOT gates. The combined procedure —factorization,

gate assembling and Gray ordering— is illustrated on an array of three qubits.
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1. INTRODUCTION

The large number of applications [1] and the steep technological advancement in the
coherent control of quantum systems [2] constitute a promise that quantum simulators
will become a valuable practical research tool. Important design tools for quantum-
circuit simulators [3] (based on the evolution of multi-qubit systems) are the algorithms
for factoring the overall evolution operator into quantum operations acting on smaller
subsystems. For finite-dimensional systems, standard methods for matrix factorizations
constitute a frequent approach [4].

In this article we develop a factorization method strictly based upon the tensor-product
character of the state space of multi-qubit systems that we apply to provide a rigor-
ous methodology to assemble a combinatorially reach collection of quantum circuits that
recreate any given unitary operation. Our interest was focused on the development of
a procedure that generates mathematically exact maps of the tensor-product factors of
a unitary operation into quantum gates of a single type. Finding a theoretically feasi-
ble Hamiltonian that approximates the desired unitary transformation and then finding
among all possible factorizations an efficient reconstruction (with polynomial resources)
in terms of a standardized class of quantum gates are two difficult problems that we do
not address [6].

The mathematical background of our methodology is a very well known theorem by
Householder, which provides methods to generate exact resolutions of unitary transforma-
tions into simpler factors [7]. The Householder approach has previously been applied to
assemble experimental realizations of finite unitary operators [8, 9]. However, for the in-
terests of quantum simulators, a serious limitation of the previous physical realizations of
Householder factorizations is that they were developed for situations where the elements
of U(N) are propagators in the state space of a single quantum object. Such realizations
lose the richness of the tensor product structure that the state space of any multi-particle
system has [3]. In reference [9] the Householder factors in the representation of an el-
ement of U(N) gradually “push forward” a single quNit —a quantum object with N
states. Similarly, the realization of an element of U(NN) in [8] concerns a single photon

in the N spatially-differentiated states that are provided by a linear optical setup. Such
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single-particle implementations of Householder reflections are of no use for multi-particle
systems. Even in the case of multi-qubit systems the matrix factorization methods that
are applied [4] do not exploit the tensor-product character of state vectors.

Our aim is to adapt the mathematical robustness and flexibility of Householder’s theo-
rem to the tensor-product character of multi-qubit states and then translate it into meth-
ods to assemble unitary operations on n-qubit states as cascades of quantum gates. The
necessary background for our multi-qubit implementations of Householder factorizations
is presented in Section 2. The mathematical task is to transform an input orthonormal
vector basis (z;)Y ! into the target basis (y;)Y ', orthonormal too. The first step to attain
it is Lemma 2.1, where we explain how to prepare successions of Householder reflections
to transform a given vector y into another vector z, sequentially. Under the conditions
assumed by Lemma 2.1, we extract from its proof a recursion rule to generate sequences
of reflections that connect a given pair of vectors. We let the term “block of reflections”
denote the products of reflections that are provided by Lemma 2.1. The main result of
Section 2 is Proposition 2.1, where we establish conditions to generate sequences of blocks
of reflections that reproduce a given unitary transformation U : (x; — ;)" The special
case of Householder factorizations in the form of U(2) blocks is our basis to implement
unitary actions on n-qubit systems as cascades of controlled one-qubit “rotations”. Then,
the parameterization of the U(2) elements in a block are worked out in full detail.

In Section 3, the mathematical background that was presented in Section 2 is adapted
to the product structure of the vector space " C?, which is the state space of a system
of n qubits. The hypotheses of Proposition 2.1 are reformulated in Section 3 in the
form of a factoring scheme for the elements of U(2") when they are represented in the
standard product basis for the n-qubit states. A very rich combinatory of Householder
factorizations that is inherent to the product character of multi-qubit states puts the
lower bound for the number of U(2) factorizations of a given operation in super-factorial
of 2", which is Hj; j!. This vast set of combinatorial options to resolve a unitary action
on n-qubit systems into simpler factors has been disregarded in previous factorization

schemes [5] and is not available for single-particle (n = 1) implementations.
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The mathematics of factorizations are translated to the language of quantum gates in
Section 4. Therein, every U(2) reflection in a block is given the form of a standardized
controlled quantum gate acting on a single qubit line. We call it a Householder gate (or
H-gate for short). All the elements upon which H-gates are constructed are given the
form of Lemma 4.1.

All the partial results presented so far coalesce to form our main result, which consists
of a collection of combinatorial methods to assemble arrays of H-gates to recreate any
unitary operation on a system of n qubits. This result is Theorem 5.1 in Section 5.
The hard direction of the proof incorporates the results proved in Proposition 2.1 and
Lemma 4.1 as a combinatorial procedure for the systematic production of all the cascades
of H-gates that —within the vast set of Householder factorizations available for multi-
qubit systems— recreate a given unitary transformation. By the end of Section 5 we
have converted Householder’s theorem into a combinatorial procedure carried out on the
binary words that encode the tensor-product character of multi-qubit states.

In Section 6 we complement the assembly method presented in Section 5 with a new
algorithm to generate Gray codes [11, 12] —lists of binary words in a matrix form—
appropriate to minimize the number of CNOT gates in a cascade of H-gates. We did not
address the problem of minimizing the number of H-gates in a cascade.

The combined procedure —factorization and Gray ordering— is applied to assemble,
step by step, a cascade of H-gates that reproduces a generic unitary action on an array

of three qubits.

2. TIME EVOLUTION AS A SUCCESSION OF REFLECTIONS

Let U be a unitary time-step evolution in the vector space V' that takes the orthonormal
basis of vector states (z;)~ " into the vector basis (y;)~ ", orthonormal too. The evolution
step U takes x; into y;. The tensor product structure of n-qubit states is our target but for
the subject of the present section is unnecessary. We defer until next section the tensor
product structure of n-qubits states.

We know that a transformation U is unitary if, and only if, it is realizable as a succession

of Householder reflections [7]. The convenience of reflections when conceiving a physical
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implementation of U, e.g. as a quantum circuit, is their ability to exchange two given
vectors, x and y, without touching the subspace that is orthogonal to them.
Considering vectors z and y as the input data, they determine the reflection vector
r = r(z,y) = z||z|ly — ||y|lx, with complex phase factor z = z(x,y) = y*z/|y*x| (the
interior product is being denoted by y*x). Vector r is the only direction to be reversed
by the Householder reflection
—u, wu € span(r) ;
By 1= {u, u € span(r)t . 1)

in order to produce, up to a phase factor, the required exchange

y < hayy = Elyll/lll) 2. (2)

The one-dimensional subspace that vector  spans is denoted by span(r) and its orthogonal
complement is denoted by span(r)t. The parameterization of the Householder reflection
h,, by the reflection vector r(z,y) fits nicely for our interests.

The one-step exchange in (2) is the base case of a multi-step exchange of z and y,
Y qp - g & x, going through a number s of intermediate vectors ¢y, ..., ¢s.
Every pair (z,¢;) will determine a reflection vector r(z, ¢;) and we will be looking for the

simplest intermediate exchange actions.

Lemma 2.1. Let z, y € CY =V, normalized to ||x|| = ||y|]| = 1. For a positive s < N
let V.=span(z) @1y ® --- @ Ty be an orthogonal direct sum decomposition of V. Then,

for everyi =1, ..., s, there exists a vector q; € span(zx) @ T; such that
T = Zhl“,qs hfr,tm hx,fh Yy, (3)

where z is a phase factor.

Proof. Proceeds by induction in s and for an arbitrary dim(V') = N > 2. The base case
(s = 1) consists of the vector ¢ = y and the single reflection in (2). Then, we prove (3)
holds for s +1 < N, with V' = span(z) Ty & - - - & T & Ts11, under the assumption that
it holds for s > 0. Let W, := T, & Ts,1. By assumption

r = th’qs hz,qs,l e hx,m Yy, (4)
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with g, € span(z) ® W, = span(x) ® T, @ T,1,. Undoing the last reflection h,gz in (4)

we have that

ok S _. /
hl",qsfl T th,fD hﬂcm y==z h%ﬁs =Yg g =iqst ds11

where ¢, € span(z) @ T, and ¢, € Tsy1 constitute a direct sum decomposition of 7,_;.

By applying h,, we get

h h

wge 1 " Dag Nog Y =17, = Z:HQSH‘T + q{s+1 .

T,qs

The proof concludes by applying the reflection h,, .., with gs1 := 2}||¢s|lz + ¢, and
noticing that unitarity implies that ||gs41]] = 1. O

The sequence of vectors (¢;)i_; connecting the z-y exchange in (3) are determined by
the decomposition V' = span(xz) @ 17 @ --- & T, that is adopted in the hypotheses of
Lemma 2.1. The intermediate vectors (¢;){_, that are necessary in (3) may be produced
by a recursion rule that we extract from the constructive proof of Lemma 2.1.

Let P,; be the orthogonal projection onto span(z) @ T;, i = 1, ..., s. The base case
for the recursion is ¢; = Py, which is mapped into = by the reflection h,, , with the
phase factor z(z,q1). Let the first hop of y towards x be denoted by 7, = h, 4 y. Assume

y has advanced up to 7, & < s. The recursion rule for g4, and ¥, is the following

dk+1 = Pz,k-‘rl yk and gk-‘,—l - h$,¢]k+1 ykz . (5)

Recall that ||z|| = 1 and notice that ||¢s|| = 1 (which comes out automatically by unitar-
ity). While sequencing the product of reflections (3) by following (5) all the intermediate
phase factors z(x, q;) are absorbed in the definition of every next vector g1, except for
the last one. The phase factor appearing in (3) is z = z(z,qs) = ¢ z/|qx|, whenever
|g¥z| > 0. Otherwise, z = 1.

Next, we cope the problem of reproducing the evolution operator U : (x; — yi)fi_ol as
a succession of Householder reflections. As a preamble, we have to prepare Lemma 2.1 in
a special way.

First, the list of subspaces T3, ..., Ty that had been selected in Lemma 2.1 for the
orthogonal direct sum decomposition of the vector space V' = span(z) €, T; is denoted by

Ve = (T7, ..., T¥) and we write V = span(z) @ V*. We are explicitly showing z because
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it will not be a fixed vector. In the following, vector x will be each of the basis vectors
(o, ..oy Tj ..., Tn_1), one at a time. When the turn of vector z; comes, the relevant
vector space V' has been contracted to V; := span(x;, ..., zx_1) and we must provide a
list V" = (17", ..., T%") of orthogonal subspaces, such that V; = span(z;) @ V;" is an
orthogonal direct sum decomposition of subspace V;. The length s; > 0 of the list V" is at
most dim(V;4), which is attained when all the subspaces in the list are one dimensional.

Second, the phase factor z in the product of the s Householder reflections in (3) is

handled in the form

[Vx];: =z h%qs o hz#}l ) (6)

where 2 = (2 — 1) P, + 1, such that it does not affect vectors in span(z)*. Again, we do
it this way because x will be taking every value in the list (z;)~;".

The Householder representation theorem of our interest must provide us a way to
exchange every pair of basis vectors z; <> y; by following a certain sequence of intermediate

vectors.

Proposition 2.1 (Householder representation). Let X = (z;)N5! and Y = (y;)Y5" be
two orthonormal bases of V. Let the transformation U : (z; — y;)o'. For each i €
{1,...,N =2} let V; and V;"* be as described above. Then, there exist vectors p; € V; such

that

U= [V()wo]yo [lel]m T [ JTIJZEQ]PN& z, (7)
where 2 = (2 — 1)P,,,_, + 1 and z is a phase factor.
Proof. Let us start with the xq <> yo exchange. Lemma 2.1 associates to the list of

orthogonal subspaces V" and to the vector yo the block of reflections [V{]» ~that takes

Yo into xy. Then, the Y basis is transformed into the new orthonormal basis

T071% 1 1 1
Vol Y = (zo, i, o, o y$) (8)
where y](-l) = [V5"°]3, ¥, 7 > 0. Since span(yi”, ... y\),) = span(zy, ..., ax_1) = Vi,

then by Lemma, 2.1 the vector p; := yil) = [V5];, 1 is taken into x; by the transformation

[Vi"']y,, without touching x because xo L Vi, we have that [V;"']¥ xo = x9. The Y basis

https://mc06.manuscriptcentral.com/cjp-pubs
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is then transformed into

VT Vel Y = (o, 1, 987, Uiy S
where yf) = V"5, yj(l), j > 1. Again, we have that span(yf), ce yj(\?)_l) = V4 such that
the transformation [V5]* . with py := [Vi]% [Vi]% 4s, is a product of reflections that

are orthogonal to span(zg, x1) (so, it is not touched by the transformation) and so on, as

to have the vectors
pi= VI G L Ve T v (9)

from ¢ =1 up to i = N — 2. At this point, the Y basis has been transformed into the X

basis by the following product of blocks of reflections,

U = 2 VR, P V), (10)

PN_2 p1 Yo ?

where the phase factor 2* is necessary because unitarity leaves the phase of the (automatic)

map yy_1 — Ty_1 unfixed. O

In Proposition 2.1 the lists of orthogonal subspaces, V", are quite arbitrary. The
only restriction on them is that span(z;) @ V;" should be an orthogonal direct sum de-
composition of V;. In the interest of getting the simplest quantum gates we will choose
one-dimensional subspaces of V1 as elements of the list V" (this is certainly not the
only choice). Neglecting for the moment a permutation of the X basis vectors spanning
Vit1, we take T" = span(ziyx), ¢ = 1, ..., s; such that V" = (span(xzurk))ji:1 and
si=N—1—1.

The sequence of reflections h,, ., conforming the block [V;*],,, appearing in (7), is
computed using the sequence of g-vectors obtained from the recursion in (5), which starts
from the vector p; given in (9). For our choice of one-dimensional subspaces in the list
V¥ according to Lemma 2.1, every vector ¢;x, k = 1, ..., s;, lies in the 2-dimensional
subspace span(z;) @ 1}" = span(z;, z;4x) and can be expanded as ¢; ; = ax; + bx;4), with

coefficients such that |al* + [b]* = |lg;ix]|* and a = |a|z(2;, ¢ix)*. In the X basis the

reflection h,, .., , defined in (1), is specified by the following U(2) reflection, living in the
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subspace span(z;, T;ix),

b |a| N zb
e 7 e P
0 . 2*b* |al . (11)
ik Tith = ; — i+
AR gl T flaaell T

hoig,Tj =T, Whenever j #1,1+k,

where z = z(x;, ¢ix) = a*/|a|, a = x;*qi and b = 2,4 £*qi k.-

3. THE HOUSEHOLDER SCHEME FOR n-QUBIT BASES

The general mathematical scheme we have expounded in the previous section is next
adapted to the tensor product character of n-qubit states. We proceed in two steps. First,
in this Section, we reformulate the hypotheses of Proposition 2.1 in the form of a factoring
scheme in the standard (input and target) qubit bases for an array of n qubits. A rich
combinatory of factorizations that is inherent to the product character of multi-qubit
states is exposed. The second step is to give individual reflections the form of standard
quantum gates acting on one-qubit subsystems. The second step is the subject of the
next Section.

The standard basis for the n-qubit input states is the set of 2" product states, X =
{|uy : w € {0,1}"}, where |u) = |uous - up_1) = |uo)|wr) -+ [un—1). The target n-
qubit basis Y := { |[v)) : v € {0,1}"} is to be reached from X by the unitary operation
U € U(2"). A double right angle is being used to distinguish the target states |)) from the
input states |). The 2** amplitudes (u|v) that are the entries of U are assumed known.

The sequence of blocks of reflections representing U in (7) depend (a) on the order
that is given to the product states in the input basis X and (b) on the lists V" of one-
dimensional orthogonal subspaces spanning V;,1. In order to fix the ideas, consider the

following (a) order for the input basis X of a 3-qubit example

( 011), |001), |111), [010), |100), [000), |101), |110) )

0, 1 2, 3, 4, 5, 6, 7 (12)

https://mc06.manuscriptcentral.com/cjp-pubs
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and (b) lists of 1-d subspaces,
Vgt = ((010), (000), (001), (101), (111), (100), (110))
VPO = ((000), (010), (101), (110), (111), (100))
Vit = ((110), (010), (100), (000), (101))
V0 = ((101), (000), (110), (100)) (13)
V% = ((000), (110), (101))
V%0 = ((101), (110))
‘/6101 _ (<110>)

such that V; = (u;) @ V;*, where (u;) := span( |u;)). Notice that (u;) is excluded from
the lists V;/ having j > i. For instance, (uo) = (011) does not appear in any of the
lists in (13). The choices (12) and (13) determine one of the many possible sequences
of reflections in (7) and constitutes, in the next Section, a template for the cascade of
quantum gates.

The dimension of the state space of n-qubits grows exponentially with n, as 2". This
leads to a vast set of options for the Householder representations (7) of U, as the following
estimate shows us. Subspaces in the list V;"* may be ordered in (2" — 1 — 4)! different
forms, i = 0 to 2" — 2, and there are 2"! different orderings of X. This places the lower
bound for the number of factorizations provided for a given U by Proposition 2.1, see
(7), at super-factorial of 2", which is H?; j!. This vast set of options is not available for

single-particle (n = 1) Householder representations.

4. THE HOUSEHOLDER QUANTUM GATE

The U(2) reflections (11) forming the transformation blocks in (7) will be interpreted,
when acting on n-qubit states, as quantum gates. Let us denote the reflection in (11)
by h(u,v) = h |y, where span(u,v) is the 2-d subspace that contains the vector ¢ (see
the recursion rule (5)). The matrix h(u,v) in the standard basis has the form established
in (11),

h(u,v) [u) = s |u) + (m — in2) |v),
h(u, v) [v) = (1 + i) [u) — 03 |v),
h(u,v) |w)

|w), whenever w # u, v,

https://mc06.manuscriptcentral.com/cjp-pubs
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where 77 := (11, 72, 13) is a shorthand for the coefficients in (11), 77 is a real vector and
S"n? = 1. Our aim in this Section is to identify a one-qubit subsystem and a controlled
action on it that recreates the transformation (14). By the end of the Section the vector
77 is mapped to a quantum gate.

We exploit the tensor-product character of the input basis vectors. One-qubit states
that are common to both product states |u) and |v) can be factorized in (14). Denote by
Q := {i : u; = v;} the subset of qubit indices where the component bits of words u and
v coincide. The complement of Q, denoted @', is not empty: at least one component bit
of words u and v have opposite values. A binary word w is decomposed into two shorter
words: wg = (w;)icg and wgr = (w;);eqr. The decomposition is written w = (wg, wor)
and |w) = |wg) |wg), correspondingly. By definition we have that ug = vg and ug =
Vg, where ¥ denotes the component-wise binary negation of v.

The factor state |ug) = |vg) that is common to |u) and |v) is factorized in (14). Then,
the action of h(u,v) on any state |w) = |wg) |wo) leaves the factor state |wg) untouched.

The matrix h(u,v) does not behave as the identity on |w) in (14) only when either
|w) = |u) or |w) = |v). The two conditions for this to happen are that wg = ug = vg
and that wg either is wg = ug or is wgr = vgr. Thus, the action of h(u,v) is factorized

respect the @ and Q' groupings of qubits as follows,

h(u,v) lw) = |we) H(Q' |ug, ugr vV va) lwe) (15)

where we have introduced the controlled gate

Hlwg), (wo=ug)A ((we =ug)V (we =vg)).
H(Q' |ug, ug V) lwg) = . ( ) (16)
lwor), otherwise.

In the argument (Q’ ‘ Uug, g \/'UQ/) of the controlled gate H, Q' denotes the set of target
qubits, which are accessed by the transformation H provided that wg = ug and that
(wg = ug) V (wg = vg). The transformation H reflects the state |wy), of any qubit £
selected from the set Q" as to reproduce the coefficients in (14). We proceed to factorize
the controlled gate H (16).

Let Q) := Q' — {¢} and let F' be the controlled NOT gate

o), we =0 a7)
[Wg,), otherwise

F(Q|1e) lwgy) =t |zg;) = {

https://mc06.manuscriptcentral.com/cjp-pubs
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where Q) is the set of target qubits for F', which is controlled by the one-qubit state
|we)e such that zg, = (w; +,w¢)icg, (binary addition is being denoted by +,). Whenever
wgr = ug or wg = vy the gate I sets the group Q; of qubits in the state |(u;+,ur)icq;)-
Then, the binary word r, := (u; +2u4)iegz is the flag to trigger the action of the single-qubit

reflection
n310)e + (m —im2) [L)e,  (wgy = ke) A (we = 0).
R(|ug, ugy) lwe)e = § (m +im2) [0)¢ — m3 |1)e,  (wg, = ko) A (wy =1).  (18)
|wz>£7 otherwise.

and the target qubit of Ris ¢ € Q.

Lemma 4.1 (Householder gate). Let h, R and F be as defined above. Then,
h(u,v) = F(Qz‘lg) R(E ‘ ug, UQZ) F(le‘lg) . (19)

Proof. Let |w) = |wg)[wg,) |we). The action in operator form of the controlled gate
in (17) is
F(Q)[1e) lway) we) = (wel0) [wey) [0) + (we|1) [Wg,) [Le) - (20)
The action on |w) of the controlled gate R in (18) is
R({|ug, ugy) lwo) lway) lwe) = (1 — (wolug) <wQ;|uQ;>) lwo) [wegy) [we) +
(<we|0> (huw 106) + hao 1)) + (wel1) (hyu [00) + how \u))) x (1)
(wolug) (woylugy) |ue) |ugy) ,
Then, a direct calculation shows that
F(Qi|1e) R(¢|ug, ug;) F(Q|1e) lw) =
(wel0) (1= (wolug) (weylugy) ) [wo) lwe) lwe)
+ (wel1) (1= (wolu) (Waylug;) ) lwo) lwey) we) (22)
+ (wolug) (wo;lugy) (wel0) wo) (huu lwey) 100) + huy [Way) 110))
+ (wolug) (Wi lug,) (we|l) |wQ><hvu [way) 0¢) + how [woy) \1E>)~
In the cases when either w = u = (ug,ug,,0,) or w = v = (ug,Ugy, 1,) we verify that
(22) coincides with the first two cases in the definition of A in (14); otherwise (22) does

nothing on the vector state |w), as is required in the third line of (14). O

The quantum gate (19) that reproduces the action of a Householder reflection h(u,v),
is schematically represented [10] in figure 1. The items implicit in Lemma 4.1 that are

necessary to attend the subject of next Section are the following. The conditional on the
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Q0
iy
2@

¢ F
[we)e gﬁf

FIGURE 1. A Householder reflection as a quantum gate.

set Q of coincidences in (19), (wg = ug), is tested at the circle labeled ug, which pulls
a trigger if true. A target qubit ¢ is selected from the set Q' of differences. Then, the
further conditional on the set Qj, which is (wg, = ug) V (wg, = vgy), is tested with
the help of a CNOT gate F' and the circle with the label ky = (u; +,u¢)icg, in figure 1: if
true, another trigger is pulled. Whenever the two triggers are pulled, the /-th qubit state
|we)e is “rotated” by the action of the gate R, = 7j- 7, where 7 = (71, T, 73) is the vector
M1, 12, N3) are the coefficients of the
and (11). The full control word to

of Pauli matrices and the real components of 77 = (
matrix h(u,v), defined in (18) on the basis of (14)

trigger the action of Ry is (ug, k).

5. CASCADES OF HOUSEHOLDER GATES

This Section explains how to combine the template described in Section 3 with the
H-gate of Lemma 4.1 to assemble cascades of Householder gates that reproduce a given
unitary transformation U acting on n qubits. First, we state the formal corollary of

Proposition 2.1 and Lemma 4.1.

Theorem 5.1. An operation on an array of n qubits is unitary if, and only if, the oper-

ation 1s performed by a cascade of Householder gates.

Proof. Householder gates are unitary actions and any cascade assembled with them is
unitary too. The converse of this statement was the main subject of previous Sections:
Proposition 2.1 establishes that every element of U(2") (considered as a unitary action on
a n-qubit system) may be represented as the product of reflections of the form given in

(11). Then, Lemma 4.1 provides the representation of reflections (11) as (Householder)
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FIGURE 2.
of Householder gates for the block of reflections [V°1].

The matrix of 1-d subspaces in (23) marked to generate a cascade

quantum gates, converting the sequence of reflections (7) into a cascade of quantum gates

that reproduces any element of U(2"). O

We proceed to explain how Proposition 2.1 and Lemma 4.1 combine, as pointed out
in the proof of Theorem 5.1, to translate every block [V;*],, of Householder reflections
in the representation (7) of U into a cascade of quantum gates. The assembling steps
are illustrated with a 3-qubit example. The starting point is the scheme of Section 3
that establishes the validity of the hypothesis of Proposition 2.1. Let us work out the
gate assembling of the block [V}],, of reflections, which has the list of one-dimensional

subspaces Vi* = ({v;))%, given in (13). The list V;* directs the reflection-by-reflection

transformation of the input state |u), with binary word v = 001. From the list V}* in (13)

we construct the 3 x 6 matrix

111100 0
V(u) = (vg,...,v1)=(0 1 1 0 1 0], 0 (23)
010100 1

having as columns the binary words v; in the list V}", entered in reversed order, going from
vg down to vy, as to fit the order of reflections of the adjoint of the block of reflections in
(6). The number of columns, lesser than 2", is the number of Householder reflections in
the block. Every row of the matrix V(u) corresponds to a qubit line and every column of
V(u) defines a reflection. We assume the vector 77 of every reflection, (14), in every block
[Vi*],, has been computed already, the only task remaining is to convert reflections into

the Householder gates in figure 1.
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Following the description of Lemma 4.1 in the last paragraph of Section 4, at every
column of V(u) the binary words u and v; split the set of qubit lines into the group of
coincidences Q; = {j : v;(j) = u(j)} and the group of differences Q) = {j : v;(j) # u(y)}.
The extra column on the right side of (23) is word u = 001, written down as an aid for
the comparison of u with individual column words v; of V(u) and then identify the sets Q;
and Q. At every column v; the target qubit of the controlled single-qubit rotation R; is
any /; selected from Q.. Arbitrary choices of ¢; are shown in the matrix V(u), reproduced
in figure 2, by slashing the corresponding bit value v;(¢;). The target qubit ¢ is recorded
along the bottom line of the table as well. Notice that the target lines ¢; selected in figure
2 have v;(¢;) # u(¥;), as required. The control word for the one-qubit gate R; is (ug, k),
where ¢ = (u; +,ur)ico,- The two CNOT Fj gates that accompany R; in (19), one on each
side of the R box in figure 1, act on the qubit lines in the reduced set of differences Q .
The qubits in Q) are recognized in the matrix V(u) in figure (2) by placing a ‘+’ sign on
each side of the value v;(7) # u(j), j # ¢;. The CNOT gates F; are controlled by the qubit
line 4;.

The marking of the matrix V(u) (23) we have just described, and completed in figure 2,
translates directly to a cascade of Householder gates, which is depicted in the schematics
below the matrix in figure 2. The single-qubit gates R; are shown as boxes, which are
triggered by lines that derive from their control words. A consecutive pair of identical

CNOT gates between R4 and Rs were eliminated.

6. MINIMIZING THE NUMBER OF CNOT GATES

The observation is that a pair of consecutive identical CNOT gates annihilate each-
other’s action and may be discarded from a cascade of gates. Then, the number of cNOT
gates in a cascade of Householder gates is reduced to a minimum by choosing the lists
of one-dimensional spaces V* in Proposition 2.1 such that the binary words u; follow
a Gray order [11, 12] where each word differs from the one preceding it in just one bit.

We present in the following, without a proof, an algorithm to produce Gray lists of n-bit

words, in matrix form, that start from a given reference word u.
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Assume u = (ug, ..., up_1) is the given reference word. Then, the algorithm is to
produce Gray sequences in the form of a n x 2™ matrix, similar to the table in figure 2,
beginning with word u. Such a matrix G(u) has a line G* = (gi, ..., gb._,) € {0,1}*" per
component bit, i =0, ..., n— 1, with g4 = u;. In the algorithm, the relation between the
order of production of a line and the place of the line in the matrix G(u) is established
through a permutation ¢ — k; of Z,, = {0, 1, ..., n — 1}. Every permutation i — k;
generates a different Gray matrix for the reference word u. The 2" columns of matrix

G(u) are all the n-bit words presented in Gray’s order.

Algorithm 6.1 (Gray matrix). Let the length of binary words be n > 1 and let the word
w=(uy, ..., u,) € {0,1}" be given. Let i — k; be a permutation of Z,. Then, for every

i € {0, ...n—2}, prepare the binary word

b= (ykﬂ"'aukz; \Ekiv"'aﬂkza zj/k“'”auk@ )

—~ —~ —~

2% copies 2i+1 copies 2% copies

in order to form the line G* of the matriz G(u) by concatenating 2"~=2 copies of b,

GF = (b, ..., b). Matriz G(u) is complete when the last line
——
on—i—2
k., _ _ —
Gn 1:(ukn_1,...,ukn_14, ukn_l,...,ukn_l)
Vv Vv
27=1 copies 27=1 copies

is included. Then, the column words of G(u) follow a Gray order.

Starting with v = 011 and using the permutation i — k;: ko = 1, ky = 2, ky = 0,
Algorithm 6.1 yields the following matrix

000011 11
GO11)= (1 0 0 1 1.0 0 1]. (24)
11000011

~—

Gray sequences presented in the form of matrix G(u) fit nicely to minimize the number
of ¢NOT gates in Householder cascades. For example, the Gray matrix G(011) in (24)
may be used to establish the order [VRU][VPO [V - .. [V{9] of the sequence of blocks
in Proposition 2.1 for the 3-qubit example and then apply on the matrices the marking
procedure explained in Section 5. The last column word 111 of the Gray matrix in (24)

is not necessary and is not used in the 3-qubit example.
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For the first block of reflections, [Vi'!], in the sequence we follow the Gray matrix
(24) for the word u = 011. The order of column words in G(u) is reversed first and the
rightmost column is taken as u in V(u). The matrix V(011) we have derived this way
is shown in figure 3-A along with the marking we have chosen. The marking translates
into the Householder cascade shown in figure 4-A. Consecutive identical CNOT gates are
discarded from the cascade of gates.

For the second block [V}°!'] we use a Gray matrix derived from V(011). We delete the
rightmost column word 001 of V(011) in figure 3-A and take it as the argument of the
matrix V(001), which is shown in figure 3-B. The marking on V(001) shown corresponds
to the cascade of Householder gates in figure 4-B.

The exercise is completed by repeating the procedure on successive blocks of reflections.
The matrices so produced, decreasing in length, are shown in figure (3). The corresponding
quantum circuits are shown in figure 4. The seven blocks in figure 4 are assembled together
into a single cascade of Householder gates by matching the arrow tails and heads at the

ends of the schematics.

7. FINAL REMARKS

In the interest of clarity, our presentation did not consider the phase factors z; accom-
panying each block of reflections in (3). Neither had it considered the late phase factor z
in (7). A simple way to incorporate the phase factors into a Householder cascade is to set
the global factor to z = 1 and then individual phase factors z;z* are introduced through
the coefficients of the rightmost gate R in the schematics of the i-th block, see figure 4,
which are modified as to produce the transformation

10) = (2:2") 13 [0) + (2:27) (m —im2) (1),

1) = (m + in2) [0) — 3 [1).
This way to handle the phase factors adds the overall factor z* to the target Y-basis while
maintaining the original phase differences between vectors in the basis.

The lower bound for the number of factorizations of a unitary action on n-qubit systems
that are provided by the present implementation of Proposition 2.1 is super-factorial of

2", Hf; jl. For as few qubits as n = 3 the number of Householder factorizations has the
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FIGURE 3. Matrices derived from the Gray matrix V(011).
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FIGURE 4. Cascades of Householder gates obtained from the matrices in figure 3.
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extremely large lower bound of Hle( j!) =~ 5 x10%. The example cascade of Householder
gates we have assembled in Section 6 is just one out of a huge set of alternatives.

The assembly method we have developed exploites the Householder representations that
are based upon sequences of one-dimensional subspaces in Proposition 2.1. This we did to
implement reflections as quantum gates acting on one-qubit subsystems, which are suited
to the theoretical requirements of quantum computation. However, quantum simulation
in general does not demand such elementary quantum gates. We believe that our method
to deal with multi-particle implementations of Householder factorizations may provide

some further tools for the design of quantum simulators.
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