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Abstract:  Tree size distributions are of fundamental importance in ecology, forestry and global 23 

change research. Airborne laser scanning (LiDAR) provides high-resolution information on 24 

canopy structure and has great potential as a tool for mapping and monitoring tree stem diameter 25 

distributions (SDDs) across forest landscapes. We present an area-based allometric model, with 26 

three levels of species specificity, that links ground-based plot data to the height distribution of 27 

LiDAR first returns (HDLIDAR), demonstrating the approach with surveys of a mixed, uneven-28 

aged forest in central Ontario, Canada. Our model translates stem diameters into estimates of 29 

exposed crown area within 1 m height intervals; we then compared those estimates with HDLIDAR 30 

values. This basic approach gave reasonable goodness-of-fits (RMSE = 32%), but accuracy was 31 

improved by adding mechanistic features to adjust crown shapes and crown permeability, and 32 

allow for crown overlap and gaps (RMSE = 17%). The model showed no bias in predicting 33 

LiDAR returns in the mid-to-upper canopy (18-30 m), but tended to underestimate those from 34 

the understory-level (2-8 m) and overestimate returns from the ground and lower canopy (8-18 35 

m). Our model represents an important step towards remote mapping of tree size distributions by 36 

showing that LiDAR first returns can be accurately predicted from standard plot data by 37 

considering a few fundamental canopy properties. 38 

 39 

 40 

 41 

Key words:  tree-size distribution, discrete-return LiDAR, mixed forest, allometry, canopy 42 

model. 43 
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Introduction 46 

Tree stem diameter distributions (SDDs) are a fundamental property of forest structure and are 47 

therefore integral to the productivity, water and nutrient cycles, carbon storage, wildlife habitat 48 

suitability and disturbance risk of the forest (e.g. Parker et al., 1985; Kirschbaum, 1999; Sullivan 49 

et al., 2013; Coomes and Allen, 2007; Lines et al., 2010). Forest managers rely on SDDs to 50 

assess timber volumes and harvest yields (Scheller and Mladenoff 2004). In dynamic models of 51 

global change responses, detailed forest structural information is valuable for setting initial 52 

conditions, particularly when using individual-tree-based approaches (e.g. Köhler and Huth 53 

1998; Scheller and Mladenoff 2004; Purves et al. 2008; Caspersen et al. 2011). Currently, SDDs 54 

are routinely estimated by ground-based surveys, but these are expensive to conduct and based 55 

on sampling rather than complete mapping of survey areas. 56 

 Airborne LiDAR (light detection and ranging) is a laser-based remote sensing technology 57 

that produces high resolution point clouds of the locations where laser pulses have been reflected 58 

from leaves, branches, stems and the ground (Lim et al. 2003). Airborne LiDAR is increasingly 59 

used by foresters to measure biophysical properties of forests, including stand height, volume 60 

and density, basal area, and leaf area index (e.g. Næsset 2002; Lim et al. 2003; Popescu, Wynne, 61 

and Nelson 2003; Leeuwen and Nieuwenhuis 2010). Being able to map these properties over 62 

entire landscapes is a significant advantage of using airborne LiDAR data with the majority of 63 

work focusing on mapping aboveground carbon (e.g. Asner et al., 2012), biomass (e.g. Zhao et 64 

al., 2009) or timber volume (e.g. Hill et al., 2014). Such properties are important to timber and 65 

carbon accounting and can all be directly estimated from SDDs with some associated species 66 

information, such as the proportion of conifers vs. broadleaves. Possessing information on the 67 

underlying SDDs therefore offers another layer of detail and is particularly important for 68 
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assessing current and future timber stocks. A number of different approaches have been proposed 69 

for mapping SDDs, which we will go on to discuss. Our ultimate aim is to develop a novel 70 

approach to map SDDs using airborne LiDAR, where stems are binned into user-defined 71 

diameter classes at the scale of 2500 m2. In this paper, we explore the link between a forest 72 

stand’s stem size distributions and its airborne LiDAR returns; our emphasis is on establishing 73 

the theoretical form of the relationship from basic principles. 74 

Predictions of SDDs from airborne LiDAR can be organised into two distinct approaches: 75 

area-based approaches (ABA; e.g. Maltamo et al. 2006; Breidenbach, Gläser, and Schmidt 2008; 76 

Thomas et al. 2008; Jones, Woods, and Lim 2009; Valbuena et al. 2013) and individual tree 77 

detection (ITD; e.g. Dalponte, Bruzzone, and Gianelle, 2011; Yao, Krzystek, and Heurich, 2012; 78 

Vauhkonen and Mehtätalo, 2015). ABAs predominantly use traditional statistical relationships 79 

with the best-fitting LiDAR metrics to estimate the parameters of a distribution describing the 80 

stem diameters, such as the shape and scale parameters of a Weibull distribution (Thomas et al., 81 

2008; Jones et al., 2009). Breidenbach et al. (2008) predicted the shape and scale of a left and 82 

right truncated Weibull from the first and third LiDAR height quartiles using a log link function. 83 

The main benefits of the statistical methods are that they rely on standard forest inventory data 84 

without any spatial information and are therefore relatively easily parameterised and applied in 85 

new areas at the plot-level scale. The downside of using traditional statistical relationships is that 86 

they are not necessarily intuitive; they are often based on whichever combination of metrics 87 

offered the best fit to the data potentially resulting in over-fitted models. Many of these models 88 

are not robust to extension to other forests where the metrics will be dependent on different 89 

LiDAR acquisition properties (Næsset 2004), as well as offering questionable accuracy in un-90 

sampled regions of the forest (Vincent et al. 2012, Mitchard et al. 2014). 91 
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ITD methods can make more informed predictions of SDDs based on scaling relationships 92 

between a crown segmented from the point cloud and the expected associated stem diameter. 93 

Dalponte et al. (2011) presented a method for inferring individual stem diameters and volumes 94 

from crowns segmented using an algorithm developed by Hyyppä et al. (2001). The most 95 

effective LiDAR metrics associated with the segmented crowns were used to predict the stem 96 

diameters. Vauhkonen and Mehtätalo (2015) demonstrated how a transformation function can be 97 

developed to map the cumulative distribution of segmented crown radii onto the cumulative 98 

distribution of stem diameters; they emphasise that their method does not require mapped stems 99 

and makes some compensation for inaccuracies in the delineation process. This method also 100 

draws from the plot-level statistical methods as they selected the best-performing plot-level 101 

LiDAR metric to predict the random plot-level effects to fine tune the transformation function. 102 

Whilst ITD offers a promising alternative, ABA remains the approach favoured by foresters, 103 

particularly in Scandinavia (Xu et al. 2014). ITD requires a minimum point density with most 104 

studies reporting between 8-12 points/m2, whereas ABA has been shown to be unaffected by 105 

decreasing the point density to as low as 1 point/m2 (Jakubowski et al. 2013), and, even at high 106 

point densities, ITD struggles with crown overlap and cannot detect understory trees reliably. 107 

Some progress has been made in combining the two approaches to take advantage of the 108 

strengths of both methods; Xu et al. (2014) demonstrated how the SDD prediction made using 109 

ITD and high density LiDAR can be combined with that made using an ABA and low density 110 

LiDAR to improve the accuracy of the ABA estimates and reduce the bias of the ITD estimates. 111 

Our ultimate aim is to offer an alternative approach to those listed above, which balances 112 

the inclusion of realistic properties of the forest canopy with the simplicity to apply the model 113 

across landscapes with low LiDAR point densities. First, we must develop the intermediate link 114 
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model which bridges the gap between the SDD and the height distribution of LiDAR first returns 115 

(HDLIDAR). If all tree crowns in a stand were identically shaped and there was no allometric noise 116 

associated with the crown-stem diameter allometries, and if laser pulses were fired directly 117 

downward and reflected off the upper surface of the forest canopy, then the link between size 118 

distributions and LiDAR signals would be straightforward to describe. From this basic model, 119 

we explore how adding additional complexity improves the predictions of the LiDAR return 120 

distribution (HDPREDICT). 121 

SDD - HDPREDICT models can be extremely detailed, as demonstrated in the ray-tracing 122 

literature (e.g. Disney et al., 2010; Goodwin et al., 2007; Sun and Ranson, 2000) where the 123 

interaction of each simulated laser pulse is predicted given a detailed representation of the forest 124 

canopy. These models, such as the LiDAR Interception and Tree Environment (LITE) model 125 

(Goodwin et al. 2007), allow us to explore the effect sensor properties have on the resultant 126 

LiDAR data. For our purposes, we require a model that falls between these two extremes, but 127 

which additional features should be included in our basic model? 128 

Within a given plot, our basic model predicts the crowns from non-spatial diameter at 129 

breast height (dbh) measurements based on a single fixed allometry. The predicted crown areas 130 

within 1 m height intervals are summed and the exposed canopy area within each interval is used 131 

to generate the HDPREDICT, which we compare with the HDLIDAR. In this way, we are considering 132 

the individual trees, as in ITD methods, but not explicitly. As previously discussed, one of the 133 

limitations of this method is that crown overlap and overtopping reduces the exposed crown area 134 

(Vauhkonen and Mehtätalo 2015), so this is the first feature that should be incorporated. 135 

Drawing from the ray-tracing methods, the fundamental canopy property determining the 136 

behaviour of the LiDAR pulse is the distribution of foliage (Goodwin et al. 2007). Without 137 
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spatial information and maintaining an ABA, we approximate the distribution of foliage 138 

important to predicting first returns by three additional features: gap fraction, more detailed 139 

crown shapes and crown permeability (Jochem et al. 2010). The combination of these features 140 

should help to refine the predicted area of foliage at given heights. 141 

Here, we develop the link between the SDD and the HDPREDICT which operates at the plot-142 

level, yet includes key properties of the forest canopy; the proposed benefits of this method are 143 

that it is simple, requiring only standard forest inventory data, low density LiDAR and low 144 

computational power, it is intuitive, therefore can plausibly be recalibrated to other similar 145 

forests, and has been developed on a relatively complex forest type. A large proportion of the 146 

research in this area is based in alpine, mountain or boreal forests which are therefore largely 147 

comprised of coniferous species. We test the model on an uneven aged, mixed conifer-broadleaf 148 

forest of central Ontario, Canada, which therefore has a relatively complex structure as compared 149 

with many that are used in the literature. 150 

We will address two research questions: 1) is a single allometry sufficient or is more 151 

species information required?  2)  How does each feature independently improve the basic model 152 

(gap fraction, crown shape refinement, canopy permeability and crown overlap)?  In the 153 

discussion, we will discuss the feasibility of using this approach to map SDDs. 154 

 155 

Materials and methods 156 

Study area 157 

The Haliburton Forest and Wildlife Reserve is a 32,000 ha privately owned property located in 158 

the Great Lakes - St. Lawrence Forest Region of central Ontario, Canada (45°13' N, 78°35' W). 159 

The forest grows on undulating terrain (ranging from approximately 400 – 500 m above sea 160 
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level). Monthly temperatures range from an average of -7.5 ± 3.2 °C in the winter months to 17.8 161 

± 1.5 °C in the summer months. Average monthly precipitation is 84 ± 9.5 mm (Environment 162 

Canada 2012). The forest is a mixture of broadleaf and conifers species; it is dominated by sugar 163 

maple (Acer saccharum Marsh), but several other species are common, including eastern 164 

hemlock (Tsuga canadensis (L.) Carrière), American beech (Fagus grandifolia Ehrh.), red maple 165 

(Acer rubrum L.), balsam fir (Abies balsamea (L.) Mill.) and yellow birch (Betula alleghaniensis 166 

Britt.). Across the region, forests are extensively managed for timber using selection silviculture, 167 

but there are small patches of unmanaged old-growth stands where the terrain is unsuitable for 168 

harvesting machinery. Natural disturbances include both small-scale gap-disturbances and rare 169 

large-scale wind events (Vanderwel et al. 2008). 170 

 171 

Inventory plot and LiDAR datasets 172 

The ground plot data were comprised of 154 circular plots each with a radius of 28.2 m 173 

corresponding to an area of 2500 m2 (Fig. 1). We selected the plot locations using a stratified 174 

sampling design:  the forest was classified into seven different ecotypes using overstory species 175 

composition and structure, soil type and the moisture regime and then these were further 176 

subdivided into six levels of canopy openness determined by eye from aerial imagery. We 177 

randomly selected plots so that at least two plots represented each of the 42 possible 178 

combinations. Within each plot, all trees with a dbh greater than 8 cm were identified to species 179 

and the dbh measured. The centre points of each plot were georeferenced to within 1 m using a 180 

differential GPS. See Table S.1 for additional plot details. 181 

Discrete airborne LiDAR data were collected in August 2009 using a Cessna Turbo 206 182 

Stationair aircraft outfitted with an Optech ALTM 3100 LiDAR four-pass system which is 183 
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capable of recording up to 100,000 measurements per second with potentially four returns per 184 

pulse, each with an associated intensity. The system was flown at an altitude of 1500 m, 185 

therefore achieving a pulse repetition frequency of 70 kHz, with a pass overlap of 30% (see 186 

Table S.1 for flight specifications and definitions of terms). The average first return point density 187 

was 2 points per m2. The precisely geolocated points making up the point cloud were run through 188 

a classification routine to provide an initial surface model (i.e. isolating the points associated 189 

with the ground or close to the ground). The initial surface model was then smoothed using 190 

Optimal Geomatics’ proprietary methods to determine a digital elevation model (DEM), which 191 

was checked using control and validation points across the area (horizontal tolerance of less than 192 

0.75 m and consolidated vertical accuracy of 0.20 m). A triangular irregular network (TIN) was 193 

constructed from the points classified as ground returns which then provided a z-coordinate 194 

associated with the ground for every return; all returns were then converted from the height 195 

above sea level to the height above the ground by subtracting these ground z-coordinates. We 196 

used only the first return data in our analyses to increase the generality and interpretability of our 197 

model (Næsset 2004). We clipped the LiDAR data corresponding to each inventoried plot from 198 

the wall-to-wall dataset using ArcGIS 10 and then the first returns were sorted into 1m vertical 199 

height intervals above the ground. 200 

 201 

Description of the basic allometry-based model 202 

Using the forest inventory data, we constructed a model of the size and shape of all of the crowns 203 

(Fig. 2a) in the plot using pre-existing allometric equations (Purves, Lichstein, and Pacala 2007; 204 

Caspersen et al. 2011 – hereby referred to as the published allometric functions). This model was 205 

used to estimate the proportion of exposed canopy area within 1 m height intervals (ECA, the 206 
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canopy surface which is exposed to laser pulses; Fig. 2b), thereby transforming dbh 207 

measurements into a prediction of the height distribution of the ECA. The premise of this basic 208 

model is that LiDAR first returns backscatter off exposed canopy, so the predicted proportion of 209 

ECA within each 1 m height interval is assumed to be directly proportional to the observed 210 

distribution of LiDAR first returns (HDLIDAR). Note that this model makes use of published 211 

allometric functions, but does not contain any tuneable parameters. 212 

The model requires stem diameter information and so we then explored how adding 213 

species information improves the predictions. We present three versions of the model: 1) using a 214 

single allometry for all species, 2) using two allometries (one for conifers and one for 215 

broadleaves) and 3) using species-specific allometries for the eight most prevalent species plus a 216 

generic conifer and broadleaf allometry for all other species. 217 

The crown components predicted from dbh were tree height, crown depth, maximum 218 

crown radius and crown shape (Table S.1-Table S.3), from which the exposed crown area within 219 

height tiers could be calculated for every tree within the plot. Vertical heights, ℎ, are sorted into 220 

1 m height tiers denoted as [ℎ,  ℎ + 1); this is equivalent to ℎ ≤ 𝑥 < ℎ + 1 where x is some 221 

height falling within the interval. Within each height tier, the exposed area of all crowns was 222 

summed (𝐸𝐶𝐴[ℎ,  ℎ+1)), and then transformed to a proportion of the total canopy area 223 

(∑ 𝐸𝐶𝐴[𝑖, 𝑖+1)
∞
𝑖=0 ; where 𝑖 denotes the 1 m heights and ℎ𝑚𝑎𝑥 is the maximum height predicted in 224 

the plot rounded up to the nearest meter) as follows: 225 

(1)    𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)
𝐵𝐴𝑆𝐼𝐶

 
=

𝐸𝐶𝐴[ℎ,  ℎ+1)

∑ 𝐸𝐶𝐴[𝑖, 𝑖+1)
ℎ𝑚𝑎𝑥
𝑖=0

. 226 

The predicted height distribution of first returns (𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇
𝐵𝐴𝑆𝐼𝐶 ) is equivalent to the 227 

proportional exposed canopy area within each height tier. A sugar maple allometry (Caspersen et 228 
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al. 2011) was used in the single allometry model and also for the generic broadleaf allometry 229 

used in the two allometry and species-specific model versions, since sugar maples are the 230 

dominant species within the study area. The generic conifer allometry was obtained by re-fitting 231 

the allometries to simulated data aggregated from species-specific predictions of each remaining 232 

coniferous species weighted according to species abundance (Purves et al. 2007, Caspersen et al. 233 

2011). In the species-specific version of the model, allometries for the eight most abundant 234 

species (Purves et al. 2007, Caspersen et al. 2011) were used in the calculations of 𝐸𝐶𝐴[ℎ,  ℎ+1) 235 

and ∑ 𝐸𝐶𝐴[𝑖, 𝑖+1)
ℎ𝑚𝑎𝑥
𝑖=0 ; these species accounted for over 80% of the basal area represented in the 236 

stratified plot inventory. For the remaining species, the generic broadleaf and conifer allometries 237 

were used. See Table S.1 for allometric functions and Table S.2 and Table S.3 for associated 238 

parameter values.  239 

 Our aim was, ultimately, to develop a simple model which offers the best possible 240 

prediction (HDPREDICT) of the observed distribution of LiDAR first returns. The resultant model 241 

provides the intermediate link between SDDs and the HDLIDAR which is necessary to generate a 242 

suite of height distribution predictions quickly from theoretical SDDs. The model thus offers a 243 

tool for matching any given HDLIDAR for a similar forest to a most likely SDD; we expand on this 244 

further in the discussion (Fig. 3). We consequently needed to assess the performance of the basic 245 

model, where performance was measured by a reduction in the difference between the observed 246 

and predicted distributions (HDLIDAR – HDPREDICT), and then we considered how the additional 247 

features improved model performance. 248 

 249 

Refining the basic model 250 
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The basic model assumed that published crown allometries were accurate, that LiDAR first-251 

returns were backscattered off the outer shell of the forest canopy (i.e. that crowns are 252 

impermeable), that there were no gaps in the canopy, and that individual trees had non-253 

overlapping crowns. Since we made no spatial considerations, there is an underlying assumption 254 

that tree crowns organise themselves in space to minimise overlap (the perfect plasticity 255 

approximation of Purves et al. 2008) whereas in reality there may be considerable overlap in 256 

some places and gaps in others. In the following section, we describe how the basic model was 257 

refined in order to relax these assumptions. The parameters of the functions used to refine the 258 

basic model were estimated from a 114 plot training dataset; any improvement in fit was then 259 

assessed using the remaining 40 plot test dataset. 260 

Allowing for gaps in the forest canopies:  The proportion of pulses reflected off the ground 261 

(ground returns, p0) was assumed to be exponentially related to the total canopy area of a stand:  262 

(2)    𝑝0  = 𝑒𝑥𝑝 (−𝛼.
∑ 𝐸𝐶𝐴[𝑖, 𝑖+1)
ℎ𝑚𝑎𝑥
𝑖=0

𝑃𝐴
) 263 

Where 𝛼 is a parameter and the second component in the exponential is the total canopy area (i.e. 264 

the sum of the ECA within all height tiers) divided by the plot area (PA; see Table S.4 for all 265 

parameter definitions). Given the estimated p0, the predicted proportions of first returns made by 266 

the basic model were scaled to give an HDPREDICT which sums to 1.  267 

Adjusting crown shapes:  To account for the often sparse datasets of crown shape measurements 268 

and that the crowns represented by the LiDAR first returns may differ from the allometric 269 

predictions (Piboule et al. 2005), we fitted a new crown shape parameter (𝛽) for all allometries 270 

used in each version of the model (see supplementary material; eqn. (S. 1)). All other parameters 271 

in the allometry were unaltered. The crown shape parameter controls the curvature of the crown 272 
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ranging from convex (𝛽 < 1) to linear (𝛽 = 1) to concave (𝛽 > 1); this determines how the 273 

crown radius decreases from the base of the crown to the peak. 274 

Allowing tree crowns to be semi-permeable:  LiDAR pulses may penetrate into a tree crown 275 

before being backscattered at sufficient intensity to register a return in the laser scanner. Hence, 276 

first returns are not necessarily from the outer shell of the crown (Gaveau and Hill 2003, 277 

Chasmer et al. 2006). The following crown permeability (or crown transparency) parameter (𝜑) 278 

relaxes the assumption that first returns scatter off the outer shell by allowing a proportion, given 279 

by 𝜑, to pass through the crown from the height interval above:  280 

(3)             𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)
𝑃𝐸𝑅𝑀

 
= 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)

𝐵𝐴𝑆𝐼𝐶 . (1 − 𝜑) + 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ+1,  ℎ+2)
𝐵𝐴𝑆𝐼𝐶 . 𝜑 281 

For example, if the crown were a cylinder, then (1 − 𝜑) gives the proportion of the crown 282 

area that would be recorded from the height interval in which the top of the tree falls, and 𝜑 283 

gives the proportion that would be recorded from the interval below. 284 

Accommodating overlap between tree crowns:  There is a strong likelihood that small trees 285 

within a stand are overtopped or overlapped by neighbours and so are not apparent in the LiDAR 286 

first-return signal. We assumed that the probability of crowns in a given height tier being 287 

exposed to LiDAR depends on the canopy area within higher tiers. We incorporated this effect as 288 

a crown overlap correction factor (𝜃[ℎ, ℎ+1)) determined by a negative exponential of the 289 

proportional cumulative canopy area at a particular height where 𝛾 controls the shape of the 290 

exponential; cumulative canopy area refers to the total ECA above this given height.  291 

(4)   𝜃[ℎ, ℎ+1) = exp (−𝛾.
∑ 𝐸𝐶𝐴[𝑖, 𝑖+1)
ℎ𝑚𝑎𝑥
𝑖=ℎ+1

𝑃𝐴
)   292 

Combining all refinements into the full model: The crown permeability and crown overlap 293 

features can be combined into the following: 294 
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(5) 295 

𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)
𝑃𝐸𝑅𝑀+𝑂𝑉𝐸𝑅𝐿𝐴𝑃

 
= 𝜃[ℎ, ℎ+1). 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)

𝐵𝐴𝑆𝐼𝐶 . (1 − 𝜑) + 𝜃[ℎ+1, ℎ+2). 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ+1,  ℎ+2)
𝐵𝐴𝑆𝐼𝐶 . 𝜑 296 

The full model incorporating all of the above features: gap fraction, refitted crown shape, 297 

crown permeability and crown overlap is therefore given by: 298 

(6) 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1) 
𝐹𝑈𝐿𝐿 =  

{
 
 

 
 
1

𝑁
. (𝑝0 + (1 − 𝑝0). 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[0,  1)

𝑃𝐸𝑅𝑀+𝑂𝑉𝐸𝑅𝐿𝐴𝑃)

 
1

𝑁
. ((1 − 𝑝0). 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)

𝑃𝐸𝑅𝑀+𝑂𝑉𝐸𝑅𝐿𝐴𝑃)         

        

𝑓𝑜𝑟 ℎ = 0

𝑓𝑜𝑟 ℎ = 1, 2, 3, …

 299 

where N is a normalisation constant calculated such that ∑ 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1) 
𝐹𝑈𝐿𝐿ℎ𝑚𝑎𝑥

ℎ=0 = 1  300 

 301 

The  HDPREDICT of the basic model (𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)
𝐵𝐴𝑆𝐼𝐶 ) is defined in eq. 1, the proportion of 302 

ground returns (p0) is defined in eq. 2, crown permeability (𝜑) in eq. 3, crown overlap (𝜃[ℎ, ℎ+1)) 303 

in eq. 4 and the combination of the two (𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)
𝑃𝐸𝑅𝑀+𝑂𝑉𝐸𝑅𝐿𝐴𝑃 ) in eq. 5. 304 

 In the discussion, we will address the potential and limitations of using this model to 305 

predict SDDs. 306 

 307 

Model fitting 308 

Building on the basic model, which has no tuneable parameters, we added the four features 309 

detailed above to show how each influenced model performance in each of the three versions of 310 

the basic model. All four features were then combined in the full model. We estimated the 311 

parameter values that minimised the difference between HDPREDICT and HDLIDAR in the training 312 

plots, and measured model performance using the test plots. 313 
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We used a Markov Chain Monte Carlo (MCMC) algorithm, implemented in the Filzbach 314 

C# library (Purves and Lyutsarev 2011), to estimate the parameters in the model features 315 

described above. In each case, the log-likelihood was calculated by assuming that the probability 316 

density function of (HDLIDAR – HDPREDICT) was normally distributed with a mean zero and a 317 

standard deviation σ. We used uninformative priors, and sampled parameters uniformly between 318 

upper and lower bounds that were chosen to be algebraically sensible or biologically reasonable. 319 

For each version of the model, we ran 3 replicate chains of 9,000 iterations each and a burn-in of 320 

1,000 iterations, except for the full model where each chain comprised of 35,000 iterations, with 321 

a burn-in of 5,000 iterations, to allow for the greater number of parameters. All models 322 

comfortably converged within the allotted number of iterations. We retrieved estimates for the 323 

posterior means and 95% credible intervals of all parameters, and used a deviance information 324 

criterion (DIC) to compare support for the models. Model performance was compared by 325 

predicting HDPREDICT for the 40 plots set aside for testing purposes, and then calculating the 326 

RMSE for each of the test plots by plotting the HDPREDICT against the corresponding HDLIDAR. 327 

 328 

Results 329 

Model performance 330 

The full model with all of the features included was the best supported statistically (lowest DIC 331 

and mean RMSE) in each of the three versions of the model (Table 1). Overall, the full model 332 

with the species-specific allometries offered the lowest DIC, but the two allometry version of the 333 

full model predicted the distribution of LiDAR first returns for the test plots (mean RMSE = 334 

0.0196 ± 0.0075) equivalently well as the species-specific full model (mean RMSE = 0.0196 ± 335 

0.0074). When the predictions for each version of the full model were averaged over all of the 336 
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test plots (Fig. 4), the one-allometry model offered a poorer fit than the two more complex 337 

versions. When focusing on the two- and ten-allometry predictions, the model is seen to capture 338 

the distribution of returns from the top of the canopy and ground, although it slightly over-339 

predicts frequencies in the mid-height range (~ 15 m) and under-predicts at lower heights. The 340 

performance of the full species-specific (ten-allometry) model is interpreted at the plot level in 341 

Fig. 5 to show examples from the full range of predictions. The RMSE statistics, across all test 342 

plots, for the full model indicated a greatly improved fit compared with the basic model in all 343 

versions of the model (Table 1; Fig. 6). The RMSEs in the full model were clustered more 344 

closely to zero than all of the other models with relatively little spread; this was also supported 345 

by the DIC. The disparity in model performance of the different levels of allometric complexity 346 

is greatly decreased in the full model compared with the basic model with a much smaller 347 

difference in mean RMSE between the one and ten allometry models (basic: 0.0082; full: 348 

0.0012). 349 

Individual performance of model features 350 

Each feature in our model led to improvements in model fit, based on comparisons with the 351 

independent test dataset, compared to the basic model (Table 1; Fig. 6), with the exception of the 352 

crown overlap feature. The crown shape adjustment term led to the greatest improvement in fit 353 

almost halving the mean RMSE in the single allometry model, whilst gap fraction only decreased 354 

the mean RMSE slightly and crown overlap had no effect at all when included independently in 355 

the basic model (Table 1 and inset of Fig. 6).  356 

Gap fraction:  The proportion of ground returns was observed to decrease exponentially in 357 

relation to the total canopy area of the forest stands (Fig. 7a). Returns are still reaching the 358 

ground when the crown area exceeds the plot area (about 10% when the total crown area is equal 359 
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to the plot area), but only about 2% of returns come off the ground when the total crown area 360 

exceeds 1.5 times the plot area. 361 

Crown taper: Crown shapes generated to maximize similarity between HDLIDAR and HDPREDICT 362 

were different from the shapes expected from published allometries for six of the ten species 363 

groups (Fig. 8; parameters in Table S.5 ). Balsam fir, ironwood and red maple were predicted to 364 

be more concave (conical) than the original crown shape estimates (𝛽 increased), whilst beech, 365 

hemlock and yellow birch were predicted to be more convex (less conical; 𝛽 decreased). The 366 

crown shapes for sugar maple, white spruce, broadleaf and conifer changed very little from the 367 

original estimates (Fig. 8 compares the original crown shapes to the new crown shapes); these 368 

were all originally parameterised from large sample sizes. With the exception of balsam fir, the 369 

remaining species were originally parameterised using relatively small sample sizes given the 370 

study area was dominated by sugar maples at a prevalence ranging from 63-82% across different 371 

size classes (Caspersen et al. 2011). 372 

Crown permeability: The tree crowns were estimated to be 65% permeable within a 1 m interval 373 

to LiDAR first returns just entering the crown in the species-specific full model (Fig. 7b); this 374 

value was approximately the same as the estimated permeability when no other features were 375 

incorporated into the model. Crown permeability was the second most influential feature, after 376 

crown taper, when added independently to the basic model (inset of Fig. 6). 377 

Crown overlap: The crown overlap feature was not useful in improving the similarity between 378 

HDLIDAR and HDPREDICT when considered alone (inset of Fig. 6), with the crown overlap function 379 

being fitted as a horizontal line at one. When considered in the full model, the crown overlap 380 

function proved to be important in increasing the performance of the model (DIC of the full 381 

single allometry model with crown overlap: -19 057; DIC of the full single allometry model 382 
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without crown overlap: -18 759). In the full model, crown overlap will tend to increase from the 383 

top of the canopy to the base, which is represented in Fig. 7c. Deeper into the canopy, the 384 

cumulative canopy area will become increasingly large and therefore more of the ECA will be 385 

shaded or overlapped by a neighbouring crown; the overlap correction factor serves to decrease 386 

the ECA as the cumulative canopy area increases. When the cumulative canopy area is equal to 387 

the plot area, approximately 55% of the ECA is recorded by the LiDAR first returns and 388 

therefore 45% of the ECA is predicted to be overlapped or overtopped. In a dense plot, we 389 

expect there to be a greater degree of crown overlap and therefore the more severe penalties in 390 

Fig. 7c would be reached, whereas the ECA in sparser plots would be less severely penalised 391 

overall due to a lower expected degree of overlap amongst crowns. 392 

 393 

Discussion 394 

Airborne LiDAR provides an efficient means of obtaining high-resolution information on forest 395 

structure over forested landscapes, but it is not at present being used to predict tree size 396 

distributions by foresters or ecologists. This paper takes an important step towards developing an 397 

approach for mapping size-distributions remotely, by demonstrating the close links between the 398 

height distribution of LiDAR first returns and SDDs measured in inventory plots. A model based 399 

solely on the basic geometry of tree crowns was not very accurate, but adding a few tuneable 400 

parameters to accommodate for gap fraction, variable crown form, crown permeability and 401 

crown overlap provided enough flexibility to achieve a great improvement in goodness-of-fit. 402 

Here we discuss these tuneable features in more detail, before discussing how the approach could 403 

be used to map size distributions from aircraft.  404 

 405 
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Modelling crown form is essential for accurate HDLIDAR prediction 406 

We found predictions based on published crown-shape functions were not sufficient for 407 

replicating the crowns as captured by LiDAR, and that including a tuneable parameter was 408 

essential in order for accuracy. Refining the overall crown shape was more important than 409 

adding detailed information about crown allometries of individual species: a single crown shape 410 

with a tuneable parameter was better supported statistically than having different allometries not 411 

fitted to the LiDAR data for each of the ten species (Table 1). Having an accurate knowledge of 412 

crown shape has been shown to be important for predicting LiDAR pulse height distributions 413 

(Nelson 1997, Sun and Ranson 2000). Van Leeuwen, Coops, and Wulder (2010) developed an 414 

approach for fitting together simple geometric shapes to provide the best approximation of a 415 

given canopy height model and van Leeuwen et al. (2013) used a flexible cone shape to fit to 416 

ground LiDAR data of a coniferous forest. Our findings support the use of simple shapes, since 417 

we found no discernible difference between the predictive accuracy of a model based on only 418 

two allometries compared with models using ten. 419 

 420 

Crown permeability, overlap and gap fraction 421 

Crown permeability to LiDAR pulses and crown overlap influenced how canopies were 422 

manifested in the point cloud (Li et al. 2012) and thus proved an important property to capture in 423 

the model. The basic model assumes that LiDAR pulses are reflected off the outer shell of the 424 

canopy whereas in reality some LiDAR pulses penetrate into the crown before being first 425 

reflected (Gaveau and Hill 2003, Maltamo et al. 2004). For example, Disney et al. (2010) 426 

estimated that true canopy height was significantly underestimated (~ 4% for broadleaves and ~ 427 
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16% for conifers) as a result of pulse penetration. Our model predicts 65% of first returns will be 428 

reflected within 1 m from where they entered the crown suggesting there is a high degree of 429 

permeation through the crown. Penetration of light is likely to vary with tree size (because leaf 430 

area index is size dependent; Nock, Caspersen, and Thomas 2008) and with the degree of foliage 431 

clumping (Goodwin et al. 2007). Since our model considers the stand as a whole, as opposed to 432 

considering individual trees, these effects might be averaged out, particularly in the full model 433 

where the permeability feature will have some trade-off with the crown overlap correction factor. 434 

The crown overlap function was found to be useful when used in combination with the 435 

other features, but redundant when used alone in the basic model. The interplay with the refined 436 

crowns, predicted gaps and permeable foliage meant crown overlap was then an important 437 

feature to include. The crowns overlap more the deeper into the canopy they are with the degree 438 

of overlap determined by the canopy area overhead; a sparsely populated plot will be minimally 439 

penalised, even close to the ground, since the cumulative crown area will be low relative to the 440 

plot area. Competition among crowns in plots with high stem densities has a major influence on 441 

crown form (Canham et al. 2004, Lines et al. 2010, Coomes et al. 2011). The crowns in the basic 442 

model were fixed, based on dbh and species, but the crown overlap function serves to adapt these 443 

fixed predictions to lower the probability of a return being made when the environment 444 

effectively becomes “more competitive”. Whether it is the case that two crowns are simply 445 

overlapping or that one of the crowns has dominated and the other has dropped its foliage in 446 

response (Garber and Maguire 2005; Purves, Lichstein, and Pacala 2007), the ultimate effect on 447 

LiDAR returns is the same. Goodwin, Coops, and Culvenor (2007) noted that the differing 448 

crown shapes in the field will also cause returns to be made from regions other than the fixed 449 

predicted exposed area. Our model does not explicitly measure at which point a crown will 450 



 

 

-21- 

 

become overtopped, nor which tree is overtopped by the other, but the overlap correction factor 451 

assigns a probability that is shared amongst all trees at a given height that they have been 452 

overtopped. The overall degree of overlap in a plot is determined by the canopy area and is 453 

therefore interlinked with the gap fraction. 454 

Gap fraction has important influences on LiDAR return distributions, but proved difficult 455 

to capture without any explicit consideration of the location of trees within plots. Our attempts to 456 

model gap fraction using the total crown area was not universally successful, because some plots 457 

contained waterlogged patches within which tree cover was discontinuous (RS, personal 458 

observation) and these patches produced many more ground returns than predicted by our 459 

canopy-cover function (see Bugmann 2001 for a discussion of the link between gap fraction and 460 

canopy cover). An approach, not explored here, is to use the LiDAR point cloud to identify gaps 461 

and use this information in the predictive models (Koukoulas and Blackburn 2004, Gaulton and 462 

Malthus 2010). 463 

It is clear that predicting LiDAR height-return distributions from inventory data requires 464 

an understanding of canopy structure and the interaction of LiDAR pulses with the canopy. How 465 

can we use this link to make informative predictions of SDDs across large scales? 466 

 467 

Mapping SDDs from LiDAR data 468 

Using a mechanistic approach, we have shown close links between SDDs and HDLIDAR, 469 

suggesting that it should be possible to map diameter distributions, using airborne LiDAR. In 470 

principle, the LiDAR dataset could be carved up into plot-sized tiles, and the most likely tree size 471 

structure of each tile inferred using the link function developed here (Fig. 3): the HDLIDAR of a 472 

given tile would be calculated, and the most likely size structure would be obtained by predicting 473 
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the HDLIDAR for a particular theoretical SDD, comparing that prediction with the HDLIDAR, and 474 

then continuing to search through many theoretical SDDs until a close match is found between 475 

observed and predicted HDLIDAR (see Fig. S.1). Given the accuracy of our model and the 476 

likelihood that multiple SDDs will produce the same HDLIDAR, our model will be able to produce 477 

a subset of possible SDDs. 478 

Mapping of size distributions from LiDAR data will only work if additional layers of 479 

information are provided to the algorithm to help refine its predictions. A single SDD in different 480 

locations will not always produce the same HDLIDAR as a result of allometric noise; although we 481 

are not proposing to invert the model, but to use it directly to predict an array of SDD-to-482 

HDPREDICT pairings, noise is still likely to pose an issue (Comerón et al. 2004, Clewley et al. 483 

2012). While our model alone is therefore not adequate to predict the precise structure and 484 

composition of a given stand, it does provide efficient and reliable predictions within a Bayesian 485 

framework that incorporates other sources of information. For example, our study area had 486 

previously been classified into forest types using imagery (Franklin et al. 2000) and including 487 

this information as a prior in the Bayesian analysis can substantially improve its predictive 488 

accuracy. Previous studies have also used statistical relationships drawn from LiDAR metrics to 489 

achieve predictions of plot level statistics which can also be used to better constrain our model 490 

(e.g. Popescu, Wynne, and Nelson 2003; Asner et al. 2010). In this way, we propose drawing on 491 

multiple different sources of information within a flexible framework to make the most confident 492 

predictions when applying our model to estimate SDDs.  493 

Recognising individual tree crowns in the LiDAR imagery (“crown segmentation”) is an 494 

alternative approach to the one we have adopted, and has the advantage of providing information 495 

on the location of trees within each plot (Koch et al. 2006). However, this approach has its 496 
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limitations:  it is hard to detect understory trees (Maltamo et al. 2004) and segmentation is often 497 

difficult in dense, deciduous stands (Koch et al. 2006) , although predictions can be improved by 498 

fusing LiDAR with multispectral data (Popescu et al. 2003). Incorporating spatial information 499 

into the model would also improve the predictions made by the gap-fraction feature, (Gaulton 500 

and Malthus 2010), although the extra complexity might compromise the applicability of the 501 

model to large scale mapping. 502 

 503 

Generalising the approach to other forest types  504 

A significant benefit of developing a model from first principles is that it can be tuned for 505 

applications in different forest types. None of the features included in the model are specific to 506 

the study area, so the model can be re-calibrated for a new study area in which a set of 507 

inventoried plots and the associated LiDAR first return distributions are available. The only 508 

requirements to use the model are reliable measurements, or an existing allometry, predicting the 509 

height and crown size, but not crown taper, for the predominant species; our work suggests that 510 

using published allometries from one or two common species will be sufficient for this as 511 

including ten allometries did not substantially improve model performance. All of the parameters 512 

in our model can be estimated using the non-spatial ground data and low density LiDAR 513 

distributions. 514 

We used first returns only in our model to minimise the effects of instrument type (Næsset 515 

2004), recognising that power, pulse frequency, footprint and scan angle all affect signal (Disney 516 

et al. 2010) . The generality of LiDAR derived methods for estimating canopy attributes can be 517 

affected by differences in LiDAR acquisition specifications (Hopkinson 2007). First returns are 518 

most clearly associated with the outer canopy shell, and thus can be related directly to crown 519 
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allometries. Subsequent returns are reliant on interior canopy properties, such as foliage 520 

clumping (Ni-Meister et al. 2001), and are consequently much more complicated to model 521 

(North et al. 2010). Under different specifications, the internal structure of the canopy will be 522 

captured very differently, and therefore would be hard to represent with a generic model. By 523 

working only with the first returns and summarising these returns into a height distribution, we 524 

reduce the problems associated with different LiDAR devices and increase the applicability of 525 

our model to other temperate or coniferous forest types. 526 

LiDAR offers wall-to-wall data for describing heterogeneous forest landscapes that are 527 

difficult to sample with ground plots (Asner et al. 2010, Mitchard et al. 2014). Our study 528 

represents an important step in the development of approaches for mapping SDDs.  529 
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Table 1 A performance summary of the different versions of the model. The deviance 

information criterion (DIC) estimated from the model-fitting plots and summary statistics 

for the RMSE measured for each test plot is presented for each model (the percentage 

RMSE is the mean RMSE as a proportion of the range of true values; see equations (S. 2) 

and (S. 3)). A decrease in both DIC and RMSE corresponds to an improvement in the 

model. 

Model version 
No. crown 

allometries 

No. 

parameters 

fitted using 

LiDAR* 

DIC 

Mean RMSE ± standard 

deviation 

(% RMSE) 

Basic allometric 

1 

2 

10 

0 

0 

0 

 

- 

0.0433 ± 0.0091 (39.7%) 

0.0388 ± 0.0085 (35.3%) 

0.0351 ± 0.0092 (32.1%) 

Gap fraction 

1 

2 

10 

1 

1 

1 

-13 744 

-14 884 

-15 596 

0.0417 ± 0.0090 (38.3%) 

0.0372 ± 0.0086 (34.0%) 

0.0335 ± 0.0093 (30.7%) 

Crown taper 

1 

2 

10 

1 

2 

10 

-18 253 

-18 684 

-18 954 

0.0231 ± 0.0094 (20.2%) 

0.0221 ± 0.0077 (19.5%) 

0.0217 ± 0.0078 (19.1%) 

Crown 

permeability 

1 

2 

10 

1 

1 

1 

-14 345 

-15 611 

-16 388 

0.0374 ± 0.0010 (34.4%) 

0.0331 ± 0.0085 (30.2%) 

0.0296 ± 0.0094 (27.2%) 

Crown overlap 

1 

2 

10 

1 

1 

1 

-13 374 

-14 483 

-15 121 

0.0433 ± 0.0091 (39.7%) 

0.0388 ± 0.0085 (35.3%) 

0.0351 ± 0.0092 (32.1%) 

Full 

1 

2 

10 

4 

5 

13 

-19 057 

-19 634 

-19 962 

0.0208 ± 0.0091 (18.2%) 

0.0196 ± 0.0075 (17.3%) 

0.0196 ± 0.0074 (17.5%) 

*The number of fitted parameters is one greater than the numbers provided here when the error 713 

term used to calculate the likelihood is included. 714 
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Figure captions 716 

Fig. 1 The extent of the LiDAR data across Haliburton Forest (grey boxed area; each complete 717 

box is 1 km2) and the locations of all of the inventoried plots (black dots; note that the dots are 718 

not to scale). 719 

 720 

Fig. 2 (a) Species-specific crown properties predicted from stem diameter at breast height (dbh) 721 

using allometric functions (Table S.1): these include tree height (H), crown depth (V), maximum 722 

crown radius (Rmax) as well as the crown radius (Rh) and crown area (CAh) at a given 723 

measurement height (h); (b) 𝐸𝐶𝐴[ℎ,  ℎ+1) (exposed canopy area between height h and h+1) is 724 

calculated by subtracting the crown area at h+1 from the crown area at height h. 725 

 726 

Fig. 3 The link model developed in this study can take SDDs classified as conifers or 727 

broadleaves and predicts the height distribution of LiDAR first returns (HDPREDICT) from a few 728 

simple assumptions about canopy structure. We propose that this model can then be used in the 729 

inverse prediction to obtain predicted stand information from an observed LiDAR distribution 730 

(HDLIDAR). 731 

 732 

Fig. 4 Histogram of the LiDAR first return distribution summarised across all of the test plots. 733 

The line overlaying the histogram represents the prediction made by the full model in each of the 734 

three allometric versions. The inset presents the deviance from the 1:1 line of the predictions 735 

made by the species-specific full model with the associated RMSE. 736 

 737 
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Fig. 5 Individual LiDAR return distributions for twelve test plots where the histograms represent 738 

the data and the lines show the prediction made by the full species-specific model. The top row 739 

are from the top 25% best fitting plots (RMSE < 0.0148), the middle row are from the middle 740 

50% (0.0148 ≤ RMSE < 0.0253) and the bottom row are from the worst 25% (RMSE ≥ 0.0253). 741 

The RMSE values for each plot are displayed in the top right corner. 742 

 743 

Fig. 6 The main figure presents the RMSE of all test plots to compare the performances of the 744 

basic model and full model (containing all features) for each of the model versions using: a 745 

single crown allometry (1), a generic allometry each for broadleaf and conifer (2) and the 746 

species-specific crown allometries (10). A RMSE value of 0 would correspond to a perfect fit. 747 

The inset figure shows the effect of incorporating the features into the basic model individually 748 

in each version of the model. The dotted horizontal lines denote the median RMSE for the single 749 

allometry basic model (upper) and the ten allometry full model (lower) for comparison; gap 750 

fraction, crown taper and crown permeability are all shown to correspond with a significant 751 

improvement in model performance, whilst crown overlap does not improve on the basic model 752 

when considered individually. 753 

 754 

Fig. 7 Gap fraction in a) is predicted as the proportion of first returns being recorded from the 755 

ground as a function of the total canopy area as a proportion of the plot area. The points are the 756 

actual recorded ground returns. The permeability factor is interpreted in b) where the solid 757 

circles outline the ECA in an example 1 m height interval with the grey shaded area denoting the 758 

area where first returns are recorded in that interval. The lighter shaded area gives the region 759 

where the first returns have permeated from the interval above (fitted proportion of 0.65) and the 760 
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hashed area gives the region where the first returns will permeate to the interval below. The 761 

crown overlap correction factor in c) is predicted from the cumulative canopy area as a 762 

proportion of the plot area. 763 

 764 

Fig. 8 Comparison of allometry-derived crown forms (dotted line) and fitted crown forms using 765 

the LiDAR data (solid line) for trees with a dbh of 30cm; the grey shaded area denotes the 95% 766 

confidence interval associated with the fitted crown shape parameter (𝛽). 767 

 768 

 769 

 770 

 771 

 772 

 773 

 774 

 775 
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 784 

 785 

 

Fig. 1 The extent of the LiDAR data across Haliburton Forest (grey boxed area; each 

complete box is 1 km2) and the locations of all of the inventoried plots (black dots; note 

that the dots are not to scale). 
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a) b) 

 

 

 

Fig. 2  (a) Species-specific crown properties predicted from stem diameter at breast 

height (dbh) using allometric functions (Table S.1): these include tree height (H), crown 

depth (V), maximum crown radius (Rmax) as well as the crown radius (Rh) and crown area 

(CAh) at a given measurement height (h); (b) 𝐸𝐶𝐴[ℎ,  ℎ+1) (exposed canopy area between 

height h and h+1) is calculated by subtracting the crown area at h+1 from the crown area 

at height h. 

 786 
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 789 

 

Fig. 3 The link model developed in this study can take SDDs classified as conifers or 

broadleaves and predicts the height distribution of LiDAR first returns (HDPREDICT) from a few 

simple assumptions about canopy structure. We propose that this model can then be used in the 

inverse prediction to obtain predicted stand information from an observed LiDAR distribution 

(HDLIDAR). 

 790 
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Fig. 4 Histogram of the LiDAR first return distribution summarised across all of the test plots. 

The line overlaying the histogram represents the prediction made by the full model in each of 

the three allometric versions. The inset presents the deviance from the 1:1 line of the 

predictions made by the species-specific full model with the associated RMSE. 
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Fig. 5 Individual LiDAR return distributions for twelve test plots where the histograms represent 

the data and the lines show the prediction made by the full species-specific model. The top row 

are from the top 25% best fitting plots (RMSE < 0.0148), the middle row are from the middle 

50% (0.0148 ≤ RMSE < 0.0253) and the bottom row are from the worst 25% (RMSE ≥ 0.0253). 

The RMSE values for each plot are displayed in the top right corner. 
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Fig. 6 The main figure presents the RMSE of all test plots to compare the performances of the 

basic model and full model (containing all features) for each of the model versions using: a 

single crown allometry (1), a generic allometry each for broadleaf and conifer (2) and the 

species-specific crown allometries (10). A RMSE value of 0 would correspond to a perfect fit. 

The inset figure shows the effect of incorporating the features into the basic model individually 

in each version of the model. The dotted horizontal lines denote the median RMSE for the single 

allometry basic model (upper) and the ten allometry full model (lower) for comparison; gap 

fraction, crown taper and crown permeability are all shown to correspond with a significant 

improvement in model performance, whilst crown overlap does not improve on the basic model 

when considered individually. 
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a) Gap fraction 

 
b)   Crown permeability c)   Crown overlap  

 
 

Fig. 7 Gap fraction in a) is the proportion of first returns being recorded from the ground as a 

function of the total canopy area divided by the plot area. The points are the recorded ground 

returns linked with the total canopy area predicted from the allometries. The permeability factor 

is interpreted in b) where the solid circles outline the ECA looking from above in an example 1 

m height interval with the grey shaded area denoting the area where first returns are recorded in 

that interval. The lighter shaded area gives the region where the first returns have permeated 

from the interval above (fitted proportion of 0.65) and the hashed area gives the region where 

the first returns permeate to the interval below. The crown overlap correction factor in c) is 

predicted from the cumulative canopy area as a proportion of the plot area.  
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 797 

 798 

 799 

 

Fig. 8  Comparison of allometry-derived crown forms (dotted line) and fitted crown forms 

using the LiDAR data (solid line) for trees with a dbh of 30cm; the grey shaded area denotes 

the 95% confidence interval associated with the fitted crown shape parameter (𝛽). 
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Supplementary material 800 

Forest details 801 

The details of the plots are given in Table S.1. The plots were selected to represent the full 802 

variation present in the forest. 803 

Table S.1 A summary of the forest plot properties where the plots are grouped by percentage 

ocular coverage. The stems are grouped into diameter classes with the stem diameters given in 

brackets: small poles (𝟖 ≤ 𝒙 ≤ 𝟏𝟕), large poles (𝟏𝟕 < 𝒙 ≤ 𝟐𝟓), small logs (𝟐𝟓 < 𝒙 ≤ 𝟑𝟕), 

medium logs (𝟑𝟕 < 𝒙 ≤ 𝟒𝟗) and large logs (𝟒𝟗 < 𝒙 ≤ 𝟏𝟎𝟎). The mean basal area (BA; m2/ha) 

and the corresponding standard deviation (s.d.) is given for each of these groups as well as the 

mean total BA and mean total stem density (no. stems/ha) 

Ocular 

coverage 

(%) 

No. 

plots 

Mean 

small 

pole BA 

(s.d.) 

Mean 

large 

pole BA 

(s.d.) 

Mean 

small log 

BA 

(s.d.) 

Mean 

medium 

log BA 

(s.d.) 

Mean 

large log 

BA 

(s.d.) 

Mean 

total BA 

(s.d.) 

Mean 

total 

stem 

density 

(s.d.) 

51-60 32 
5.60 

(2.82) 

4.43 

(1.83) 

6.14 

(2.17) 

3.34 

(2.16) 

2.74 

(5.84) 

22.25 

(6.61) 

770 

(290) 

61-70 22 
4.65 

(2.27) 

4.87 

(2.76) 

6.94 

(2.35) 

5.20 

(2.80) 

2.76 

(2.65) 

24.41 

(5.78) 

704 

(236) 

71-80 44 
3.38 

(2.28) 

4.14 

(1.88) 

7.16 

(2.15) 

6.22 

(3.39) 

5.37 

(4.22) 

26.70 

(6.72) 

632 

(250) 

81-90 41 
4.21 

(2.53) 

3.90 

(1.67) 

6.33 

(2.94) 

5.89 

(3.25) 

4.01 

(4.22) 

24.35 

(6.90) 

644 

(240) 

91-100 15 
5.17 

(3.29) 

5.61 

(2.31) 

6.55 

(2.78) 

5.04 

(3.93) 

3.41 

(2.98) 

25.78 

(3.47) 

756 

(322) 

 804 
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LiDAR specifications 805 

The details of the LiDAR flight are provided in Table S.1. 806 

Table S.1 The LiDAR flight details for Haliburton Forest, Ontario collected in August 2009. 

Settings Definition Flight plan specifications 

No. lines flown 
Number of passes that the aircraft 

flew  
39 passes (3 control) 

Altitude 
Height at which the aircraft was 

flown 
1500 m 

Overlap 
The degree to which the passes 

overlap 

30% (15% on either side of 

the pass) 

Speed Speed at which the plane was flown 120 kts 

System PRF Pulse repetition frequency 70 kHz 

Scan frequency Number of pulses emitted per second 36 Hz 

Scan half angle 
Angle at which the beam axis was 

directed away from azimuth 
16° 

Cross track resolution 
Space between pulses perpendicular 

to the line of flight 
0.89 m 

Down track resolution 
Space between pulses along the line 

of flight 
0.86 m 

Point density 
Number of first returns recorded per 

m2  
2 points m-2 

Footprint size 
Area covered by a single beam on 

the ground 
0.14 m2 

 807 

 808 

 809 
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 810 

Published allometries 811 

The published allometries used to make predictions for the tree crowns, and thus the canopy 812 

structure, are detailed in Table S.1. 813 

Table S.1 The allometric equations used to derive canopy area at a given height from the 

measurements of diameter at breast height (dbh) for an individual tree of species j. The equation 

and coefficients detailed in (Caspersen et al. 2011) were used in preference to (Purves et al. 

2007) where available. 

Scaling 

relationship 
(a) Caspersen et al. (2011) (b) Purves et al. (2007)  

Height (H) 

 

𝐻 = 1.3 + (𝜂𝑗 − 1.3). (1 −

𝑒
(
−𝜙𝑗.𝑑𝑏ℎ

𝜂𝑗−1.3
)
)  

 

log(𝐻) = 𝑎𝑗 + 𝑏𝑗 . 𝑙𝑜𝑔(𝑑𝑏ℎ)  

Crown depth (V) 

 
𝑉 = 𝜔𝑗 . 𝐻  

As left, where: 

𝜔𝑗 = (1 − 𝑇𝑗). 𝐶0(𝜔𝑗) + 𝑇𝑗 . 𝐶1(𝜔𝑗)  

Maximum radius 

(Rmax) 

 𝑅𝑚𝑎𝑥 = 𝑟0,𝑗 +
𝑑𝑏ℎ

40
. (𝑟40,𝑗 − 𝑟0,𝑗)  

As left, where: 

𝑟0,𝑗 = (1 − 𝑇𝑗). 𝐶0(𝑟0) + 𝑇𝑗 . 𝐶1(𝑟0)  

𝑟40,𝑗 = (1 − 𝑇𝑗). 𝐶0(𝑟40) +

𝑇𝑗 . 𝐶1(𝑟40)  

Radius at height h 

(Rh) 𝑅ℎ = 𝑅𝑚𝑎𝑥 . (
𝐻−ℎ

𝐻
)
𝛽𝑗

  
As left, where: 

𝛽𝑗 = (1 − 𝑇𝑗). 𝐶0(𝛽) + 𝑇𝑗 . 𝐶1(𝛽)  

Crown area at 

height h (CAh) 
𝐶𝐴ℎ = 𝜋. 𝑅ℎ

2  As left. 
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The parameter values for the original allometries are given in Table S.2 for the species which 814 

were included in the analysis. The broadleaf and conifer parameters were derived by re-fitting 815 

the allometric relationships to simulated data which were weighted according to the relative 816 

abundance of all of the species represented by these two allometries. The simulated data were 817 

retrieved by using the height and maximum radius allometries from Table S.1 for each of the 818 

included species to predict data points for a range of dbh measures where the number for each 819 

species is proportional to the measured abundance. The allometries were then re-fit to the 820 

simulated data to retrieve the parameter values for the conifer and broadleaf allometries. 821 

 822 

 823 

 824 

 825 

 826 

 827 

 828 

 829 

 830 

 831 

 832 

 833 

 834 
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 835 

 836 

 837 

Table S.2 The species-specific parameter values for the allometric equations used to predict 

canopy structure from dbh measures with the lower then upper confidence intervals listed 

below in italics (where available). The * entries denote that the parameter values have not been 

directly extracted from the paper, but are derived from re-fitting the allometric relationships to 

simulated data weighted according to abundance of all included species. The #  𝛡𝐣 values for 

balsam fir and white spruce were calculated from unpublished data. 

Species (j) 
Caspersen et al. (2011) Purves et al. (2007) 

𝜂𝑗 𝜙𝑗 𝜛𝑗 𝑟0,𝑗 𝑟40,𝑗 𝛽𝑗 𝑎𝑗 𝑏𝑗 𝑇𝑗 

American 

beech 

23.8095 

23.6162 

24.0130 

1.29675 

1.28351 

1.31437 

0.47493 

0.47211 

0.47726 

2.41848 

2.31153 

2.54481 

9.0831 

8.87821 

9.18623 

1.04203 

1.01849 

1.06318 

- - - 

Balsam fir - - 

0.4512# 

- 

- 

- - - 

0.1203 

- 

- 

0.783 

- 

- 

0.278 

0.276 

0.286 

Hemlock 

26.9651 

25.8911 

27.8909 

0.72939 

0.71046 

0.75505 

0.52407 

0.51861 

0.53189 

1.55475 

1.32560 

1.82560 

8.24872 

8.01792 

8.49993 

1.33787 

1.28702 

1.37687 

- - - 

Ironwood 

19.0506 

18.6261 

19.4916 

1.5723 

1.53716 

1.60207 

0.43857 

0.43351 

0.44383 

1.44703 

1.36581 

1.53057 

5.48292 

5.30517 

5.67222 

0.3837 

0.36194 

0.41123 

- - - 

Red maple 

20.9017 

20.2315 

21.4944 

1.65906 

1.56883 

1.77272 

0.40956 

0.40339 

0.41678 

1.04395 

0.88105 

1.15198 

4.03818 

3.92248 

4.15271 

0.0001 

0.0001 

0.0001 

- - - 

Sugar maple 

25.3588 

25.2651 

25.4421 

1.35017 

1.34467 

1.35479 

0.46099 

0.45969 

0.4619 

1.52529 

1.50483 

1.55158 

4.94851 

4.91789 

4.97733 

0.22977 

0.22255 

0.23762 

- - - 

White spruce - - 

0.5889# 

- 

- 

- - - 

0.1404 

- 

- 

0.7354 

- 

- 

0.278 

0.272 

0.296 

Yellow birch 
24.7702 

24.3362 

1.19439 

1.14311 

0.45541 

0.45016 

4.1811 

3.92218 

8.09932 

7.79143 

1.03778 

0.98285 
- - - 
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The extra parameters required for the Purves et al. (2007) allometries, which are not species 838 

specific, are given in Table S.3 and were not altered. These parameters are used to transform the 839 

Purves et al. (2007) species-specific parameters into the same form as those used directly in the 840 

Caspersen et al. (2011) allometries. 841 

Definitions for all of the terms used in the model equations (eqs. 1-6) are detailed in Table S.4. 842 

 843 

 844 

 845 

 846 

 847 

 848 

25.3302 1.23393 0.46208 4.41847 8.33067 1.07811 

Broadleaf* - - 

0.4479 

- 

- 

- - - 

0.4383 

- 

- 

0.5564 

- 

- 

0.5585 

- 

- 

Conifer* - - 

0.5213 

- 

- 

- - - 

0.1939 

- 

- 

0.7005 

- 

- 

0.2618 

- 

- 

Table S.3 The parameter values used to convert the species-specific trait score Tj value into 

parameters describing the properties of the crown. 

Definition Parameter (P) 𝑪𝟎(𝑷) 𝑪𝟏(𝑷) 

Crown depth 𝜛 0.95 0.95 

Crown radius at height 0 m 𝑟0 0.503 3.126 

Crown radius at height 40 

m 

𝑟40 
0.5 10.0 

Crown shape 𝛽 0.196 0.511 
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 849 

 850 

 851 

 852 

 853 

Table S.4 Definitions of all symbols and terms used throughout the manuscript. 

Term Interpretation 

SDD Stem diameter distribution 

RMSE Root mean square error 

DIC Deviance information criterion 

ABA Area-based approach 

ITD Individual tree detection 

Dbh Diameter at breast height 

Symbol Interpretation 

HDLIDAR/ HDPREDICT 
Height distribution of LiDAR first returns in 1 m intervals 

(recorded/predicted). 

𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇
𝐵𝐴𝑆𝐼𝐶  Basic model. 

𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇
𝑃𝐸𝑅𝑀  Basic model incorporating crown permeability. 

𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇
𝑃𝐸𝑅𝑀+𝑂𝑉𝐸𝑅𝐿𝐴𝑃 Basic model incorporating crown permeability and overlap. 

𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇
𝐹𝑈𝐿𝐿  Basic model incorporating all of the features – full model. 

ℎ/𝑖 Vertical distance in metres above the ground. 

ℎ𝑚𝑎𝑥 
Maximum predicted height of the canopy rounded up to the nearest 

meter. 

𝐸𝐶𝐴[ℎ,ℎ+1) 
Exposed canopy area in the height interval from, and including, 

height ℎ and up to, but not including, height ℎ + 1. 
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Model fitting results 854 

The full model includes all features and is represented by eq. 6, but all of the features were tested 855 

independently as well. The resultant fitted parameters used in the different model versions are 856 

presented in Table S.5 along with the 95% confidence intervals for each value. 857 

 To fit the new crown shape parameters (𝛽𝑗,𝑛𝑒𝑤), we recalculated the maximum crown 858 

radius (𝑅𝑚𝑎𝑥,𝑛𝑒𝑤) as follows: 859 

(S. 1)     𝑅𝑚𝑎𝑥,𝑛𝑒𝑤 = 𝑅𝑚𝑎𝑥 (
𝐻−𝑉

𝐻
)
𝛽𝑗−𝛽𝑗,𝑛𝑒𝑤

 860 

The recalculated maximum crown radius and the new crown shape parameter can be used 861 

in place of the original maximum crown radius and crown shape parameter. 862 

 The root mean square error (RMSE) was calculated as follows: 863 

∑ 𝐸𝐶𝐴𝑖

ℎ𝑚𝑎𝑥

𝑖=0

/ ∑ 𝐸𝐶𝐴𝑖

ℎ𝑚𝑎𝑥

𝑖=ℎ+1

 

Total exposed canopy area/cumulated exposed canopy area above 

given interval measured from the upper bound of the interval to the top 

of the canopy. 

𝑝0 Gap fraction 

𝛼 Parameter in the gap fraction exponential function 

𝜑 Crown permeability parameter 

𝛽 Parameter controlling crown taper 

𝜃[ℎ,ℎ+1) Crown overlap correction factor in a given height interval 

𝛾 Parameter in the crown overlap correction factor exponential function 

𝑁 

Normalisation constant calculated such that 

∑ 𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1) 
𝐹𝑈𝐿𝐿ℎ𝑚𝑎𝑥

ℎ=0 = 1  

PA Plot area (2500 m2) 
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(S. 2)   𝑅𝑀𝑆𝐸 = √
∑ (𝐻𝐷𝑃𝑅𝐸𝐷𝐼𝐶𝑇[ℎ,  ℎ+1)−𝐻𝐷𝐿𝐼𝐷𝐴𝑅[ℎ,  ℎ+1))

2ℎ𝑚𝑎𝑥
ℎ=0

ℎ𝑚𝑎𝑥
 864 

 Where ℎ𝑚𝑎𝑥 is the maximum predicted height of the canopy rounded up to the nearest 865 

meter. The relative RMSE is calculated as: 866 

(S. 3)     %𝑅𝑀𝑆𝐸 =
𝑅𝑀𝑆𝐸

ℎ𝑚𝑎𝑥
 867 

Table S.5 Parameter values fitted using the LiDAR data from the model-fitting subset of plots. 

The values in normal text are from the full model whilst those in italics are from the model 

independently representing that specific feature. The fitted values are presented with the 

associated 95% confidence intervals. 

Model version Species (j) 
No. crown 

allometries 
Fitted value Lower 95% CI Upper 95% CI 

Gap fraction 

(𝜶) 
- 

1 

2 

10 

2.3056 (1.8560) 

2.7709 (2.3458) 

2.5618 (2.2073) 

2.2250 (1.7935) 

2.6938 (2.2787) 

2.4917 (2.1435) 

2.3855 (1.9183) 

2.8538 (2.4109) 

2.6362 (2.2828) 

Crown taper 

(𝜷𝒋) 

Sugar maple 

1 

2 

10 

0.4385 (0.3650) 

0.4320 (0.3008) 

0.3312 (0.2323) 

0.4187 (0.3541) 

0.4126 (0.2842) 

0.3025 (0.2166) 

0.4600 (0.3783) 

 0.4542 (0.3154) 

0.3521 (0.2500) 

Conifer 
2 

10 

0.4910 (0.3588) 

0.3850 (0.1943) 

 0.4145 (0.2952) 

0.1919 (0.0373) 

0.5798 (0.4046) 

0.7585 (0.3487) 

American 

beech 
10  0.2565 (0.1513)  0.2116 (0.1245)  0.3055 (0.1817) 

Balsam fir 10 0.9390 (0.5083)  0.6147 (0.3700)  0.3055 (0.6444) 

Hemlock 10 0.3613 (0.2518)  0.3155 (0.2229)  0.4017 (0.2751) 

Ironwood 10 1.0711 (0.0087) 0.0045 (0.0012) 1.4855 (0.0324) 

Red maple 10 0.4823 (0.3257)  0.4233 (0.2962) 0.5429 (0.3621) 

White spruce 10 0.2045 (0.1064) 0.0900 (0.0429) 0.3366 (0.1813) 

Yellow birch 10 0.2544 (0.1638) 0.2007 (0.1234)  0.3394 (0.2207) 

Broadleaf 10 0.4213 (0.3354) 0.3656 (0.2754) 0.4753 (0.3687) 
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What would the accuracy of the approach be in matching LiDAR distributions? 868 

Our planned approach to mapping SDDs is to use the model to generate an HDPREDICT for a huge 869 

number of theoretical plots so that for each HDLIDAR we can identify a set of SDDs which have 870 

similar HDPREDICT values to the observed HDLIDAR. If this modelling approach narrows down on 871 

just a few similar-looking SDDs then it has worked well, whereas if a large number of dissimilar 872 

SDDs are identified then the procedure does not have the ability to discriminate alternative size 873 

structures with confidence without the use of additional information.  This issue will be 874 

thoroughly analysed in another paper, but as a preliminary test we matched the HDLIDAR of each 875 

model plot with that of all the other model plots and measured the RMSE of each pairing (Fig. 876 

S.1); this quantifies how many plots might be matched to a given HDLIDAR. 877 

 878 

 879 

 880 

 881 

 882 

 883 

 884 

 885 

Crown 

permeability 

(𝝋) 

- 

1 

2 

10 

0.9334 (0.6307) 

0.8097 (0.6557) 

0.6507 (0.6635) 

0.8548 (0.6010) 

0.6835 (0.6049) 

0.5575 (0.6313) 

0.9924 (0.6704) 

0.9055 (0.6930) 

0.7351 (0.6886) 

Crown 

overlap (𝜸) 
- 

1 

2 

10 

0.3349 (0.0004) 

0.6092 (0.0006) 

0.5854 (0.0004) 

0.3013 (0.0001) 

0.5606 (0.0001) 

0.5168 (0.0001) 

0.3707 (0.0012) 

0.6693 (0.0022) 

0.6556 (0.0012) 



 

 

-56- 

 

 

Fig. S.1 The matrix give the RMSE of each model plot HDLIDAR matched with that of each of the 

other model plots where the diagonal line is where the plot has been matched with itself. The 

plots have been ordered so that those with similar HDLIDAR distributions have been grouped 

together. The grey region are the matched plots with a RMSE less than the lowest RMSE 

achieved by the ten allometry full model, the blue-green region is the lowest RMSE to mean 

RMSE and the yellow-red region denotes all of the plots that match with a RMSE equal to or 

greater than the mean RMSE. 

Given the accuracy of the ten allometry full model, 20% of the plots, on average, could be 886 

matched as having the same HDLIDAR (Fig. S.1); these are denoted by the yellow-red region of 887 

the matrix. 888 
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