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This thesis is devoted to studying the geometry of holomorphic Poisson brackets on complex manifolds.
We concentrate on the case when the underlying manifold admits a structure of a vector bundle, and the
Poisson bracket is invariant under the dilation action of the multiplicative group of the field of complex
numbers. We call such a Poisson bracket quadratic, and associate to it a Higgs type tensor, which
we call a co-Higgs field. We study the interplay between these two geometric structures. A parallel
theory is developed for Poisson brackets on projective bundles. Using the classical tool of the spectral
correspondence available for co-Higgs fields, we construct many new examples of Poisson brackets, and
provide new classification results in low dimensional cases. Most notably, we provide a classification of
Poisson brackets on rank two projective bundles over the Riemann sphere, under a mild restriction on

the underlying co-Higgs field.
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Chapter 1

Introduction

The goal of this thesis is to develop new geometric constructions in the theory of holomorphic Poisson
brackets. One of the two main objects of this thesis is a Poisson bivector ¢ on a total space of a
holomorphic vector bundle V' over a complex manifold X that is invariant with respect to the scaling
action of C* on the fibers of V. We are going to call such a bivector quadratic as it has terms of order at
most two in its fiberwise Taylor expansion. In a sense, quadratic Poisson structures are one step higher
in complexity than linear Poisson structures, which have been extensively studied in the framework of
Lie algebroids and Lie groupoids (see [§] and references therein).

The standing assumption on a quadratic Poisson structure o, which we are going to adopt almost
everywhere below, is that the fibers of V' are coisotropic. This is equivalent to requiring that the
pushforward of ¢ onto the base manifold X is zero. Such ¢ naturally induces a tensor of the form
¢ € Hom(V,V @ Tx) (see Lemma, where Tx is the tangent bundle of X. The latter tensor, which
we call a co-Higgs field on V', is the second main object of this thesis. Poisson integrability of o leads
to the integrability condition ¢ A ¢ = 0 € Hom(V,V ® A?Tx). Co-Higgs fields are analogues of Higgs
fields developed by Hitchin [I7] and Simpson [35] [36], which are defined analogously using the cotangent
bundle 7y instead of Tx. Co-Higgs bundles, i.e. vector bundles with co-Higgs fields on them, play an
important role in generalized complex geometry developed by Hitchin [19] and Gualtieri [14] [16], as they
serve as generalized vector bundles. Rayan’s PhD thesis [28] discusses the moduli space of co-Higgs
bundles in great detail (also, see [29] 30]). The questions we will strive to address in the current thesis
are:

e How do the properties of the co-Higgs field ¢ reflect those of the quadratic Poisson structure o?

e What does it take to recover the quadratic Poisson structure o from its co-Higgs field ¢?

The motivation for posing these questions is the idea that the co-Higgs tensor ¢ as a certain simpli-
fication of the Poisson tensor ¢. This can be justified as follows. Firstly, ¢ lives on a lower dimensional
manifold compared to o. Secondly, and more importantly, for constructing ¢ and describing its proper-
ties there exists a powerful geometric tool of spectral correspondence described by Beauville, Narasimhan,
Ramanan in the case of dim X =1 [4] and Simpson in the general case [36]. In particular, instead of
dealing directly with the Poisson integrability equation [o,0] = 0 € H°(V, A%V, which is typically an
overdetermined system of non-linear PDEs, one can deal with spectral varieties in Tx and sheaves on
them.
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Before discussing the posed questions, let us point out that there is a parallel version of the story,
where instead of a quadratic Poisson structure on a vector bundle V' we consider a Poisson structure on
the projectivization P(V'). The former always induces the latter, but the converse is true only under
some additional assumptions. Previously, it was shown by Bondal [5] and Polishchuk [27] Theorem 12.1]
that this is true in the case when X is a point; we show the case when the total space of V' is Calabi-Yau
(Theorem , and a family of counterexamples in the case X = P!, rk V = 2 (Corollary . A
Poisson structure on P(V') induces a zero trace co-Higgs field on V (see Lemma [3.2.3), and most of the
questions about the correspondence between quadratic Poisson structures and co-Higgs fields may, and
will, be recast in the P(V') setup as well.

If V has rank 1, i.e. V is a line bundle, then a co-Higgs field on V is just a vector field v on X.
Each vector field v lifts uniquely to a quadratic Poisson structure ¢ on V via the formula o =7 A Ful,
where U is any choice of a local C*-invariant vector field on V projecting onto v and Ewul is the Euler
vector field on V. For the case when P(V') is a projective line bundle, Polishchuk showed [27, Theorem
6.1] that any zero trace co-Higgs field ¢ on V uniquely lifts to a Poisson structure on P(V'). It turns
out that in rank r > 1, if one is to have any hope of finding a Poisson lift of a co-Higgs field ¢, then
on top of the usual integrability condition ¢ A ¢ = 0, one should impose what we are calling the strong
integrability condition on ¢. Strong integrability of ¢ means that the coefficients s;(¢) € H°(X,S'Tx),
i=1,2,...,r, of the characteristic polynomial of ¢ pairwise Poisson commute when viewed as fiberwise
polynomial functions on 7. This imposes quite a restriction on the spectral cover of ¢. For instance, if
X =P! and the spectral curve is reduced and irreducible, then one must have si(¢p)=0,i=1,2,..,7r-1
(Corollary . Moreover, there may be further local obstruction to the existence of a Poisson lift
near the branch points of the spectral cover. Somewhat surprisingly, co-Higgs fields of rank r > 2 over a
small one dimensional disc whose spectral curves are smooth and connected cannot be lifted to either a
Poisson structure on P(V') (Proposition , or a quadratic Poisson structure on V' (Corollary .

Let us outline the proof of the projective bundle version of the fact above, as it strongly uses the
interaction between the co-Higgs field and its Poisson lift to P(V'), which we find particularly illustrative.
For a co-Higgs field ¢ on V, one can define its variety of eigenvectors as the set of x € X, 0 # v e V|,
such that v A ¢, (v) =0 (A2V ®Tx)|,. Its projectivization defines a subvariety E of P(V'), which we are
calling the eigenvariety of ¢. The latter is closely related, but generally not isomorphic, to the spectral
variety % c Tx of ¢. It turns out that the eigenvariety E of ¢ contains the zero set of any Poisson lift o
to P(V), and moreover, under certain mild genericity conditions the two sets are equal. Recall that the
zero set of any Poisson structure carries a special vector field, called the modular vector field, introduced
by Weinstein [38]. In the case when the Poisson structure o lives on P(V') and has coisotropic fibers, we
prove that under certain genericity conditions the modular vector field of o is completely determined by
its co-Higgs field (Lemma . Now, for the case of a co-Higgs bundle over a small one dimensional
disc with smooth, connected spectral curve, one can check that the genericity conditions mentioned
above do hold away from the branch points of the spectral cover. Furthermore, a quick calculation of
the modular vector field shows that it has to have a pole over the branch points if the rank of the bundle
is greater than 2 (see the proof of Proposition for more detail).

This obstructedness result for co-Higgs fields with smooth spectral curves necessitates considering
co-Higgs fields whose spectral curves have singularities. We include Appendix [A] where we discuss
local normal forms for (co-)Higgs bundles with singular spectral curves over a formal one dimensional

disc. The results in Appendix [A] are derived from classification results available in the literature on
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Cohen-Macaulay modules over one-dimensional Cohen-Macaulay rings (e.g. [39]). In Subsections
and we further apply these results to obtain classification of Poisson structures on the trivial P2-
bundle over a small one dimensional disc U, under a certain bound on the vanishing of the characteristic
polynomial of the corresponding co-Higgs field (the bound is imposed in such a way that the co-Higgs
field extends smoothly to P1). Subsection deals with the zero trace co-Higgs fields satisfying what
we call the non-resonance condition, namely, that generically no eigenvalue equals the average of two
others. The key tool for constructing the Poisson lifts of such co-Higgs bundles (V) ¢) is logarithmic
connections on V adapted to the spectral data of ¢. The resonant case is considered in Subsection
and here the key tool is the pencil technique of constructing Poisson 3-folds, described in [27, Section
13] and [26], Section 3.2].

A substantial part of this thesis is devoted to discussing Poisson structures on rank 2 vector/projective
bundles over P! (Chapter . As a byproduct of our results on Poisson rank 2 bundles over P! (Theorem
, we obtain a classification of line bundles over Hirzebruch surfaces that admit the structure of
a Poisson module (Theorem [£.2.1). In Section we discuss which rank 3 co-Higgs bundles (V,¢)
over P! admit a Poisson lift to P(V'), and how unique such a lift is. The results of this section, in
particular, contain the classification of Poisson P2-bundles over P!, under the additional assumption
that the spectral curve of (the co-Higgs field of) the Poisson structure is reduced. We believe that the
additional assumption is not essential, and can be dropped after developing our theory a bit further.
We remark that there are only a few classification results for low dimensional holomorphic Poisson
manifolds known at the moment. See [2] for classification of Poisson surfaces, 7} [20] for classification of
Poisson structures on P?, Pym’s thesis [24] (also [25]) for classification of unimodular quadratic Poisson
structures on C*, and [20] for classification of Poisson structuress on Fano 3-folds whose Picard group
has rank 1.

The final Chapter [5| is devoted to constructing a family of strongly integrable co-Higgs fields on
Schwarzenberger bundles over P4, d > 1, and their elliptic analogues. These co-Higgs fields are conjec-
turally generalizations of the co-Higgs fields over P? constructed in Rayan’s thesis [28] (also, see [30]).
Furthermore, we construct Poisson lifts of these co-Higgs fields, and relate the obtained Poisson struc-
tures to the family of Feigin-Odesskii Poisson structures g, described in [22]. The Poisson map we
construct has the geometric interpretation as the desingularization of secant varieties of an elliptic curve

sitting inside a projective space P"1.



Chapter 2

Preliminaries

2.1 Poisson structures

Let us collect basic facts about Poisson brackets in the holomorphic setup. The general references are
[277, 26 21].

For a smooth complex manifold X, we denote by Ox its structure sheaf, i.e. the sheaf of locally defined
holomorphic functions on X. Notations Tx and Ty stand for the tangent sheaf and the cotangent sheaf,
respectively. If z1, ..., z, are local coordinates on X, then locally, the sheaf Tx is spanned over Ox by the
vector fields 0,, = 8%” i =1,...,n, and the sheaf 7 is spanned over Ox by the 1-forms dz;, 1 =1,...,n.

By the Schouten bracket (which sometimes is also called the Nijenhuis-Schouten bracket, or Schouten-

Nijenhuis bracket) we mean the C-linear operation on the skew symmetric multivector fields
[ ; ] . /\kTX x /\T”TX . /\k+m—17—X’

which for k =m =1 coincides with the Lie bracket of vector fields, and otherwise is defined by

HM3

k
[U1 A oo AU, VLA oo AU ] Z 1) [, v ]Ur A i AU AVLA T A Uy

for u;, v; € Tx, and [f,u] = =[u, f] = tar(u), for f e Ox, ueATx.
The Schouten bracket turns ATy into a Gerstenhaber algebra, which means that it satisfies
e (graded skew-symmetry) [v,u] = —(=1)=DU=D [y 0], u,v € ATx,
e (graded Jacobi identity) [[u,v], w] = [u, [v,w]] = (=1)F=DW=D[y [u, w]], u,v,w € ATx,
e (graded Leibniz rule) [u,v A w] = [u,v] Aw + (~D)1u, w] A v, u,v,w e ATx.
A Poisson bracket on X is a C-linear operation { , }: Ox x Ox — Ox that satisfies
o (skew-symmetry) {g, f} = —{f.g}, f,9 € Ox,
o (Jacobi identity) {{/,g},h} = {f,{9.h}} — (g, {f,h}}, fog,he Ox,

o (Leibniz rule) {f,gh} = {f,gth+{f,h}g, f,g,h € Ox.
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A skew-symmetric bivector o € H°(X,A?Tx ) is called Poisson, if it satisfied the integrability condition
[0,0] =0€ H°(X,A3Tx), where [ , ] denotes the Schouten bracket.

A Poisson bracket { , } on X can be encoded by the bivector o € H%( X, A%Ty ) defined by identifying
N Tx = Hom(A*T$,0x), and letting o(df,dg) = {f,g}, f,g € Ox. Jacobi identity implies that the
bivector ¢ is Poisson, and vice versa. We are going to use the terms Poisson structure or Poisson

manifold to indicate the presence of either a Poisson bracket, or a Poisson bivector.

Example 2.1.1. Let X = C?" with coordinates z1,¥1,...,7n,yn. The bivector o = ¥ 0., A 0y, is

Poisson, and defines the Poisson bracket {f,g} = >, ggﬁ: g;i ->r, g—ig—?fi, f,g€0x.

Yet another way to define a Poisson bracket on a manifold X is to specify a skew-symmetric bundle
map o¥ : Tx — Tx. The bivector o can be uniquely recovered from the map o# via the formula
o7 () = 14(0), a € T, and vice versa. A 2-form w € HO(X, A7) is called non-degenerate if the bundle
map ' : Tx — T defined by w’(u) = 1,w, u € Tx, is an isomorphism. A 2-form w € H(X, A%*T3) is
called closed if dw = 0, where d is the de Rham differential. If X is even-dimensional and one has a
non-degenerate 2-form w € H°(X,A?T5), then one can attempt to define a Poisson structure on X by
declaring o = (w”)~!. The obtained bivector o satisfies the Poisson integrability [o, ] = 0 if and only if
the form w is closed. A closed non-degenerate 2-form is called symplectic. Likewise, a Poisson structure

is called symplectic if o# is an isomorphism (and so, o# = (w")~! for some symplectic w).

Example 2.1.2. For the bivector o = Yi.; 0, A0y, from Example one has o (dz;) = 9,,, o7 (dy;) =
~0y,, 1 =1,...,n. Such o is symplectic, and o7 = (w*)™! for w = ¥, dy; A dx;.

More generally, for any manifold X, the cotangent bundle T carries the standard symplectic form
that has the coordinate expression w = ¥ ; dy; A dx;, where x; is any choice of local coordinates on the

base X and y; are the fiberwise linear coordinates on 7y corresponding to the local basis dx1, ..., dz,,.

If a Poisson bivector ¢ lives on a 2n-dimensional manifold X, we define its Pfaffian Pf o as the
section A"o of the anticanonical bundle w;(l. If o is symplectic at a generic point of X, the divisor
{Pf 0 =0} is called the degeneracy divisor of o.

For a function f € Ox the expression Hy = o (df) defines a vector field on X, called the Hamiltonian
vector field of f. Poisson integrability [o,0] = 0 implies Hyy gy = [Hy, Hy], f,g € Ox. Sometimes, we
will also speak of a Hamiltonian vector field of a 1-form «, which means o7 (a). A vector field v is called
Poisson with respect to o if [v,0] = 0. Hamiltonian vector fields are always Poisson. Poisson vector
fields are tangent to the zero set {o = 0} and the degeneracy divisor {Pf o = 0}. A function f € Ox is

called Casimir if Hy =0, i.e. {f,g} =0, for each g € Ox.

Poisson maps and submanifolds

Let (X,0) and (Y, 7) be two Poisson manifolds. A holomorphic map F : X - Y is called Poisson if for
each x € X, one has TF(0,) = Tp(y), where T'F' is the tangent map to F. Equivalently, F' is Poisson if
{F*g,F*h}s = F*{g,h}r, g,h € Oy, where F* is the pullback of functions, and the subscript near the

bracket indicates the bivector that induces it.

Lemma 2.1.3. [27] Let F': X - Y be a surjective map between two complex manifolds having compact,
connected fibers. Let o be a Poisson structure on X. Then there is a unique Poisson structure on'Y

rendering F' a Poisson map.
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Proof. We need to prove that for any two functions g1, go defined on an analytic neighborhood U c Y,
one has {F*gy, F*gs} = F*h, for some function h defined on Y. The function {F* gy, F*gs} is defined on
F~Y(U), and since the F fibers are compact and connected, it has to be constant on each F fiber. So,
it has to be of the form F*h, for some function h defined on . O

For two Poisson manifolds (X, o) and (Y, 7), one can define the product Poisson structure on X xY
by taking the bivector 0 ® 1+ 1® w. The Weinstein splitting theorem (e.g. [21]) says that every Poisson
manifold is locally isomorphic to a product of the form X x Y, where X is a symplectic manifold and Y
is a Poisson manifold whose Poisson tensor vanishes at a point.

Every point of z of a Poisson manifold (X, o) defines a set S, ¢ X of all points y € X such that there
is a C* path v:[0,1] = X, v(0) = 2, v(1) = y with +'(¢) e Im(c#) c Tx, for each t € [0,1]. The set S,
has the structure of an (injectively immersed) submanifold of X. The Poisson structure on X induces a
non-degenerate Poisson structure on S, which is why S, is called the symplectic leaf of X containing
T.

Let (X,0) be a Poisson manifold, and Y be a manifold injectively immersed in X. We call Y a
Poisson submanifold of X if Ty > Im o#. Equivalently, Y is a Poisson submanifold if and only if the
inclusion map Y — X is Poisson, if and only if Y fully contains each symplectic leaf it intersects. We

call Y a coisotropic submanifold if o7 () = 0 for every 1-form « e T+ whose pullback to Y vanishes.

Remark 2.1.4. Let p: F' - X be a fiber bundle, and ¢ be a Poisson structure on F. Then the fibers
of F' are coisotropic if and only if the projection map p is Poisson, where we endow X with the zero

Poisson structure.

Connections

Let p: V - X be a holomorphic vector bundle over a complex manifold X. A (linear) connection is a

splitting of the short exact sequence
0—— (V) —— (V) —— (*Tx)Y ——0

of sheaves on V', where the superscript C* indicates invariants under the scaling action of C*. More
concretely, a connection on Visamap V : V - V@Ty that satisfies the Leibniz rule V(fs) = s®df+fV(s),
feOx, seV. Let {U}ir be an open cover of X, and y®) = (ygi)7 ...,yﬁi)) :Vu, = C" xU; be fiberwise
linear coordinates on each V. Let gj; : C" xU; - C" xU; be the transition functions, in the sense that
y) = gjiy(i), 1,7 € I. Then over each U;, a connection V has the form V = d + A; for some connection
matrix A; € HO(U;, End(C") ® Ty ). The connection matrices A; satisfy the gauge equivalence relations
Aj= (dgji)g;il + gjiAingil, over each U; nU;.

A connection V is flat if V4V, ~ VyVy = Viy ], 4,v € Tx, where the notation V, means ¢,V. A
section s of V is called flat with respect to V if V(s) = 0. Given a connection V on V, any C* path
7 :[0,1] - X defines an isomorphism V|, oy = V| (1) called the holonomy of V along ~. If V is flat,
then holonomy depends only on the homotopy class of v, not on ~ itself.

A holomorphic vector bundle V over a complex manifold X admits a holomorphic connection if and
only if its Atiyah class Aty € H' (X, End(V) ® Ty) vanishes. The Atiyah class Aty is defined by the
Cech 1-cocycle ((dgji)g;il)uinuj’ where g;; are the transition functions of V' as above. If V' does admit

a connection V, then all other connections on V' are obtained by adding a section of End(V)® T¥ to V.
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Poisson connections

If (X,0) is a Poisson manifold, and p: V — X is a vector bundle, by a Poisson connection on V we
mean a map V:V — V ® Tx that satisfies the Leibniz rule V(fs) = —s® o7 (df) + fV(s), fe Ox, se V.
Given a Poisson connection V, we denote {f,s} =14 V(s) €V, for f € Ox, se V. Then the Leibniz rule
reads {g, fs} ={g, f}s+{g,s}f, [,9€Ox, seV.

Remark 2.1.5. A Poisson connection on V uniquely defines a Poisson connection on V*. For a line

bundle L, a Poisson connection on L gives one on L&, and vice versa.

A Poisson connection is called flat if one has {{f,g},s} ={f,{9,s}} {9, {f,s}}, f,g€Ox, seV. A

vector bundle with a flat Poisson connection is called a Poisson module.

Proposition 2.1.6. [27, Proposition 5.2] Let p: L — X be a line bundle over a Poisson manifold (X, o).
Then there is a one-to-one correspondence between the Poisson module structures on L* with respect to

o and C*-invariant Poisson structures on the total space of L rendering the projection map p Poisson.

The trivial line bundle Ox over a Poisson manifold X carries the trivial Poisson module structure.
The canonical line bundle wx of a Poisson manifold X carries the canonical Poisson module structure,

defined by {f,u} = Lie,# )i, f € Ox, pp € wx, where Lie is the Lie derivative.

Remark 2.1.7. If the Poisson bracket on X has coordinate expression

{‘riazj} = fij7
then the Poisson structure on wy coming from the canonical Poisson module has the bracket
Ofik
{xﬂxj} = fl]a {xkay} = Z a ‘ Y,
i 0%

where y is the linear fiberwise coordinate on wyx in the trivialization given by dzi A ... A dx,,.

Remark 2.1.8. If a Poisson structure o on X is generically symplectic, and the degeneracy divisor
{Pf o = 0} has an irreducible, reduced component D, then O(D) admits a canonical Poisson module
structure (D is allowed to occur in {Pf o = 0} with multiplicity). Indeed, representing the local section
of O(D) as local functions on X that are allowed to have a simple pole over D, we define the Poisson
module action of f € O on s € O(D) by the usual Poisson bracket {f,s}. In principle, the bracket {f,s}
could have a pole of order 2 over D, but because o vanishes on D, the bracket {f,s}, in fact, has at

most a simple pole over D, so {f,s} € O(D).

A holomorphic vector bundle V over a Poisson manifold X admits a Poisson connection if and only if
its Poisson-Atiyah class o (Aty) € HY(X, End(V)®Tx) vanishes. If V does admit a Poisson connection
V, then all other Poisson connections on V' are obtained by adding a section of End(V) ® Tx to V.

Proposition 2.1.9. [15, Proposition 18.9] Let L be a line bundle over a Poisson manifold (X, o),
whose Poisson-Atiyah class o™ (Aty) € HY(X, Tx) vanishes. Choose a C*° vector field v on X such that
v = o7 (Aty), and denote p = [o,v] € H*(X,A?Tx). Then L admits a Poisson module structure with
respect to o if and only if p = [o,u] for some ue H°(X, Tx)
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BV operator. Modular vector field

Let Q € H(X,wx) be a volume form on a complex manifold X of dimension n. This induces the BV
operator A : A®Tx — A* 1Ty, defined by A = I"'dI, where I is the identification I : A*Tyx — A"*T3,
u 1, and d: AT - A®TITE is the de Rham differential. We will use the notation Ag, in case we

want to indicate the choice of ).

Example 2.1.10. Let X = C" with coordinates z1,...,z,, and Q =dxy, A ... Adx,. Then
n
AQ = Z Vamk ® Ldxy,
k=1
where Vp, is the operation of taking derivative of the coefficients f; of a multivector ¥ jc(1,. n) f104,,

and ¢4, is the contraction.

If Q' = fQ, f e O%, is another volume form, then Aq: = Aqg + tgi0g(s). The BV operator satisfies

AZ =0 and is related to the Schouten bracket via the relations
[u,v] = (-1)"|(A(uAv) = A(u) Av) - un Av), (2.1)

Alu,v] = [Alu),v] = ()M [u, A(v)], (2.2)

where u,v € ATx.

If o is a Poisson bivector on X, and €2 is a locally defined volume form on X, the vector field
¢ = Aq(o) is called the modular vector field of o with respect to Q. The modular vector field is Poisson.
In particular, it is tangent to the zero set {o =0}. If Q' = fQ, f € O%, is another choice of local volume
form, then Aq/ (o) = ¢+ 0% (dlog(f)). In particular, the restriction of modular vector field to the zero
set of o does not depend on the choice of local volume form €.

Example 2.1.11. Let X = C™ with coordinates x1, ..., Zy, and Q = dxy A ... Adz,. The modular vector

.

-3 (35
j=1 \i=1 Oz;

field of o = ¥, ; 0i0x; A Oy, with respect to {2 is

(here, if ¢ > j, the notation 0;; means —o;;, and if ¢ = j, then o;; = 0).
For instance, for n = 2, the Poisson bracket {z1,z2} = x5 has the modular vector field ¢ = -9,,, and

the Poisson bracket {z1,z2} = 2122 has the modular vector field ¢ = 290, — 10y, -

A Poisson manifold (X, o) is called unimodular if it possesses a volume form Q € H°(X,wx) such
that the modular vector field ¢ = Aq(o) is zero. If dim X = 2n and o = (w*)™! for a symplectic form w,

then Liouville’s Theorem implies that (X, o) is unimodular with respect to Q = A"w.

Poisson structures on 3-folds from pencils of surfaces

A pencil on a manifold X is a surjective map X -> P! that is allowed to be ill-defined on a codimension
2 subset B of X. The set B is called base locus of the pencil, and preimages of a points = € P! are called

members of the pencil.
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Let X be a 3-fold, i.e. a manifold of dimension 3. To a trivector 7 € A3Tx and a 1-form « € Ty, one
can bring into correspondence a bivector o = t,,(7). The integrability condition [o,c] = 0 is equivalent
to the equation v Adav=0¢€ AT 2 wx.

Let f: X -> P! be a pencil on a 3-fold X with a base locus B ¢ X. Let D = Dy u D.,, where
Dy = f71(0) UB, Do = f7!(c0) U B. Suppose one can find a trivector 7 € H°(X,wy') that vanishes
along D. Then the bivector t41og()(7) has no poles, and is integrable. The meromorphic function f is

a Casimir for o (see e.g. [26, Section 3] for further discussion).

Example 2.1.12. Let X = P3, and f,g be two generic sections of Ops(2). Then f/g defines a pencil
P3 -> P! with the base locus B = {f = g = 0}, an elliptic curve. Since A3Tx = Ops(4), one can find a
trivector 7 € HO(P?,A3Tx) that vanishes along {f = 0} and {g = 0}. One obtains a Poisson bivector
T = Ldlog(f/g) (1), which is the projectivization of the Feigin-Odesskii Poisson structure g4 on C* described
in [22].

2.2 Co-Higgs fields. Spectral correspondence

Recall that a co-Higgs sheaf on a smooth complex manifold X over C is a coherent sheaf V' together

with a morphism ¢ € Hom(V,V ® Tx) satisfying the integrability condition
¢ A¢p=0eHom(V,V®A>Tg). (2.3)

The morphism ¢ is called co-Higgs field on V. A co-Higgs bundle is a co-Higgs sheaf (V| ¢) such that
V is locally free.

Co-Higgs bundles are dual objects to Higgs bundles, which were introduced in dimension one by
Hitchin [I7, 18], and generalized to all dimensions by Simpson [33, [34]. The moduli space of Higgs
bundles was constructed by Hitchin [I7] and Simpson [35] B36].

Remark 2.2.1. A co-Higgs field ¢ e Hom(V,V ® Tx) can be viewed as a Poisson connection on V' over
the manifold X endowed with the zero Poisson structure. The integrability condition (2.3]) is equivalent

to the flatness of such a connection.

Let us recall the spectral correspondence for co-Higgs sheaves. A co-Higgs field ¢ on a coherent sheaf
V' of Ox-modules turns V into a sheaf of Sym(7y)-modules, where a tensor a1 ® ... ® o € (T )®" acts
on V by (p,a1)....(¢, a.) e End(V). The integrability condition ensures that the action of ®(7y)
descends to an action of Sym(7y ). Conversely, an Ox-coherent sheaf V' of Sym(7y )-modules defines a
co-Higgs sheaf (V, ¢), where for each section o of T, the tensor (¢,a) € End(V) is given by the action
of a.

Furthermore, one can bring into correspondence with an Ox-coherent sheaf V' of Sym(75 )-modules
a coherent sheaf V on the compactified vector bundle P(Tx ® Ox), whose support is disjoint from the
divisor at infinity D = P(7Tx ® Ox) \ Tx. In particular, if V is locally free around x € X, then the
support of V intersects the fibers Tx at the eigenvalues of @|.. Conversely, if V is a coherent sheaf
on P(Tx ® Ox), whose support is disjoint from the divisor D, then the pushforward p*v under the
natural projection map p : Tx — X defines an Ox-coherent sheaf V on X. Moreover, the pullback
p*Tx has a tautological section # that over a point y € Tx has value y. Multiplication by 6 defines

¢ € Hom(V,V ® p*Tx ) = Hom(V,V ® Tx ), which is a co-Higgs field.
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The discussion is summarized in the following:

Theorem 2.2.2. Co-Higgs sheaves on X are in one-to-one correspondence with coherent sheaves on

P(Tx & Ox) whose support is disjoint from the divisor D =P(Tx ® Ox) \ Tx.

Theorem was proved in [4] for the case when X is a curve and Tx is replaced with any line
bundle. An analogue of Theorem for Higgs sheaves was proved by Simpson in [36]. His argument
may be easily modified to give the co-Higgs version stated above.

Theorem [2.2.2)gives a convenient way to construct co-Higgs bundles. The typical way to construct the
coherent sheaf on P(Ty @ Ox ) with support disjoint from D is to embed (or immerse) a variety i : ¥ - Tx
so that it intersect each fiber 7, at the same number of points (counting them with multiplicity), and
then give a line bundle L over ¥. Then the sheaf i, L on Tx c P(Tx & Ox) by Theorem defines a
co-Higgs sheaf (V = p,(i.L),¢) on X.

For future use, we point out yet another way to construct a co-Higgs field on X. Let p: 3 - X be a
branched cover of smooth manifolds, L be a line bundle over ¥ and v be a vector field on ¥. Then taking
derivative of p we obtain a map Tp : Ty - Tx, which we can precompose with v : ¥ - 75 to obtain a
map Tpowv:¥ — Tx. The pushforward (7powv).L then defines a coherent sheaf on Tx c P(Tx ® Ox)
and by Theorem we obtain a co-Higgs sheaf (V,¢) on X. We will call the triple (p: X - X, L,v)
a spectral data. The co-Higgs field ¢ on V = p, L can be recovered directly by the following recipe. The
tensor ¢: T4 ®V — V sends a®v € T ® V to (p*a,v)s € V, where the multiplication of s € V' by the

function (p*«a,v) € Oy is defined by regarding s as a section of L.

10



Chapter 3

Quadratic Poisson structures on
vector bundles vs. Poisson
structures on projective bundles vs.

co-Higgs bundles

3.1 Lifting a Poisson structure on a projective bundle to a

quadratic Poisson structure on a vector bundle

Let p: V - X be a vector bundle over a complex manifold X. Let o be a Poisson structure on the total
space of V, invariant under the fiberwise action of C* via dilation. Let x1,...,z, be coordinates on a
small open set U ¢ X and y,...,y, be fiberwise linear coordinates on V. Then a C*-invariant Poisson
structure on V|, has an expression of the form

hijrr YiyjOy,, A Oy,

n n T T
0= Z fl] aCEz /\am_j + Z Z Gijk 8931 /\yjayk +
i,j=1 i=14,k=1 1,4,k =1
where the functions fi;, gijk, hijri € Ou, that is, they depend only on x variables. The presence of the
quadratic terms y;y;0y, A 0y, motivates our calling a C*-invariant Poission structure quadratic.
A quadratic (= C*-invariant) Poisson structure on V' induces a Poisson structure on the projectiviza-

tion P(V') by pushing the Poisson tensor along the projection V \ 0 — P(V).

Example 3.1.1. Consider the case when V = C™"! is a vector space. If a Poisson structure on V is

given by the bracket
{yiryi} = fizs

where Yo, Y1, ..., Yn are linear coordinates on V, and f;; are quadratic polynomials, then its projectiviza-
tion on P" = P(V') is given by the bracket

{& yfg} _ Yofij +yifio +y;foi
Y Yo Y

11
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For future use, let us record the following statement.

Lemma 3.1.2. Let o = Z;L,j,k,m:() Cijkm Yi¥;iOy, A Oy, Cijkm € C be a quadratic Poisson structure on
C™!, such that Cijkm = 0 unless all the indices i,j,k,m are distinct. Then the projectivization of o
vanishes on all the points of the form e; =[0:...:0:1:0:...:0] € P", 4 =0,1,....n. Moreover, the

modular vector field of the projectivization of o also vanishes at each e;, i =0,1,...,n.

Proof. Without loss of generality, it is enough to prove the lemma for ey. Let Uy € C™** be the set of
points [yo : ... : yn] € P™ with yo # 0. Then the fractions z; = 5—;, i # 0 define coordinates on Uy. The point
eo € Up is given by 21 = 29 = ... = 2, = 0. Without loss of generality, we may assume that o = y;;0y, AQy,.,
where i, 7, k, m are four distinct indices.

Case 1. All 7,5, k,m are non-zero. The projectivization of ¢ has the expression z;2;0., A 0.,, on Up.

It vanishes at ey, and has zero modular vector field.

Case 2. Either i =0, or j =0. Assume i = 0. The projectivization of ¢ has the expression z;0,, A0.,,.
Again, it vanishes at eg, and has zero modular vector field.

Case 3. Either £k = 0, or m = 0. Assume k = 0. The projectivization of ¢ has the expression
, which

vanishes at eg. O

Yy 2i2j210;,, A O5,. This bivector vanishes at eg, and has the modular vector field —nz;z;0

Zm

Going from a Poisson structure on P(V') to one on V' is not always possible, let alone unique. However,

the situation is well understood for the case when the base X is a point, i.e. V is a vector space.

Theorem 3.1.3. [5,[27] Let V' be a C-vector space. Any Poisson strucutre m on P(V') admits a lift to a
quadratic Poisson structure on V. Moreover, all such lifts are parametrized by Poisson vector fields on

P(V).

Proof. Quadratic Poisson structures on V' projecting onto 7w are in one-to-one correspondence with
quadratic Poisson structures on the line bundle O(-1)p(yy projecting onto . By Proposition m the
latter are in one-to-one correspondence with Poisson module structures on O(~1)p(yy. By Remark
the latter are in one-to-one correspondence with Poisson module structures on O(-n - 1)pv) = wp(v),
where n = dimP(V'). If P(V') is endowed with a Poisson structure m, then its canonical bundle wp(yy has
canonical Poisson module structure, which therefore gives a preferred way to construct a C*-invariant
Poisson structure o on V' lifting m. All other Poisson module structures on wp(yy differ from the
canonical one by a Poisson vector field v on wp(yy. Therefore all C*-invariant lifts of m to V' are of the

form o + Ful A v, where v is Poisson vector field on P(V). O

Remark 3.1.4. |27, Theorem 12.2] In coordinates, if a Poisson structure o on P™ is given by the bracket

{& 94} _Ji
Yo' Yo yS’ 7
where 0,91, ...,yn are affine coordinates, f;; are homogeneous polynomials of degree 3, then there is a

preferred (i.e. corresponding to the zero Poisson vector field) lift of o to a C*-invariant Poisson structure
on C"*! given by the bracket

i n a . . n i
{yi»yj}:ylo(fij_ Y Z fkj+ Yj Zafk)

n+1/ Oy n+1iZ Oy

12
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Let us now generalize this result to the case when V is a vector bundle, rather than a vector space.

Theorem 3.1.5. Let V be a vector bundle over X whose total space is Calabi-Yau, i.e. wy 2 Oy.
Then any Poisson structure m on P(V') lifts to a unimodular quadratic Poisson structure on V. If X is

compact, such a lift is unique.

Proof. We exploit the ideas of Bondal [5]. Pick a fiberwise constant volume form €2 on V, and denote
by A the corresponding BV operator A*Ty — A*"1Ty,. Cover the base manifold X by open sets {U; }ics
such that V is trivial over each I; and H* U;, Oy, ) =0, k> 0. We are going to construct the desired lift
of 7 over each U; separately, and prove that these lifts agree on double overlaps U; NnU;.

Consider the short exact sequence

0 —— (Ov0) 224 (Tv0)S —— (0" Ter))S —— 0, (3.1)

of sheaves on V' \ 0, where p: V \ 0 - P(V) is the natural projection, and the left map is multiplication
by the Euler vector field Eul. Taking A% of (3.1)) we obtain

0 —— (P Te)" —— (A2 Tv0)® —— (0 A2 Tor))S — 0. (3.2)

Over each U;, we have H'((V \ 0)y;, (p*ﬁ(v))c*) = H' (P(V)u,» Teqvy) = H' (Ui, Ou,) = 0, so the
long exact cohomological sequence for (3.2)) implies that any bivector on P(V')

v, lifts to a C*-invariant
bivector &; on (V' \0)|y,. By Hartog’s theorem, &; extends smoothly to V. Let us modify &; to make
it Poisson. The identity (2.1) implies the identity

A(Eul Av) + Eul AA(v) = A(Eul) Av=(r+1)v, vea®Ty, (3.3)

where r + 1 is the rank of V, and Eul is the fiberwise Euler vector field on V. It follows from (3.3)) that
;=04 — ﬁEul A A(T;) satisfies A(o;) = 0. Also, note that the term Ful A — projects to zero on P(V),
so o; is also a lift of .

We claim that o; is Poisson. Since p.o; =, we get p.[o;,0;] = [7,7] =0, so Eul A [0;,0;] = 0. Since
[O’i,O'i] = A(O’i N O'i) - QA(O'Z') NO; = A(O’i N O'i)7

we obtain .
[0i,0i] = 7(A(Eul ANA(o; Aoy)) + Eul A A?(o; A G'i)) =0.
r+1

Next, we claim that over U; nlU; the Poisson bivectors o; and o; coincide. Indeed, the difference
0; — o is annihilated by both A and Eul A —, so the identity (3.3) implies that o; — o; = 0. This implies
u; glue together to a global Poisson bivector o on V' that lifts

that the Poisson bivectors o; defined on V'
.

Finally, assuming X is compact, let us prove that any two unimodular C*-invariant Poisson bivectors
o, o' lifting m must coincide. Due to compactness of the base, any two fiberwise constant volume forms
on V must be scalar multiples of each other. So, without loss of generality, we may assume that ¢ and
o’ are annihilated by a BV operator A coming from the same volume form . Then the difference o — o’
is annihilated by A and Eul A —, hence the identity implies that ¢ — ¢’ = 0. O

13
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Remark 3.1.6. Let V be a trivial vector bundle over an open set U c¢ C™, and let m be a Poisson

structure on P(V') given by the bracket
{xivxj}:fija {xiai}:%a {i;i}z%a
Yo Yo Yo Yo Yo
where x1, ..., Z,, are coordinates on U, yo, ..., y, are fiberwise linear coordinates on V, and f;;, g;; and h;

are holomorphic functions in z’s and y’s that are homogeneous in y’s of degree 0, 2 and 3, respectively.

Then 7 has a lift to a C*-invariant Poisson structure on V' given by the bracket

{xla‘r]} = flja

T

1 Yj 0g; Yi & Ofr
{%yj}=y0(9ij— = k) = e

r+1 /7 Oy _T+1k:1 Oxy’

T

1 Yi Ohk; Y &S Ohki Y 09k Ui < OGki
i Yit = — | hij — + - + .
{yi v} yo( J r+1,€z::1 Oy r+1,€z::1 Oy r+1,;18mk r+1,;8mk

14
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3.2 Constructing a co-Higgs field from a Poisson structure

Vector bundle case

Let p: V — X be a vector bundle over a manifold X. The one dimensional torus C* acts on V via
dilation, and generates the Euler vector field Ful. Recall that C*-invariant vector fields on V' tangent
to the fibers are in one-to-one correspondence with sections of End(V'). The Euler vector field in this
way corresponds to the identity endomorphism of V.

Let o be a quadratic Poisson structure on the total space of V. In local coordinates, one has

n n r
o=y fij Ou, NOu, + 3 D Gijh Ou, A0y + Y hijrt YiyyjOy, A0y,
i,j=1 i=14,k=1 1,4,k =1

where 1, ..., x, are coordinates on a small open set U c X, y1,...,y, are fiberwise linear coordinates on
V|u, and the functions fi;, gijk, hijii € Oy depend only on z variables.

The terms f;;0,, A 0, alone define a Poisson structure on X, which we are going to denote by p.o.
A coordinate free way to define p,o is to projectivize o to obtain a Poisson structure 7 on P(V'), and
then apply Lemma to push forward 7 further to X.

We are often going to assume that p.o is zero. According to Remark this is equivalent
to requiring the fibers of V' to be coisotropic with respect to o. Under this assumption, the terms

GijkOz; A Y;jO0y, define a co-Higgs field on X. A coordinate free way to say this is the following:

Lemma 3.2.1. Let p: V — X be a vector bundle and o be a quadratic Poisson structure on V' with

coisotropic fibers. Then o induces a co-Higgs field ¢ € Hom(V,V ® Tx ), given by the formula
(¢,a) = (p*a), for any aeTx. (3.4)

Proof. For any 1-form « € Ty, the pullback p*« € 7y is C*-invariant. Therefore, the Hamiltonian vector
field o7 (p*«) is C*-invariant as well. Moreover, since the fibers of V are coisotropic, the vector field
o#(p*a) is tangent to the fibers. Hence, we can use the correspondence between C*-invariant vector
fields on V' tangent to the fibers, and endomorphisms of V' to define the expression (¢, a) € End(V'), for
each ae T, via (3.4).

To prove that the tensor ¢ satisfies the co-Higgs integrability condition, we need to check that for
a, B € Tx, the endomorphisms (¢, &) and (¢, 8) commute. Equivalently, we need to check that the vector
fields o7 (p*a) and o (p*3) Lie commute. The latter fact follows from the assumption that the fibers

of V' are coisotropic with respect to o. O
In the setup of Lemma [3.2.1] o is called a Poisson lift of ¢ to V.

Remark 3.2.2. In Lemma if one drops the requirement of coisotropic fibers, then instead of a
co-Higgs field, one can construct a flat Poisson connection on V' with respect to the Poisson structure
p«o on X. The latter is the dual of the following Poisson connection on V*:
v: TgxV* — v*,
(df,s) +— A{p*f,s}e

15
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Projective bundle case

Recall that vector fields on a projective bundle P(V') tangent to the fibers are in a one-to-one corre-
spondence with the sections of Endy(V'), the zero trace endomorphisms of V. Recall that to a co-Higgs
field ¢ one can bring into correspondence a pair (g, v) of a zero trace co-Higgs field and a vector field
such that v = Tr(¢) and ¢g = ¢ — ﬁ’ﬁ(qﬁ) Conversely, one can recover ¢ from the pair (¢g,v) in an
obvious way.

Lemma 3.2.3. Let V be a vector bundle over X, p : P(V) - X be its projectivization, and 7 be a
Poisson structure on P(V') with coisotropic fibers. Then 7w induces a unique zero trace co-Higgs field
b0 € H'(X, Endo(V) ® Tx), given by the formula

(o, ) = W#(p*a), for any o€ Tx. (3.5)

Proof. For any 1-form « € Ty, the Hamiltonian vector field 7# (p*a) € Tp(vy is tangent to the fibers.
Hence, we can use the correspondence between vector fields on P(V') tangent to the fibers, and zero
trace endomorphisms of V' to define the expression (¢o, ) € End(V), for each a € T¥, via (3.5).

To prove that the tensor ¢ satisfies the co-Higgs integrability condition, we need to check that for
a, B € Ty, the endomorphisms (¢g, ) and (¢, 5) commute. Equivalently, we need to check that the
vector fields 7% (p*«) and 7% (p* ) Lie commute. The latter fact follows from the assumption that the

fibers of V' are coisotropic with respect to . O

In the setup of Lemma m is called a Poisson lift of ¢g to P(V'). Sometimes, we will say that a
Poisson structure © on P(V') lifts a co-Higgs field ¢ that does not necessarily have zero trace. This will
mean that 7 lifts the zero trace part of ¢.

Overall, we obtain the following commutative diagram of operations

{ Quadratic Poisson structures on V' } { Poisson structures on P(V') }

with coisotropic fibers with coisotropic fibers

{ Co-Higgs fields on V } { Zero trace co-Higgs fields on V }
Going in the directions opposite to the arrows is usually non-trivial, except for the lower horizontal

arrow, and constitutes one of the main themes of this thesis. Theorem above dealt with the

reversing the upper horizontal arrow, without the assumption of coisotropic fibers.

16
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3.3 Modular vector field via co-Higgs field

Recall the notion of the modular vector field of a Poisson structure from Section 211 In the current
section we prove that for Poisson structures on projective bundles and quadratic Poisson structures on
vector bundles, provided that the fibers are coisotropic, some part of the modular vector field can be

read off from the underlying co-Higgs field.

Vector bundle case

Lemma 3.3.1. Let o be a quadratic Poisson structure on a vector bundle V over X whose fibers are
coisotropic, and let ¢ be the corresponding co-Higgs field on V. Then the modular vector field of o

restricted to the zero section of V equals the negative of the trace of ¢.

Proof. The statement is local, so without loss of generality we may assume that X = is a small open

set in C™. Let 21, ..., x, be coordinates on U and yq, ...,y be fiberwise linear coordinates on V. Let

q
M:

T T
Z Gijk 8m7 AN yjﬁyk + Z hz’jkl yiyjayk VAN 6yl, for some Gijk;, hijkl € Ou.
k=

i 1 i,,k,1=1

17,

Then .
Z 9ijkOr; ® YjOy,,
p=

n T
= Z Z 9ijjOu; -
=121

Choose the volume form Q = AL, dz; A Nj_; dy;, and let A = i Vo,, ® tde; + 22:1 Vo, ® ldz; be the

corresponding BV operator on multivectors on V. Then the modular vector field of ¢ is

n

I 8 i n i
C A(O') Z Z éqzjk ngijj&“JrA( Z hzjkl yzyja /\8 )
i 14=1

i=1j,k=1 i,9,k,0=1

At the zero section n_;{y; = 0} the first and last terms vanish, and the second one equals ~Tr ¢. O

Projective bundle case

Let ¢ € H*(X, End(V) ® Tx) be a co-Higgs field. By its eigenvariety we mean the subvariety E c P(V)
consisting of the points (z,v), v € X, 0 # v € V|, such that ¢, (v) Av=0eA?V]|,® T|,. The eigenvariety
E c P(V) of ¢ is closely related to the spectral variety ¥ ¢ Tx of ¢. However, they are not always

isomorphic.

Lemma 3.3.2. Let ¢ € HO(X,End(V) ® Tx) be a co-Higgs field. Let E c P(V') be the eigenvariety of
¢ and X c Tx be the spectral variety of ¢. Then there is a canonical morphism Eig: E — % sending a
¢-etgenvector to its eigenvalue. If ¢ is regular semi-simple over U c¢ X, then the morphism Fig is an

isomorphism over U.

Proof. Let U c X be an analytic open set. Choose a basis of V. Let U;; c P(V')[yy be the open subset

given by the points (z,v), x €U, v =[v1 : ... : v, ] €e P(V)|, such that v; # 0 and v; # 0. Then over Enlf;;
vj ¢ (v)i
Vi ¢$(U)j :

the morphism FEig is defined by formula Eig(z,v) =

17
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If ¢ is regular semi-simple over U, then each eigenvalue corresponds to exactly one eigenvector, up to

scaling, so there is a one-to-one correspondence between the eigenvalues and the eigenvectors of ¢. [

Lemma 3.3.3. Let V be a vector bundle over X, p : P(V) - X be its projectivization, and 7 be a
Poisson structure on P(V') with coisotropic fibers. Let ¢ be the corresponding zero trace co-Higgs field

on V. Then the zero set of w is contained in the eigenvariety E c P(V) of ¢.

Proof. If 7 vanishes at a point (x,v) € P(V), then in particular the Hamiltonian vector field 7% (p*a)
vanishes at (x,v) for each o € T*|,. This implies (¢, (v), @) is collinear with v for any o € 7*|,. In other
words ¢, (v) Av=0¢eA*V], ®T|,. O

Lemma 3.3.4. Let p: V - U be a rank r vector bundle over an analytic open set U c C", and m be a
Poisson structure on P(V') with coisotropic fibers. Let the corresponding zero trace co-Higgs field ¢ on
V' be diagonal, with diagonal vector fields vi,...,v,. Furthermore, let 2v, —v; —v; be a non-zero vector
field, unless i = j = k. (In particular, we are assuming that ¢ is regular semi-simple generically on U.)
Then the zero set of 7 is equal to the eigenvariety E c P(V') of ¢. Moreover, the modular vector field

of m, restricted to the branch s; :U — E corresponding to v;, equals 75; .v;.

Proof. Using Theorem let us lift the Poisson structure m on P(V') to a unimodular Poisson structure
o on V. The structure o lifts a co-Higgs field of the form ¢ +vId on V, for some vector field v. However
due to unimodularity of ¢ and Lemma |3.3.1] we have v = 0, and so o lifts ¢.

Let us choose coordinates x1,...,z, on U, so that v; = Z?:l fl-j&,;j, for some f;; € Oy. Also, let us
choose for each i = 1,...,r a linear fiberwise coordinate y; on the eigenline of V' with the eigenvalue v;.

Then the coordinate expression for ¢ must be of the form

n T n
= Z Z fab 830;, A yaay,l + Z Gijkl yiyjayk A 8y1,7 (36)
b=1a=1 i,5,k,m=1
i<j,k<l

for some functions g;;x € Oy.

First, let us prove the lemma assuming the second summand in vanishes. The points of E c P(V)
are given by those (x1,...,Zn, y1,...,y) for which all y;’s, except one, are zero. For any i € {1,2,...,7},
let U; c P(V') be the set of points (21, ..., Tpn, Y1, -.., Yr) With y; # 0. Then 21, ..., 2, together with z, = i’/—“,
a # i, define coordinates on U;. The projectivization of first summand of in these coordinates has

the form

i g fab - fzb a:nb A Zaaz (37)

This expression vanishes on F nl; = F;, since the latter set consists of points for which the coordinates
2z, are zero for all a # . Moreover, by choosing the volume form Q = dzj A ... Adzy, A (Aagidza), we can
calculate the contribution of to the modular vector field of ¢ by applying the corresponding BV
operator Ag = Y1 Oy ® Lz, + Yati 0z, ® Lz,

(Z Z(fab fzb)awb N Zq za) Z Z a(fab flb) aza + Z Z(fzb - fab)awb

b=1 a#i b=1a#i arb b=1a#i
In the latter expression, the first summand vanishes on E;, whereas the second one gives s; .((r —

Dv; - ati Vg) = T8 «V;.

18
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Let us now explain why the projectivization of the second summand in (3.6)) also vanishes on F, and
does not give a contribution to the modular vector field of o over E. We are going to use the fact that
the vector fields v;, i = 1,...,r, pairwise Lie commute. Thid will be proved later in Lemma [3.4.2]

The 0, A Oy A O, component of the trivector [0, 0] is given by

n n n
2 > GijkiOn, A DL fabtaOyu s Yi¥iOy A0y [ =2 D) GijraOuy A (fiv + Fib = frv = f1)Yiyj Oy A Oy, -
byi,j,k,m=1 a=1 byi,j,k,m=1

i<j,k<l i< k<l

Since o is Poisson, this component vanishes, and we see that g;;x; = 0 unless fi, + fj5 — fro — fio = 0
for all b. That is to say, g;jr = 0 unless v; +v; — v —v; = 0. Due to the assumption of the lemma, we get
that the only terms appearing in the second sum of (3.6 are the ones where all the indices i, j, k,l are
distinct. Now, we apply Lemma fiberwise to argue that all such summands in (3.6) vanish on E

and do not contribute to the modular vector field of o on E. O
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3.4 Lifting a co-Higgs field to a Poisson structure.

3.4.1 Local analysis

Let ¢ € HO(X, End(V) ® Tx) be a co-Higgs field on a rank r vector bundle V. Let
7i(¢) = Tr(6%) e HY(X,S*Tx), k=1,2,....7.

Specifically viewed as an element of Hom(S*75,Ox), 7(¢) is the composition

SET > End(V) Trace s Ox

W1 Qw1 ®...0 wg, —— (¢,UJ1)<¢, WQ) s (¢7 wk) — TI‘(<¢7 w1)<¢a WQ) s <¢a wk))

Definition 3.4.1. We say that the co-Higgs field ¢ is strongly integrable if the m(¢), k = 1,2,...,r,

pairwise Poisson commute when viewed as functions on the symplectic manifold 7*X.

In addition to the functions 73(¢), we consider the coefficients s (¢) € H°(X,S*Tx) of the charac-
teristic polynomial of ¢. Over each fiber, if vy, ..., v, are the eigen vector fields (=Tx-valued eigenvalues)

of ¢ counted with multiplicity, then
51(¢) =01 +V2 +... + V2,

sa(p) = ) vy,

1<i<j<r

s3(¢) = Z ViUV,

1<i<j<k<r

$r(@) = v1v2...0,..

Recall that the spectral variety of ¢ is the subvariety of Tx cut out by the section

Xo(0) = det(0 = ¢) = 0" = 51(6)0" " + ...+ (=1)" " s,1(9)0 + (-1)"57(9)
of p*S"Tx, where p: Tx — X is the natural projection, and 6 is the tautological section of p*Tx.
The functions 74 (¢) and sx(¢) are related by the classical Newton’s identities
k-1 _
(@) = (1) ksi(9) + Y (-1 si(@) (o), 1<k <. (3.8)

i=1

Formulas (3.8]) imply, by induction, that the 7% (¢), k = 1,2, ..,7, pairwise Poisson commute if and
only if the sx(¢), k=1,2,...,r, do.

Lemma 3.4.2. Let ¢ € H(X,End(V) ® Tx) be a co-Higgs field. Let U c X an analytic open set on

which ¢ can be diagonalized:
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v 0 0
o=V o Y e W), i- 12, (3.9)
00 .o,
Then
a) ¢ is strongly integrable over U if and only if the vector fields v;, i = 1,2, ...,r, pairwise Lie commute.

b) ¢ admits a lift to a quadratic Poisson structure on V|y if and only if ¢ is strongly integrable.

Proof. a) Over U, one has 14(¢) = X1, v¥. The Lie bracket of vector fields is the same as the Poisson
bracket of the corresponding fiberwise linear functions on 7* X, so if the v; pairwise Lie commute, then
the 73, pairwise Poisson commute over . Conversely, assume that the 7 pairwise Poisson commute,
and let us prove that the v; pairwise Lie commute.

By passing to a smaller U, if necessary, we ensure that for each pair of indices i # j, we have either
v;(2) =vj(2), for all zelU, or v;(z) # vj(2), for all zeU. After doing this, let us renumerate the v; so
that vy, vs, ..., v, for some 7’ < r, are all distinct. For each 1 < j <7/, let m; > 1 be the multiplicity of
this particular v; in the list. One has my +mga +... + My =1,

For any k,l € {1,2,...,r} one has

T

O:{Tk(¢)7Tl(¢)}: Z {vzl’cvvé‘}: i mmj{vz’ g} ki Z mm]{vuvj}vk Lot

1,5=1

Denoting by P the 7’ x 7’ matrix whose (4, j)-th entry is {v;,v;} one obtains that

M(VPVTYM =0,

where V is the Vandermonde ' x v’ matrix whose (%, j)-th entry is v;_l, and M is the diagonal 7’ x r’
matrix whose (7,)-th entry is m;. The matrix M is invertible. Also, since v; # vj, for 4,5 <r’, i # j, the
Vandermonde matrix V is invertible, too, and therefore P is the zero matrix.

b) Let y1,y2,...,yr be the fiberwise linear coordinates on V|, given by the trivialization of V|
in which ¢ has the form . Then by part a), the v; pairwise Lie commute, and so the bivector
00 = Yiq Vi ANYime 8 - lifting d) is Poisson. Conversely, let us assume that ¢ is not strongly integrable. Then

the lift g is not Poisson, because

0 0
[00,00] =2 UiV A Y Ay #0.
1<z§;<r B ' y; ! 8
Moreover, we claim that no other lift o of ¢ is Poisson. Indeed, let
u 0 T 0 0
0= ViNYimz— + Ptmn Yk 75— A 2,
; y; k,l,y%:nﬂ Y Oyn
where hgpmn € Oy. Then
0 0 " 0 0] 0
=2 Vi, Vi I NYi7— NYj— Rkimn Vi A [yz Yy YY1 3 — 7] o (3]‘0)
1<Z;<r ] Jy; ! dyj k,l;,nﬂ y; OYym  Oyn
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where the omitted terms are purely vertical. Note that

9] 0 9] 0 0
im Yk — A 7 | = ik + dit = i = Oim T A5
[y Oy, YrYi O A 8yn] (bik + 6ur ) Ykt O A o,

Therefore, the second sum in (3.10)) will never cancel out the first one. The only terms that have a
chance of doing so are the terms with & = m, [ = n, and the terms with k = n, [ = m, but they get

multiplied by zero. O

Example 3.4.3. Let C be a smooth curve, v be a vector field, and d > 1. Let ¢ be the co-Higgs field
coming from the spectral data (p: C'x S1C - S9C, (v,0,...,0), £), where p is the symmetrization map,
and £ is any line bundle over C' x S 1C. The the co-Higgs field ¢ is strongly integrable. Indeed, if we
choose d disjoint analytic open subsets Ui, ...,Uy of C, then over the open subset U x ... x Uy c SC, the
eigen vector fields v; from Lemma equal (0,..., O,i v 0...,0), and clearly pairwise Lie commute.

Remark 3.4.4. For part (a) of Lemmal(3.4.2] it is not essential that the co-Higgs field ¢ is diagonalizable.
Passing to a smaller open set U, if necessary, we can always define the eigen vector fields v; as local

sections of the spectral variety p: ¥ — X. Then the proof of part (a) works verbatim for these v;.

Remark 3.4.5. In part (b) of Lemma it is essential that the co-Higgs field ¢ is diagonalizable,

as the following example shows.

Example 3.4.6. Let U be an analytic open subset of C containing 0, and consider the co-Higgs field

1 =«
¢>:(0 1)8m

on the rank 2 vector bundle V = Oy @ Oy. The co-Higgs field ¢ is strongly integrable, because 71(¢) = 20,,
T2(¢) = 20%2. Denoting by y; and ys the fiberwise linear coordinates on the first and the second summand

of V', respectively, we notice that any lift of ¢ to a C*-invariant bivector on V has to be of the form
0 =0y ANY10y, + Op AY20y, + 205 AY20y, + f(2)y10y, AY10y, + g(2)y10y, A Y20y, + h(2)y20y, A Y20y,,
where f,g,h € Oy. Then one has
[o,0] =4af(x)0y Ay10y, AY20y, —2(xg(x) +1)0p A Y20y, A Y20y, .

We see that no choice of f, g, h produces an integrable lift o.

Corollary 3.4.7. Let ¢ be a diagonalizable zero trace co-Higgs field on a vector bundle V' over an open

set U c C. Then ¢ admits a lift to a Poisson structure on P(V') if and only it is strongly integrable.

Proof. If ¢ is strongly integrable, then by Lemmab), it admits a lift to a quadratic Poisson structure
o on V. Then projectivization of o gives a Poisson lift of ¢ to P(V).

Conversely, let ¢ admit a Poisson lift 7 to P(V'). By Theorem m admits a further lift to a
quadratic unimodular Poisson structure o on V. Then o lifts a co-Higgs field ¥ = ¢ +vId, for some vector
field v € H°(U, T;). By Lemma the co-Higgs field 1 has zero trace, just as ¢ does. Therefore,
v =0, and so o is a Poisson lift of ¢. Lemma b) then implies that ¢ is strongly integrable. O
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3.4.2 Global analysis.

On top of the local obstructions discussed in Subsection there may be further obstructions for
the existence of a Poisson lift of a co-Higgs field. In the current subsection, we discuss the obstruction
coming from the Atiyah class of the underlying vector bundle. Prior to this, let us discuss two low rank

unobstructed cases.

Remark 3.4.8. If V = L is a line bundle over a manifold X, then a co-Higgs field on L is the same as
a vector field on X. Each vector field v € H°(X, Tx) viewed as a co-Higgs field on L admits a unique
Poisson lift to L in the following way. The quadratic Poisson structure on L lifting v is 0 = T A Eul,
where 7 is a local choice of a C*-invariant vector field on L projecting onto v, and Ful is the Euler vector
field. Note that since the fibers of L are one dimensional, different choices of ¥ will amount to the same

ag.

Theorem 3.4.9. [27] Let V be a rank 2 vector bundle over a base manifold X. Then there is a one-
to-one correspondence between the Poisson structures on P(V') with coisotropic fibers and the zero trace
co-Higgs fields on V.

For a detailed proof of Theorem see [27, Theorem 6.1], which is stated and proved without the
assumption of coisotropic fibers. Let us present an explicit formula for the unique Poisson lift 7 of a

zero trace co-Higgs field ¢ on a rank 2 vector bundle V' — X. Let
p=> (fm O, ® Y10y, + fi12 Oz, ® Y10y, + fi21 Op, ® Y20y, — fi11 Or, ® y28y2)a
i=1

where fi;r € Oy, x1,...,z, are coordinates on U c X, and yi,y, are fiberwise linear coordinates on V.
Then the Poisson lift of ¢ to P(V|y) is

n
T=. (2fi11 O, N0y, + fit2 Op, AT Og, + fio1 Ons /\551),
i1

where 7; is the affine coordinate z—;
Let ¢ € HY(X,Tx ® End(V)) be a co-Higgs tensor (not necessarily integrable). Consider the short

exact sequence of Ox-sheaves

0 —— SV @A’V —— (A*TV)S,, —— Tx ® End(V) —— 0,

cots

where (A277)S,, denotes the C*-invariant bivectors on V, with respect to which the fibers of V are
coisotropic, and the right hand side map is given by Lemma [3.2.1

From the corresponding long exact cohomological sequence

0 — HOX,S2V* @ A2V) —— HO(X, (72T )eois)S —— HO(X,Tx ® End(V)) ——

s HY(X,S2V* @AV ———— .

we see that ¢ admits a lift to a C*-invariant bivector on V' if and only if its image under the connecting

homomorphism §(¢) represents the zero element of H'(X,S?V* ® A2V). One can express the element
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§(¢) = (Aty % ¢) as the pairing of the Atiyah class Aty € H' (X, T ® End(V)) with the co-Higgs tensor
¢ e H(X,Tx ® End(V)) coming from the following bundle map

(T ® End(V)) ® (Tx ® End(V)) ——3 End(V) ® End(V) —2— S2V* ® A2V,
(3.11)

(41 © 40, ) ® (02, ® 900y ) F—— G130, ® WDy.) —— iaysyp ® Dy A O,

where x’s are local coordinates on X, y’s are fiberwise linear coordinates on V', and é;, equals 1 if i = q,

and 0 if 7 # a. We have arrived at the following:

Proposition 3.4.10. Let ¢ € H*(X,Tx ® End(V)) be a (not necessarily integrable) co-Higgs tensor.
Then ¢ lifts to a (not necessarily integrable) C*-invariant bivector on V if and only if the pairing
(Aty 4 @) defined by gives the zero cohomology class in H'(X,S?V* ® A%V).

If the obstruction (Aty % ¢) does vanish, the set of lifts of ¢ to HO(X, (A2Ty )eois)C is a torsor over
HO(X,S?V* @ A%V).

If ¢ is a strongly integrable co-Higgs field, one might hope to find a lift of ¢ that is Poisson. To do

this, one needs to solve the Maurer-Cartan equation
[G+8,5+3]=0,

where  is a fixed, not necessarily integrable lift of ¢, and 3 runs over H°(X, S?V* ® A2V and is viewed
as a purely vertical bivector on V.

For future use, let us state and prove the following:

Lemma 3.4.11. Let ¢ be a co-Higgs field on V = Opi (k) & Opi (k — 2) with k # 0. Then ¢ lifts to a
C*-invariant (not necessarily Poisson) bivector on V if and only if the Hom(Op1 (k), Op1(k —2) ® Tp1)

component of ¢ is zero.

Proof. Let

¢ = (U1 7)2)
V3 U4
where v1,v4 € HO(PY, Tp1), vo € HO(P, Tp1(2)), v3 € HO(PY, Tp1(~2)) = C. We claim that to be able to

lift ¢ to a C*-invariant bivector on V' one must assume that the constant vs is zero. To this end, let us
calculate the obstruction (Aty 4 ¢) e HY(P', S?V* ® A%V provided by Proposition [3.4.10, Note that

S?V* @ A2V = (Op1 (~2k) ® Op1 (2 - 2k) ® Op (4~ 2k) ) © Op1 (2K - 2) = Op1 (-2) @ Opr & O3 (2),

so HY(P!,S?V* ® A2V) = C, and only the first summand contributes to the H*.
Let

o1 = (a10+ a0z +a122°)0,,

Vo = (GQO +a91T + a22x2 + CL23£L'3 + (1241'4)(91;,
vy = azo0k,

Vg4 = (a40 +aq41 + a42x2)8x,
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where a;; € C and z is an affine coordinate on Uy c P, Also, choose fiberwise linear coordinates 3, and
yo on the first and the second summand of V, respectively. Then with respect to the Cech cover Uy,

U, =P\ {2 =0}, the Atiyah class Aty has the 1-cocycle representative
Aty = kndy, @ 2+ (k- 2)120,, © 2 € (Bnd(V) T leoris-
Also, let us express
@ =Y10y, ® U1 + Y20y, ® Vs + Y10y, ® U3 + Y20y, ® V4 € HY(PY, End(V) ® Tp1).

Then

<AtV A ¢> = kylayl A (y18y2 v3g’ﬁdw) +y a (v4,dw))+
(k=2)y20y, A (410, © L2 4450, © EQ’dx)) € (S2V* @ A2V uorisy -

The summand contributing to the Op1 (~2) component of S2V* ® A2V is

k yfayl A Oy, (vz, de) = CL30 8y1 A Dy, .
x

Since k # 0, this will give a zero class in H* (P!, Op1 (-2)) if and only if azy = 0. Therefore, by Proposition
3.4.10} the co-Higgs field lifts to a C*-invariant bivector on V if and only if vg = 0. O

3.4.3 Lifting a co-Higgs field via logarithmic connection.

For a co-Higgs type tensor ¢ € H°(X,7x ® End(V)) (not necessarily integrable) and a connection V
on V (not necessarily flat), let us denote by Lifty(¢) the C*-invariant bivector on V lifting ¢ given by
applying

Tx ® End(V) ~2% (Ty)C" ® End(V) —2— (A2T3)".

Let 21, ...,x, be coordinates on an open set U ¢ X and y, ..., y, be fiberwise linear coordinates on V',
and let

¢=2. Y Pijk Ou, ® YOy,
k=

i=1 j,k=1

V=d+ Z Z Agpe dzg ®ybaycy
a=1b,c=1

for some ¢y, Aave € Oy Then

Yo (O, + Aive yp0y.) A (Diji YjOy,.) - (3.12)
1j4,k,b,c=1

Lifty(¢) =

an

Remark 3.4.12. Two different connections Vi, V2 may produce the same lifts Lifty, (¢), Lifty, (o).
Specifically, if V1 - Vo =w e HY(X, T3 ® End(V)), then

Lifty,(¢) = Lifty,(¢) = (w 5 ¢) € S°V* @ A%V,

where we are using the pairing ( ) ) defined by (3.11).
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Suppose now that the connection V has logarithmic poles along a divisor D ¢ X. Then we can lift
¢ to a C*-invariant bivector o = Lifty(¢) on V away from the divisor D. Let us discuss under what
conditions the bivector o extends smoothly over V|p. By Hartog’s theorem, it is enough to check when
o extends smoothly over the fibers V|p. where D is the smooth part of D.

Let us denote by Nxpo = (Tx|pe)/Tpe the normal bundle of D?, and by prary,p. : Tx|pe = Nx/pe
the canonical projection. Let pravy,,.(#) € H°(D,End(V) ® Nx/p-) be the normal projection of ¢
defined over D°. Let resy € HO(D°, End(V)) be the residue of V.

Lemma 3.4.13. Let ¢ € H*(X,Tx ® End(V)). Let V be a Tx(-log D)-connection for a divisor D.
Then the bivector Lifty(¢) on V|x.p extends smoothly over D if and only if over the smooth part D°
of D

TeSy ADT Ny po (¢) =0 € HY(D°, 8%V* @ A2V ®Nx/po).

Proof. Let z be a smooth point of D. Let us choose local coordinates z1,zs,...,z, on X around z in
such a way that D = {1 = 0}. Let us also choose a trivialization of V around z, so that we have fiberwise

linear coordinates yi,...,y, on V. Let

¢=2. Y Pijk Ou, ® YOy,
k=

i=1j.k=1

V=d+ z Atpe d?mll ®yb8yc + Z Z Agpe dzg ®yb8yc,

b,e=1 a=2b,c=1

for some ¢y, Aave € Oy Then

T

) 1 n r
Liftg(¢)= Y, (@cl + :cTA”’C ybayc) A drjr Yi0p) + D0 D0 (On, + Aie b0y.) A (Giji Y0y,) -

3, k.b,e=1 i=2j,k,b,c=1

We see that the only term that gives a pole is the one involving i The coefficient at i equals

T
> Awe YOy, A b1ji YOy,
7,k,b,c=1

When restricted to {z1 = 0}, the coefficient gives resy A pray, 0 (6)- O

Example 3.4.14. If rk(V') = 1, then the condition in Lemma [3.4.13|is vacuously true. This agrees with
the fact that in the rk(V) =1 case a co-Higgs field always admits a Poisson lift to V' (Remark [3.4.8]).

Example 3.4.15. If the co-Higgs tensor ¢ is tangent to the divisor D, i.e. ¢ € H(X,End(V) ®
Tx (=log D)), then prur, . (¢) vanishes. That is to say that Lifty(¢) is always smooth if V is logarith-
mic with respect to D and ¢ is tangent to D.

Example 3.4.16. Consider the symmetrization map p: C*> - S?(C) = C?, p(z1,72) = (z1 + T2, 2172).
Let V be the rank 2 vector bundle p,O¢2 over X = S?(C). The vector field 6%1 on C?, by the spectral
correspondence, gives a co-Higgs field ¢ on V = p,O¢z2. Moreover, the canonical trivialization of Og¢2
gives a trivialization of V away from the branch locus of p, that is, away from {a? — 4ay = 0}, where
Q1 = Ty + Ty, ay = T,y are coordinates on X = S2(C). This trivialization gives a flat connection V on V'
away from {a? —4as = 0}. Let us check if the bivector Lifty($) extends over the divisor {a? —4as = 0}.
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Let us choose the basis (1, z1 — z3) of C[x1,z2] viewed as a module of C[ay,as], so that we have
the decomposition C[z1,z2] = Clay, az] @ (z1 — £2)C[ag, az]. This gives a trivialization of V = p.Oc2.

In the coordinates ay, s and above trivialization, the connection V has the form

v:d_(o O)dml—dxgzd_;(() O)d(a%—élozg)'

0 1) z1-x2 0 1) of-4da

So, V has a logarithmic pole along D with residue

1(0 O
’I"eSv:—g 01 .

The normal projection of the co-Higgs field equals

0 o?-4
PNy (@) = (¢, d(a? - 4a)) = multiplication by 2(z; — z3) = 2 (1 “ 0 OQ)

0 0
b 10
If we denote by (1, B2 the fiberwise coordinates on V' corresponding to the trivialization (1, x1 — z3) of
C[x1, 2], then resy corresponds to the vector field %Bga%z and pryy,,(¢) to the vector field 251%&2.

These vector fields are collinear, so the condition of Lemma [3.4.13] holds, and therefore the bivector
Lifty(¢) extends smoothly over the divisor D.

We remark that Example 3 illustrates that the condition in Lemma [3.4.13] is not preserved under
dualization of the vector bundle V: while the vector fields % 528%2 and 2ﬂ18%2 are collinear, the vector

fields % ﬁg% and 2528%31 are not.

3.4.4 Lifting a co-Higgs field via diagonal logarithmic connection.

Recall that if V' is a vector bundle over a base X and D is a divisor on X, then by a Tx(-logD)-
connection on V' we mean a connection that is allowed to have logarithmic poles along D. If one has
a splitting V into a direct sum of line bundles L, ..., L, then a connection V is called diagonal with
respect to such a splitting, if everywhere locally it has a diagonal matrix in some (equivalently, all)

trivialization(s) of V' given by non-vanishing sections s; of £;, i=1,...,7.

Definition 3.4.17. If ¢ is generically regular semi-simple co-Higgs on V', then by a logarithmic ¢-
diagonal connection on V we mean a connection V on V such that V is allowed to have only logarithmic
poles and only at the points of branching of the spectral cover ¥ - X, and V is diagonal with respect
to the splitting of V' into a direct sum of eigen line bundles of ¢ away from branch points of the spectral

cover.

Lemma 3.4.18. Let ¢ € H*(X,End(V) ® Tx) be a strongly integrable co-Higgs field that is generically
regular semi-simple. Let V be a logarithmic ¢-diagonal connection on V. Then the bivector Lifty () is

a meromorphic Poisson structure.

Proof. Tt is enough to check integrability of the bivector Lifty(¢) on a small open set. Let U c X
be an analytic open set over which V has no poles, and ¢ can be brought to the diagonal form ¢ =
diag(v1, ..., v,). Let V| = @1_, L; be the decomposition of V into the eigen line bundles of ¢, and let for

each i = 1,...,7, y; be a fiberwise linear coordinate on £; such that the section {y; = 1} of £; is V-flat.
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Then one has Lifty(¢) = Yi_; vi Ay;0y,. From the strong integrability of the co-Higgs field ¢ we get by
Lemma a) that the v; pairwise Lie commute, so [Lifty(¢), Lifty(¢)] =0. O

Let (p: X - X, L,v) be a co-Higgs spectral data, that is, p: ¥ - X is an r-to-1 branched cover of
smooth varieties, £ is a line bundle over ¥, and v is a vector field on ¥. Let ¢ € H*(X, End(V) ® Tx)
be the corresponding co-Higgs field on V' = p,. L, which we assume to be strongly integrable (Definition
[B.4.1). Let R c ¥ be the ramification divisor of p, and Dy, ¢ X be the branch divisor of p. We are
going to assume that p : ¥ — X has simple branching, i.e., a generic point x € Dy, has a small open
neighborhood U > z such that p‘l(l/l) is a disjoint union of Uy,Us,...,Ur_1, such that p: U; - U is a
2-to-1 branched cover and p :U; — U is an isomorphism for ¢ =2,3,....,r - 1.

In this subsection, we explore the following method of lifting the co-Higgs field ¢ on V to a quadratic

Poisson structure o on V:
e Choose a meromorphic section s of L.

e Construct the logarithmic flat connection V°® on £ by declaring s to be V°-flat. Specifically,

vi=d- =,
S

Away from the branch divisor Dy, ¢ X of p, create the diagonal logarithmic flat connection V = p, (V*)

on V using the direct sum decomposition

U;-

Define the lift

o= Liftp*(vs)(qﬁ) (3.13)

where we are using the formula (3.12)). The bivector o is well defined and smooth away from the
divisors p({s =0}), p({s = o0}) and Dy,. We proved in Lemma [3.4.18| that the bivector is Poisson

wherever defined.

Check if o extends smoothly over the whole X.

We say that a co-Higgs spectral data (p: X - X, L,v) is admissible for a diagonal lift, if the vector
field v is tangent to p~'(p(R)) \ R, where R c ¥ is the ramification divisor of p.

Example 3.4.19. Let C' be a smooth curve, v be a vector field, and d > 1. Consider the co-Higgs
spectral data (p: C'x ST 1C - SIC, (v,0,...,0), L), where p is the symmetrization map, and £ is any line
bundle over C' x S41C. Let us check that this spectral data is admissible for a diagonal lift. Indeed, let
{21, 29,..., 24} € S4C be a generic point on the branch divisor of p, that is, z; coincides with z5, but 2,
23, ... , zq are pairwise distinct. The point {z1, 2, ..., zq} € S¢C has d—1 preimages: (21, {22, 23,...,24}) €
CxSTIC and (2, {21, 22y, Ziy o 2q}) € C x STLC, i = 3,4, ..., d. The vector field (v,0,...,0) is tangent
to the ramification locus {z; = 2o} at each preimage of the form (z;,{z1,22,..., 5, ..., 2a}) € C x ST1C,
i=3,4,....d.

We say that a divisor D € X is adapted to the spectral data (p: X - X, L,v), if the following conditions
hold:
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- (away from the ramification divisor R) for any smooth points 21,25 of Dyeq N R with p(z1) = p(22),
the vector nyp.(v],,) — n2ps«(vl,,) is tangent to p(D) at p(z), where n, is the multiplicity of D at
Ziy 1= 1, 2.

- (on the ramification divisor R) for each irreducible component R; of R such that v is not tangent to

Ry, the divisor D,.q is transverse to p~t(p(R1)).

Example 3.4.20. Let C be a smooth curve, v be a vector field, and d > 1. Consider the co-Higgs
spectral data (p: C' x S¢1C - S0, (v,0,...,0), L), where p is the symmetrization map, and £ is any
line bundle over C' x S¥1C. Any divisor of the form {(z,£) € C x S41C : z = 21}, where z; is a fixed
point of C, is adapted to the above spectral data. A divisor of the form {(z,£) € C x S41C : € 5 21}
is adapted to the spectral data if and only if z; is a zero of the vector field v. The ramification divisor
R={(2,¢) eCx8¥1C:¢5 2} is not adapted to the spectral data, because the vector field (v,0, ...,0)

is not tangent to R.

Proposition 3.4.21. Let ¢ € H°(X, End(V) ® Tx) be a strongly integrable co-Higgs field given by a
spectral data (p: X — X, L,v), where p has simple branching. Let s be a meromorphic section of L with
the zero-pole divisor D. Let o = Lift,, (ysy(¢). Then

a) The bivector o is Poisson wherever defined.

b) The Poisson structure o extends smoothly over the divisor p(D) N Dy,., where Dy, c X is the
branch divisor of p, if and only if D is adapted to the spectral data (p:3X — X, L,v) away from the

ramification divisor R.

¢) The Poisson structure o extends smoothly over the branch divisor Dy, of p if and only if the
spectral data (p: X — X, L,v) is admissible for a diagonal lift, and D is adapted to the spectral
data (p: ¥ - X, L,v) on the ramification divisor R.

Proof. a) Follows from Lemma (3.4.18

b) By Hartog’s theorem it is enough to check when o extends smoothly over an open dense subset
of D\ Dy,.. Let z be a smooth point of D \ Dy,.. Let U be an analytic neighborhood of z in X whose
p-preimage is a union of disjoint open sets Uy > z,Us, ...,U, ¢ X. Let Dy = DnUy, D; = pL(p(D)) nU;,
i >1. Let 2 < m < r be such that that D; ¢ D, 1 <i<m, and D;nD =@, m <i <r. Let us
choose coordinates 1, ...,x, on U ¢ X and fiberwise coordinates y; on Ly, i = 1,..,7 in such a way that
DnU={x1=0},s
n; < -1 if s has a pole along D;, and n; =0 for i >m). Then on L|y;, one has

u; =", 1 <i<r, where n; are integer numbers (n; > 1 if s has a zero along D;, and

viod- B gy,
S I

and so the connection V = p,(V?®) on V|, has the expression

d 0 ... 0 0 .. 0

V:al—ﬂ ) n.2 | = resy=- n.2 )
X1 . :

0 0 Ny 0 0 Ny
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Moreover, if v; = >} _4 Uzka%u then p,(v;) = v; modulo To(D),.q> and so
vi 0 0
0 wvj 0
PTN -0y (@) = ;
0 0 vl

We see that the condition of Lemma holds over p(D),eq NU if and only if D is adapted to the
spectral data (p: X - X, L,v) over U.

¢) Let z be a smooth point of R, and U be a small connected analytic neighborhood of p(z) in X. The
p-preimage of U consists of several connected open sets Uy 3 z,Us, ...,U,_1. Without loss of generality,
we may assume that X = and ¥ = UIZU;. Let us choose coordinates z1,..,, on U centered at p(z),

and also coordinates xi, ..., 2! on each U; so that the map p:U; - U has coordinate expression

(21,20, ) = ()2, 2h, ., xt), ifi=1,

(21,20, p) = (2}, 2, . xt), if2<i<r—1.

Over Uy, we choose the basis 1,21 for Oy, as a module over Oy. For i = 2,....,r — 1, we identify

Ou, 2 Oy In these bases, the normal projection of the co-Higgs field ¢ will have the matrix expression

0 0
20; 0

pTN{zlzo}(¢) = (U,p*(dili1)>|x1:o = Uy oy’

x1=0

where we assume that vfy, has the coordinate expession Z;Ll v] Dy, for each i =1,2,...,r - 1.
- J

Let sy, = (2)"5;, 1 <i <7 -1, where §; is non-vanishing on ;. Then

g 4o 0

T
Ty

0 (m-n%

resy = —

dmf
%

lr—l

r—1
dx]

Ty

From the coordinate expressions, we see that PIN (4 -0 (@) A resy vanishes along the branch divisor

{x1 =0} if and only if the following two conditions hold:
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1) v

=0 for each ¢ =2,3,...,r -1, and

I1=O}

2) either v{

, =0,orl;=0fori=1,2,..,r-1.
ZL’1=O

Condition 1) means precisely that the spectral data (p : ¥ - X, L,v) is admissible for a diagonal
lift, and condition 2) means precisely that D is adapted to the spectral data (p: ¥ - X, £,v) on the

ramification divisor R. Applying Lemma [3.4.13] finishes the proof. O

Example 3.4.22. Let C' be a curve of genus < 1, u be vector field on C, L be a line bundle over
C, and d > 2. Consider the spectral data (p: ¥ — X, L,v), where ¥ = C x S¥1C, X = §4C, p is the
symmetrization map, £ = LROga-1¢, and v = (u,0). As we checked in Example[3.4.19] this spectral data
is admissible for a diagonal lift. Let s be a meromorphic section of L whose zeros and poles are simple.
Then the zero-pole divisor of the section (s,0) of £ is adapted to the spectral data (p: X — X, L,v)
(Example . Proposition implies that the co-Higgs field ¢ generated by the spectral data
(p: X~ X, L,v) admits the Poisson lift o = Lift, y.0)(¢) to V.
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Chapter 4

Co-Higgs bundles over P!

In this chapter, we study Poisson lifts of co-Higgs bundles over P!. First, we develop tools for constructing
such lifts. Then we proceed to a detailed discussion of rank 2 co-Higgs bundles over P! (Section .
In Section we apply our results to obtain a classification of line bundles over Poisson Hirzebruch
surfaces that admit a Poisson module structure. In Section we study projective Poisson lifts of
co-Higgs bundles of rank 3 over P!. In particular, we obtain a classification of Poisson P2-bundles over

P! whose spectral curve is reduced.

By P! we denote the one dimensional complex projective space, a.k.a. the Riemann sphere, that is,
the space of one dimensional linear subspaces of W = C2. By Op: we denote the structure sheaf of P,
and by Op1(~1) we denote the tautological line bundle over P!, that is, the line bundle whose fiber over
¢ e P! is the line £ c C? itself. For k > 0, the notation Op1(~k) stands for the tensor power Op: (~1)®k,
and the notation Op: (k) stands for the dual bundle Op:(-k)*. For k = 0, the notation Op: (k) means
Op1. Recall that the sheaf cohomology H®(P!, Op:i(k)) is isomorphic to the symmetric tensor power
SEW* if k > 0, and vanishes if k < 0. The sheaf cohomology H'(P*, Op:1(k)) is related to H® via Serre
duality: H' (P!, Opi(k)) = HO(PL, Op1 (2 - k))*.

Recall that every holomorphic line bundle over P! is isomorphic to Op: (k), for a unique k € Z. Also,
every holomorphic vector bundle over P! is isomorphic to a direct sum of line bundles (Grothendieck-
Birkhoff Theorem).

Recall that a co-Higgs bundle over P! is a pair (V, ¢), where V is a holomorphic vector bundle over P*
and ¢ € H(P!, End(V)®Tp1) (note that no integrability condition is imposed on ¢, because dim P! = 1).
Rayan’s work [28, 29] describes the moduli space of co-Higgs bundles over P. In this chapter, we are
dealing with the question of when ¢ admits a Poisson lift to V' or P(V') (in the sense of Lemmas
and [3.2.3)), and how unique such a lift is.

Recall that strong integrability of ¢ (Definition is a necessary condition for the existence of a
Poisson lift (see Lemma and Corollary . We start the discussion with the following result that
shows that strong integrability over P! imposes quite a constraint on the spectral curve of the co-Higgs
field.
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Proposition 4.0.1. Let ¢ be a co-Higgs bundle of rank r on P*. Then ¢ is strongly integrable if and

only if its characteristic polynomial has the form

Xo(0) =677+ ﬁ(ﬂk = Aip), (4.1)

i=1
for some 1<k<r, 0<m<r withkm<r, \jeC,i=1,2,...,m, and pe H'(P', S*Tp1).

Proof. To prove sufficiency, note that the coefficients of the characteristic polynomial of the form
will all be of the form s;(¢) = C; pj' for some C; € C, j' > 0. Any two such expressions pairwise Poisson
commute when viewed as functions on 7p;.

To prove necessity, fix a strongly integrable co-Higgs bundle (V,¢) of rank r over P'. Let s;(¢)
and s;(¢) be any two coefficients of the characteristic polynomial x4. We claim that there is 7 €
HO(P', S*Tp1) for k = g.c.d.(i,7) such that s;(¢) = aﬁl/z and s;(¢) = éjﬁj/% for some constants C;, C; €
C. If 5;(¢) =0 or s;(¢) = 0, then there is nothing to prove, so we assume that both s;(¢),s;(¢) are

non-zero. Choosing an affine coordinate z on P!, we can express

si(¢) = [(2)8;, 55(¢) = g(x)01,
for some polynomials f and g of degrees 2¢ and 2j, respectively. The strong integrability of ¢ implies
0={/0;,90]} = (ifg' - jf'9)0,"7",

ilog(g)" = jlog(f) = ¢'=CfJ, for some constant C ¢ C.

Therefore, there is a polynomial h of degree 2k, k = g.c.d.(i,7), such that f = (’Z—hi/%, g = C’}hj/a for
some constants Cj, C'j € C. Setting p = hc”)‘;gl5 proves the claim we made above.

Applying the claim for each pair of coefficients of y4, we obtain p e HO(P!, S¥Tp:) and
k=g.cd.(i:5;(¢) #0) such that each s;(¢) = C;p"/* for some constant C; € C. Tt follows that

Xo(0) = 3 077 (=1)"7'Cyp'* = 07 p(p)0"),
ikl

where p(z) € C[z] is a polynomial in one variable with constant coefficients such that p(0) = 1. Decom-
posing p(z) = [Ti% (1 - A\;z), we arrive at the expression (4.1]) for x4(6). O

Corollary 4.0.2. Let ¢ be a co-Higgs bundle of rank r on P! with reduced, irreducible spectral curve.
Then ¢ is strongly integrable if and only if the characteristic polynomial x4(0) = 0" + (-1)"s.(¢) for
some s, (¢) € HO(PY, S"Tp1) if and only if Tr(¢¥) =0 for k=1,2,...,r - 1.

Proof. The former equivalence follows from Proposition as the characteristic polynomial in (4.1))
is irreducible if and only if m =1 and k = r. The latter equivalence follows directly from Newton’s
identities ((3.8)). O

Remark 4.0.3. The spectral curve cut out by the characteristic polynomial x,(0) = 6" + (-1)"s,.(¢) is
smooth if and only if the section s,(¢) € H*(IP*, S"Tp1) does not have repeated zeroes.
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Lemma 4.0.4. Let U c C be a simply connected open set, V = OF, and let

(%1 0 0
0 0

T L vem W), =12, (4.2)
O 0 ... w

be a co-Higgs field on V that is strongly integrable.
Then:

1. There is a vector field ve H°(U,Ty) and constants \; € C, i =1,2,....r, such that v; = \;v,

2. Each lift of ¢ to a quadratic Poisson structure on V is of the form

o=vA (Z Az‘yz@yi) + 2 fim(@)yiy;0y, Ay, (4.3)
i=1 i,j.km=1
zqu,k’<l

where x is a coordinate on U and y; is a fiberwise linear coordinate on the i-th summand of V.

Moreover, the function f;jri(x) vanishes unless Nj + Aj = A + Ay

Proof. Lemma a) implies that [v;,v;] = 0, for each 1 <4,j <r. Assuming v; is not a zero vector
field, we can express v; = g;(z)v;, for some g; € Oy. Then the condition [v;,v;] = 0 implies that the Lie
derivative Lie,,(g;) vanishes. Since U is one dimensional, this implies that g; is a constant. Repeating
this argument for each pair of non-zero vector fields v;, v;, we get the first claim of the lemma.

For the second claim, the only non-trivial part is to show that f;;r; = 0 unless A\; + A; = Ay + ;. Let
us take 7 as in , and calculate the Schouten bracket:

T

[o,0]=2vA] > (Ni+ A=Ak = Xe) figur(2)yiy; Oy Ay, |+ ...

i,5,k,m=1
i<j,k<l
Here we have omitted the purely vertical terms, i.e. the ones of the form 9, A9, A0,. The terms of [0, 0]
written above cannot cancel each other, nor can they be cancelled by the omitted terms. Therefore,
in order to have [o,0] = 0, it is necessary that for each quadruple 4,7, k,l, either A; + A; = A + \; or
fijur = 0. O

Lemma 4.0.5. Let p: V — P! be a vector bundle. Then the canonical bundle wy is isomorphic to
p*det V* @ p* Op1(-2).

Proof. The claim follows by taking the determinant of the short exact sequence

0 p*V Tv p*Tp 0.

Proposition 4.0.6. Let p:V — P! be a vector bundle of rank r. Then one has

WI§(1V) =p*det(V) @ p*Op1(2) ® Op(vy (1),
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where wlg(lv) is the anticanonical bundle of P(V') and Opcyy(r) = Opvy(=1)7", where Opyy(=1) is the
tautological line bundle whose fiber over (x,1) e P(V') is the line lc V.

Proof. Taking the determinant of the fiberwise Euler sequence
0 —— Opyy — p*det(V) ® Opyy (1) —— T,P(V) —— 0,

we obtain det T,P(V) = p* det(V) ® Op(y)(r). Tensoring this with T,P(V') = p*Op1(2), we obtain the

desired formula. O

For a vector bundle V over P!, we denote by deg(V) € Z its degree, or equivalently its first Chern
class. If V 2 @', Opi (k;), then deg(V) = ¥, k;.

Corollary 4.0.7. Let p:V — P! be a vector bundle over PL. If deg(V') = -2, then any Poisson structure
on P(V) lifts to a unimodular quadratic Poisson structure on V. If deg(V') # -2, then a Poisson structure
m on P(V) lifts to a quadratic Poisson structure on V if and only if the line bundle p*Opi (1) admits a

Poisson module structure with respect to .

Proof. If deg(V') = -2, then Lemma implies that wy 2 Oy. Theorem then implies that any
Poisson structure on P(V') lifts to a unimodular quadratic Poisson structure on V.

If deg(V') = k # -2, then Proposition implies that wp(yy = p*Op1 (2 - k) ® Op(yy(-7). Let m be
a Poisson structure on P(V'). The line bundle wp(y) admits the canonical Poisson module structure, so
according to Remark the line bundle p*Op1 (1) admits a Poisson module structure if and only if
Op(vy(~1) does. It remains to note that the line bundle Op(y)(~1) admits a Poisson module structure
with respect to m on P(V') if and only if the total space of Op(y)(~1) admits a quadratic Poisson structure

projecting onto 7. [

Recall that for a co-Higgs bundle (V,¢), the eigenvariety is defined as the subvariety E c P(V)
consisting of the points (z,v), x € X, 0# v € V|, such that ¢,(v) Av=0¢€Ar?V], ® T|,.

Lemma 4.0.8. Let (p:V — P!, ¢) be a co-Higgs bundle whose spectral curve ¥ c Tp1 is smooth. Then
the eigenvariety E c P(V) is isomorphic to X.

Proof. Note that, since ¥ is smooth (in particular, reduced), the co-Higgs ¢ is regular semi-simple over
a Zariski open set U c P'. We will prove that the morphism Eig : Elyy - ¥|ys given by Lemma m
extends smoothly to a global isomorphism between E and 3. It is enough to check the last statement
in any analytic neighborhood of any point zy € P! \ /. Moreover, it is enough to assume that around
To, the characteristic polynomial of ¢ equals y" — z, for some choice of local coordinate = centered at z.
The sheaf Oy = C{z,y}/(y" - ) has rank r over Oy = C{x}, with a basis given by 1,y,7%,...,5" 1. In
the trivialization of V = p,Oyx, given by this basis, the co-Higgs field has the matrix
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The equation ¢, (v) Av =0 can be rewritten as
(.’Ethtl,tg, ~~~>tr—1) A (tl,tg, ...,tr) = 0,

where v = (t1,...,t,.). The latter equation cuts out the smooth curve (z,t1,t2,....t.) = (y",y" 1,y 2, ...y, 1),

where y runs over a small analytic neighborhood of 0 € C. O

4.1 Rank 2 co-Higgs bundles over P!

Recall that any rank 2 vector bundle over P is of the form V = Op1 (k) ® Op: (m), where m, k € Z. Recall
that by Lemma[4.0.5] the total space of V is Calabi-Yau if and only if k +m = -2.

Theorem 4.1.1. Let ¢ be a co-Higgs field on V = Opi (k) ® Op1(m), where m,k € Z.

1. If k+m = -2, then any zero trace co-Higgs field ¢ on V lifts to a unimodular quadratic Poisson

structure on V.

2. Let k+m # -2, and let ¢ have reduced, irreducible spectral curve. Then ¢ lifts to a quadratic

Poisson structure on 'V if and only if ¢ has zero trace and vanishes at a point z € PL.

Remark 4.1.2. As it will be seen from the proof, the ”if” direction for the second part does not require

the assumption on the spectral curve.

Proof. The first part of the theorem follows from Theorem [3.4.9|and Theorem By Theorem [3.4.9]
the co-Higgs field ¢ lifts to a Poisson structure m on P(V'). Then by Theorem 7 further lifts to a
unimodular quadratic Poisson structure o on V. The structure o lifts a co-Higgs ¢1 = ¢ + vld, for some
vector field v on P'. However, due to Lemma unimodularity of ¢ implies v = 0. So, o lifts ¢. This
proves the first claim.

Let us present an explicit formula for lifting a co-Higgs field

onV = Opi (k) ®Op1 (=k—2), where vy € HO(P!, Tp1), vo € HO(PL, Tp1 (2k+2)), v3 € HO(PY, Tpr (-2 -2)).

Let us choose an affine coordinate = on I c P! and express
Ui = fz(l')axa i = 172337

where f1, fo and f3 are polynomials in = of degrees < 2, < 2k + 4 and < -2k respectively. Note that we
use the convention that the zero polynomial has degree —oo.

Then the unimodular quadratic Poisson structure on V' lifting ¢ is given by
1
o=00- §Eul A A(op), (4.4)

where

g =V1 A ylayl + Vo A ygayl + U3 A y18y2 — V1 A y28y2,

Eul = y10y, +y20y,,
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and A is the BV operator on multivectors on V' coming from the volume form Q = dx A dy; A dys. One

has

Eul A A(og) (y10y, +y20y,) A (div(v1)y10y, +div(ve)y20y, +div(vs)y10y, — div(vi)y20y,)

—2div(vl)y18y1 A y28y2 - div(vg)ygc'“)yl A y28y2 + diV(Ug)ylayl A y18y2,

where div(v;) = f](z).

For the second part of the theorem, sufficiency is proved analogously to the first part. Even though, in
general, one cannot find a holomorphic volume form on V, Lemma [£.0.5] guarantees that one can always
find a section Q of wy that is non-zero away from the fiber D = V|, and has a zero or a pole (possibly of
high order) along D. Then one gets the BV operator A : A*Ty/(~log D) - ATy, corresponding to €.
Then the formula produces a holomorphic lift of ¢, because the non-integrable lift o is tangent to
D. In other words, if one chooses the coordinate z on P! so that the point z is « = oo, then the formula
gives the desired lift of ¢.

To show necessity of the second part of the theorem, note that if ¢ does admit a lift to C*-invariant
Poisson structure on V, then ¢ is strongly integrable (Lemma [3.4.2]b) ). Then Corollary implies
that ¢ must have zero trace. Then Lemma below shows that ¢ must vanish at a point z e P, [

Lemma 4.1.3. Let V be a rank 2 vector bundle over P*, and let o be a C*-invariant Poisson structure
on V. Let the co-Higgs field ¢ € Hom(V,V ® Tp1) induced by o be traceless, and ¢(z) #0, for all z e PL.

Then there exists a fiberwise constant holomorphic volume form € on V' that is invariant under all
o-Hamiltonian vector fields. Moreover, such a volume form is unique up to a multiplicative constant. In

particular, the total space of V' is Calabi- Yau.

Proof. Let us prove uniqueness first. Let Q and ' be two fiberwise constant holomorphic volume forms
on Vly, for some open connected U c P!, that are invariant under all o-Hamiltonian flows. The latter
condition means that Aq(o) =0 = Ag/(0), where Ag and Ag are BV operators generated by € and
Y, respectively. One can find f € O, such that Q' = fQ. Then

AQI(O‘) = AQ(O’) +H10gf — Hlogf =0.

Moreover, the Hamiltonian vector field of log f can be expressed purely in terms of ¢ as Hiog s =
(¢,dlog f) € End(V). Since ¢ is a non-zero co-Higgs tensor, we get that dlog f = 0, which implies
that f is a constant.

Now that we have proved uniqueness, we prove existence by constructing the required volume forms
Q;,i=0,1, over each of Uy = P! \ {0} and U; = P! \ {oo}. Uniqueness implies that Qo = AQ; on Uy N
for a constant A\ € C*. Hence, one can replace €2y with A2, so that ;, ¢ = 0,1, glue together to give a
volume form €2 on the whole V.

To this end, for an open simply connected U c C, let us construct a fiberwise constant volume form
Q on V| such that Ag(o) = 0. Since the bundle V is trivial over U, we can pick a fiberwise constant
volume form €2’ on V. The modular vector field v = Aq/(0) is C*-invariant, because o is, and by
Lemma it is tangent to the fibers of V. Therefore, v € End(V)}y. Moreover, since Aq/(v) = 0,
the endomorphism of V|, representing the vector field v has zero trace. Furthermore, since [v,0] =0
we deduce that [v,(®,df)] = 0 for any f € Oy. Now, we use the elementary fact that if two traceless
2 x 2 matrices commute, one of them has to be a constant multiple of the other. Using this fact and the
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assumption that ¢ does not vanish at any point of U, we find f € Oy such that v = (¢,df). In other
words, we have shown that the modular vector field v = Ag/(0) is actually Hamiltonian, i.e. v = Hy.
Now, we can let Q =e™/Q’, and obtain Aqg(c) =v- Hy = 0. O

The following corollary shows that the Calabi-Yau assumption in Theorem [3.1.5 was essential.

Corollary 4.1.4. Let w be a Poisson structure on P(V), V = Op1 (k) ® Op1(m), m+k # -2, whose zero
locus is reduced and irreducible. Then 7 is not the projectivization of a quadratic Poisson structure on

V.

Proof. We are going to apply Theorem [£.1.1]2 to the traceless co-Higgs field ¢ on V generated by .
We need to check that ¢ does not vanish on P! and that the spectral curve ¥ c Tp1 of ¢ is reduced
and irreducible. Both these claims follow from the assumption that the zero locus {m = 0} is reduced
and irreducible. Indeed, if ¢(x) = 0 for some = € P!, then the fiber P(V],) would form an irreducible
component of {r = 0}. Also, Lemmas and imply that the there is a canonical map from
{m = 0} to X that is an isomorphism, possibly away from finitely many points, so ¥ is reduced and
irreducible. O

4.2 Poisson modules over Hirzebruch surfaces.

This subsection contains an application of the obtained results about the Poisson lifts of a co-Higgs field
on a rank 2 vector bundle V over P! (Theorem .

Recall that the m-th Hirzebruch surface F,,, m > 0, is defined as the total space of the projective
bundle P(V), V = Op1 & Op1(m). The line bundles over F,, are given by Pic(F,,) = {O(aH +bF) :a,be
7} = 72, where H is the divisor given by the section Op1 @ 0 of P(V) and F is the divisor given by a
fiber of P(V) [3]. The intersection numbers of the generating divisors H, F are H.H =m, H.F =1,
F.F = 0. Given a Poisson structure = on F,,, one may ask which of the line bundles on F,, admit
a Poisson module structure with respect to m. We denote by Pic,(F,,) the collection of line bundles
that do admit a Poisson module structure. Obvious examples of these include the anticanonical bundle
w]g}n = O(2H +(m+2)F) and O(D) for any irreducible component of the reduced part of the zero divisor
{m =0} (see Remark [2.1.8). Additionally, we recall that Pic,(F,,) is closed under tensor product and
under taking a root of any order (whenever the latter is defined). The following statement says that

Pic,(F,,) does not contain any other line bundles, except the above.

Theorem 4.2.1. Let 7 be a Poisson structure on Fp,, m > 0. Let Pic(F,,) be the subgroup of Pic(F,,) =
72 of the line bundles admitting a Poisson module structure with respect to . Then Pic,(F,,)®Q = GoQ,
where G is the subgroup of Pic(F,,) generated by the irreducible components of the divisor {m = 0}.

Proof. As we pointed out above, the inclusion 2 follows from Remark [2.1.8] Let us prove the inclusion

C

First, let us assume that the zero divisor {7 = 0} is reduced irreducible. Then the group G ® Q c Q?
is generated by a single element O(2H + (m + 2)F'). To show the inclusion Pic,(F,,) ® Q € G ® Q,
it is enough to check that O(F) does not admit a Poisson module structure with respect to w. By
Corollary this is equivalent to saying that m does not lift to a C*-invariant Poisson structure on
V = Op1 ® Op1(m), which follows from Corollary This finishes the proof in the case when {7 =0}

is reduced irreducible.
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Now, we assume that the divisor {7 = 0} has multiple irreducible components (that may or may
not coincide). If one of these components represents a divisor aH + bF', with (a,b) not collinear with
(2,m +2), then G ® Q = Q?, and the proof is finished. So, we may assume that every irreducible
component of {m =0} corresponds to a divisor aH + bF, with (a,b) being collinear with (2,m +2). This
can only happen when m is even and {m = 0} has two components, each giving the divisor H + m7+2F
We claim that this can only happen when m =0 or m = 2. Indeed, when m > 2, for the co-Higgs field
¢ onV = Op1 & Op1(m) corresponding to 7, the component Hom(Op1(m), Opr ® Tp1) of ¢ must vanish,
which implies that the subbundle Op1 & 0 c V is an eigenbundle of ¢. Therefore, when m > 2, the
Poisson structure 7 vanishes on the section H = P(Op: @ 0) c P(V'), and this section forms an irreducible
component of {mw =0} (possibly with multiplicity). So, in the case m > 2, the zero locus {7 = 0} cannot
have exactly two components, each giving the divisor H + %”F . The remaining cases m =0 and m = 2
are considered separately below.

Assume that m = 2 and that the zero locus {m = 0} has exactly two components, each giving the
divisor H + m7+2F To finish the proof in this case, it is enough to show that O(F') does not admit a
Poisson module structure with respect to w. To seek a contradiction, let us suppose that O(F') does
admit a Poisson module structure with respect to 7. Then Corollary implies that 7= admits a lift
to a Poisson structure @ on V = Op1 @ Op1 (m). Then, for the co-Higgs field ¢ on V = Op1 @ Op1 (1)
corresponding to 7, the component Hom(Op: (m), Op1 ® Tp1) of & must vanish by Lemma Then,
for the co-Higgs field ¢ on V' = Op1 ® Op1 (m) corresponding to 7, the component Hom(Op: (m), Op1 @ Tp1)
of ¢ must vanish as well (this is because ¢ and é may differ by a co-Higgs of the form vId for some vector
field v on P!, but that does not affect the discussed component). Therefore, the subbundle Op1 ®0 is an
eigenbundle of ¢, which forces 7 to vanish on H = P(Op: @ 0) c P(V'). This contradicts the assumption
that {m =0} has exactly two components, each giving the divisor H + mT”F .

Finally, let us assume that m = 0, i.e. F,,, = P! x P!, and that the zero locus {7 = 0} can be expressed
as a union of Dy and Ds, each of which is a divisor of type O(1,1) (we allow D; = D3). We need to
show that the line bundle O(0,1) does not admit a Poisson module structure. Each D; c P! x P! can
be viewed as a graph of an automorphism f; : P! - P!, Without loss of generality, assume that f; is
the graph of the identity map, i.e. D; is the diagonal in P! x P'. Then f, either has two distinct fixed
points, or one fixed point of multiplicity two, or fs is identity. Up to a choice of coordinate, we obtain
three cases: fa(x) =2z, fo(x) =x+1, and fo(x) = x. So, we need to consider the following three Poisson

structures:
m = (22 —x1) (22 — 221) 0%, A Oy, = Qxfaxl A Oy — 30105, AN T304, + Oy A 56383:27
o = (22 —x1) (X2 — 21 = 1)0py AOpy =21 (21 +1)0p; AOpy — (221 +1)0py A 2204, + Oy A m%@wz,
T3 = (IIZQ - 1’1)28I1 A 812 = ﬁf)‘ml A 8032 - 23’]18m1 A xgc?m + azl A x%@m

To conclude the proof, we need to show that for each of m;, i = 1,2, 3, the line bundle O(0,1) does not
admit a Poisson module structure. This follows by a direct computation from the technical Lemma
below. O
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Lemma 4.2.2. Let 7 be a Poisson structure on P' x P that has coordinate expression
T=u(x1) Ay, +0(21) A 200y, +w(xy) A 230y,

where z1 and xo are affine coordinates on the first and second copy of P!, respectively, and w,v,w are
linearly independent vector fields on the first copy of P1. Then in order for O(0,1) to admit a Poisson
module structure it is necessary that the Lie bracket [u,w] be a linear combination of u, w, [u,v] and

[v,w].

Proof. We are going to use Proposition 2.1.9that provides obstructions for existence of a Poisson module

structure on a line bundle. The Atiyah class of O(0,1) can be represented as a Dolbeault 1-cocycle

dro A dTs

At 0(071) = m

Then the first obstruction to O(0,1) being a Poisson module is

1

m(u(xl) ® dTo + v(x1) ® T2dTs + w(x1) ® x%dfcg).
2Z2

T (At 0(0,1)) =
This 1-cocycle is in fact a coboundary (which is expected, since H!(P! x P! Tpip1) = 0) with the
O-primitive
1,0 1

= —77)(11,(1'1)@2 —v(xy) - w(IE1)SU2).

X (1 + X2T9

By evaluating
[ﬂ-? XLO] = —[U,'U] A amg - ['LL, ’lU] A :1728:227

we obtain a holomorphic bivector. By Proposition[2.1.9] the line bundle O(0,1) admits a Poisson module
structure if and only if [7,x!°] = [, 7] for some holomorphic vector field 7 on P! x P*. Choose the
basis of H°(P! x P!, T) consisting of u(x1),v(z1),w(x1),0ry, 20s,,50,,, and apply [m,-] to each of
the element in the basis:

[, O, | = VA, —2w A 120,
[m,2905,] = WA, ~w A 220,
[7,250.,] = 2u A 290,, +0 A 20y,
[, u] = [u, 0] A 220y,  +[u,w] A 230,,
[, v] = —[u,v] A Dy, +[v,w] A 230,
[, w] = —[u,w]AOp, —[v,wW]AX20,,
By examining the terms at x20,,, we arrive at the statement of the lemma. O
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4.3 Rank 3 co-Higgs bundles over P!

Let us start with the following statement that sets the tone for the rest of the section.

Proposition 4.3.1. Let (V,¢) be a rank r > 2 co-Higgs bundle over an analytic simply connected open

set U c C whose spectral curve is smooth connected. Then ¢ does not lift to a Poisson structure on P(V').

Proof. The obstruction to the existence of the lift will have a local nature. By Corollary [£.0.2] we can
assume that the characteristic equation of ¢ is 0" = f, where f € S"Ty = Oy, and 0 is the tautological
section of the pullback of T, to the total space of Ty Since the spectral curve is smooth, f has only
simple zeroes (Remark , and since the spectral curve is connected, f has at least one zero. Let
us choose a coordinate x on U and fiberwise linear coordinate y on Ty, passing to smaller U if needed,
so that the spectral curve ¥ of ¢ has equation 4" = . By Lemma the eigenvariety E c P(V) of ¢
is smooth and locally parametrized by y. Over any non-zero z, the co-Higgs field ¢ can be diagonalized
with diagonal entries /"9y, (a8, (a7 d,, ..., (" ta /", where /" is a choice of r-th root of x,
and ¢ = e?™/". These diagonal entries satisfy the conditions of Lemma so if ¢ were to lift to a
Poisson structure m on P(V'), this Poisson structure would have to vanish on E c P(V') and moreover

the modular vector field at a point y = (*z'/" of E would have to be equal to

d(Ckxl/T)

- ay — yck(ml/r)l—ray _ yQ—Tay.

ryOQy = TY
This modular vector field has a pole at y = 0, since r > 2. So, the lift 7 cannot be smooth at the fiber

over x = 0. O

Corollary 4.3.2. Let (V,¢) be a rank r > 2 co-Higgs bundle over an analytic simply connected open set
U c C whose spectral curve is smooth connected. Then ¢ does not lift to a quadratic Poisson structure

onV.

Proof. If 0 were a quadratic Poisson structure on V lifting ¢, then its projectivization m would be a
Poisson structure on P(V') lifting the zero trace part of ¢. Since the spectral curve of ¢ is smooth and
connected, Corollary [£.0.2] implies that ¢ has zero trace to start with. Hence, the Poisson structure r,
in fact, would be lifting ¢ itself, which would be in contradiction with Proposition [4.3.1 O

Proposition in particular, says that if we want to look for Poisson structures on P™~!-bundles
over P!, for r > 2, then we should consider co-Higgs bundles over P! whose spectral curves are not
smooth. In the rest of the section, we will take a closer look at the case r = 3.

In Subsections and we consider a zero-trace co-Higgs field ¢ on V = (’)33 over a simply
connected analytic open subset U c C and study the conditions ¢ should have to admit a lift to a Poisson
structure on P(V'). Note that due to Theorem this is equivalent to ¢ admitting a lift to a quadratic
Poisson structure on V. For simplification, we will assume throughout the section that the spectral curve
of ¢ is reduced. Equivalently, we assume that over an open subset UclU , the co-Higgs field has the
form ¢ = diag(v1, ve, v3) for some pairwise distinct vector fields v;. To expect liftability of ¢ to a Poisson
structure on P(V'), we must assume strong integrability of ¢, i.e. that the Lie bracket [v;,v;] vanishes
for all 4,5 (Lemma . Under such an assumption, Lemma, guarantees that, over U, the v; are
constant multiples of the same vector field v, and that liftability of ¢ is going to depend drastically on
whether a certain combinatorial condition on the above constants takes place. Motivated by this, we are

giving the following:
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Definition 4.3.3. Let ¢ be a strongly integrable co-Higgs field on a rank 3 vector bundle V' over an
analytically open subset U c P!, whose spectral curve is reduced. Then ¢ is called resonant (with respect
to its Poisson liftability properties) if generically one has 2v; = v; + vy, where v;, v;, vi are three distinct

(locally defined) eigen vector fields of ¢. Otherwise, ¢ is called non-resonant.

One can see that if the resonance condition 2v; = v; + vy, holds, it does so for exactly one v;. Lemma
[4:0-4] suggests how one should define resonance for rank > 3 co-Higgs fields, should one pursue the
question of Poisson liftability of these.

Let us restate Lemma [£.0.4] for the rank 3 case.

Lemma 4.3.4. Let ¢ = diag(A\1v, A\av, A\3v), where \;’s are pairwise distinct complex numbers adding up
to zero and v € Ty, be a co-Higgs field on 'V = (923 over an analytic simply connected open U c C.

1) If ¢ is non-resonant, then all the lifts of ¢ to a Poisson structure on P(V') are given by

m=vAur + f(x)ug Aug, (4.5)

where f(x) is any function in Oy, and u; = (A5 = X)) G20z + (N — A\ T30z, i = 1,2, where Gz = %,

U3 = Z—f, and y1, Y2, ys are fiberwise linear coordinates on the corresponding summands of V.
2) If ¢ is resonant, i.e. w.l.o.g. 2X1 = Ay + A3, then all the lifts of ¢ to a Poisson structure on P(V')
are given by

m=vAur+ f(z)ur Aug + g(xz)0g5 A dg, (4.6)

where f(z), g(x) are any functions in Oy, and u; = (N = X)) G20z + (N = XD §30gs, i = 1,2, where

P = Z—f, U3 =2, and y1, y2, y3 are fiberwise linear coordinates on the corresponding summands of V.

y1’

Proof. Let 7 be a lift of ¢ to a Poisson structure on P(V'). By Theorem there is a further lift of
7 to a quadratic Poisson structure ¢ on V. By Lemma the bivector ¢ must be of the form

o=vAA+ f(2)AAN+ fL(2)Bul AN+ fo(x) Bul A A* + g(2)y7 0y, A Dys,

where A = Z?:l Ai¥iOy, s A2 = Zg’:l )\?yic’)yi, 5 f1, f2,9 € Oy, and the last summand can only occur in the
resonant case 2A\; = Ay + A3. By projectivizing o we obtain the expression (in the non-resonant
case) or (in the resonant case).

Conversely, one checks that if 7 is given by (in the non-resonant case) or (in the resonant
case), then the Schouten bracket [, 7] is purely vertical, and therefore has to vanish by dimensionality.

O

Lemma 4.3.5. Let © be a Poisson structure on P(V), for a rank 3 vector bundle V over an analytic
open U c PL. Then for any f € Oy, the bivector fr is also Poisson (where we denote the pullback of f
to P(V) by f, too). The zero-trace co-Higgs field on V' corresponding to fr equals f¢$, where ¢ is the

zero-trace co-Higgs field on V' corresponding to .

Proof. To check that the trivector [fn, fr] vanishes, it is enough to check tq¢[ fmr, fr] = 0. Note that

[fm, fr]=2fm A[f, 7] = =2f7 A vgp(m). Therefore [ fmr, fr] ==2f(ar(m) A Lap () + 7 A tagap () = 0.
The last claim follows directly from the definition of the co-Higgs induced by fr (Lemma(3.2.3). O
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4.3.1 Local Poisson lifts. Non-resonant case.

Recall that if V' is a vector bundle over a base B and D is a divisor on B, then a log D-connection on
V', or simply a logarithmic connection, is a connection on V that is allowed to have logarithmic poles
along D. If one has a splitting of V into a direct sum of line bundles L4,...,£,, then a connection
V is called diagonal with respect to such a splitting, if everywhere locally it has a diagonal matrix in
some (equivalently, all) trivialization of V' given by non-vanishing sections s; of £;, i=1,...,r. If ¢ is a
generically semi-simple co-Higgs field on V', then by a logarithmic diagonal with respect to ¢ connection
on V', we mean a connection V on V such that V is allowed to have logarithmic poles only at the points of
branching of the spectral cover ¥ - B and away from branch points of the spectral cover, V is diagonal

with respect to the splitting of V' into a direct sum of eigen line bundles.

Lemma 4.3.6. Let ¢ € Hom(V,V ® Tyy) be a strongly integrable co-Higgs field on a rank 3 vector bundle
V' over a connected, simply connected, open 0 ed c C. Let the spectral curve of ¢ be reduced and smooth
away from 0. Let ¢ be non-resonant (Definition ,

Let V be a logarithmic connection diagonal with respect to ¢, and let res,—oV € End(V)|o be its residue
at 0.

Then ¢ admits a lift to a Poisson structure on P(V') if and only if there is a constant y € C such that

Eul A gl ATes,-oV = i liH(l) 275 (Bul A @l A ©%), (4.7)
xr—

where both sides of the equality are interpreted as C*-invariant trivectors on the fiber V|o; Ful is the
Euler vector field on V]y; ¢ = (¢, dz) e End(V); res,-0V, @|. and ©?|, are viewed as the vector fields on
Vlp or V|, given by the corresponding matrices; and s is the unique non-negative integer for which the

limit in the right hand side is finite and non-zero.

Proof. The bivector o = Lifty(¢) on V defined by is Poisson by Lemma [3.4.18] but it may or may
not have a simple pole over x = 0. If the right hand side of vanishes, the projectivization 7 of o
defines a smooth Poisson bivector on P(V') (with no pole over x = 0). If the right hand side of does
not vanish, then 7 has a pole over x = 0, but one may try to correct the bivector m by adding a purely
vertical bivector m; to it so that the sum 7 + m; does not have a pole over z = 0. By Lemma 1), in
order to ensure integrability of 7 + 71, the summand 7; must be the projectivization of f(z)¢ A p? for
some function f defined on U ~ {0}. Such correction m; making the sum 7 + 7 smooth exists if and only
if the condition holds true (in which case one can set f(z) = —pz™51). O

Ag singularity

Lemma 4.3.7. Let ¢ be a co-Higgs field on V = (983 over an analytic neighborhood U of 0 € C whose

spectral curve is ¥ = {y* = 2%}. Let ¢ be brought to one of the two possible normal forms given by

Theorem[A.0.3, that is,

Then there are logarithmic connections V; on V diagonal with respect to ¢ = ®;, i = 0,1, having the
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following residues at 0:

resz-oVo = -

wiN

1
, resy—oVi = 3

_4 _1
3 3
(we write the matrices for residues in the same basis in which the co-Higgs matrices are written).

Proof. First, consider the case of ®q. Let y = (y1,y2,ys) be the fiberwise linear coordinates on V given
by the basis e, es,e3 in which the co-Higgs ®( is written. Everywhere away from x = 0, the section
e1 = {y1 = 1,52 = 0,y3 = 0} of V locally gives a trivialization of each of the eigen line bundles of ®.
This defines a diagonal connection Vo on V away from x = 0. Let us check that this connection has a
logarithmic pole at « =0 and calculate its residue.

Let U c U be a simply connected open set not containing z = 0. Then one can define the coordinate

T=zonlf by choosing a branch of the cube root. One checks that the transition matrix

1 72 7t
T=1 ¢ & [, (=exp(2mif3),
1 32

diagonalizes ®( over U, in the sense that T®T" is diagonal.
Let us define fiberwise coordinates ¥ = (41, 72,73) on V over U by ¥* = Ty'. Then the section
y = (1,0,0) is expressed as ¥ = (1,1,1), and therefore in coordinates Z,¥ the connection Vg has zero

matrix. Hence in coordinates x,y the connection V has matrix

~T7dT = -2 d§ = -2 dr.
x
—4 -

QW

We see that the latter expression for Vo does not depend on the chosen open set U, and that V, has a
logarithmic pole at = = 0 with the announced residue.
The case of @, is considered analogously to ®(, with the only modification that the transition matrix

diagonalizing ®; is

1 7 gt
T=|1 ¢ ' |, (=exp(27i/3).
1 ¢z (gt

O

Proposition 4.3.8. Let ¢ be a zero-trace strongly integrable co-Higgs field on V = 033 over an open
U c C, whose spectral curve has an As-singularity. Then ¢ does not admit a lift to a Poisson structure
on P(V).

Proof. Tt follows from Proposition that near the Ay singularity there is a choice of coordinate z on

the curve and a fiberwise linear coordinate y on Ty so that the spectral curve X of ¢ is cut out by the
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equation > = 22. So, we only need to consider the two co-Higgs fields from Theorem

We are going to apply the criterion from Lemma [£:3.6] and the calculated residues from Lemma [1.3.7]
We denote by y1,y2,y3 the fiberwise linear coordinates on V' given by the basis in which the co-Higgs
fields are written.

Case ®(. The left hand side of equals

4

2
3y38y3) = gyl(_zylyiﬁ + y%)ay1 A 6y2 A ayS'

2
(Y10y, + Y20y, +y30y,) A (y10y, +y20y,) A (—§y23y2 -
The right hand side of (4.7 equals
Mglciir(l) x° ((ylay1 + Y20y, +Y30y,) A (Y10y, + Y20y, + x2y38y1) A (Y10, + x2y28y1 + x2y38y2 )) =

= lir% 27 (y30y, Ay, A Oy, +0(1)),

here o(1) denotes the terms that go to 0 when x — 0. We have s = 0, and so the right hand side of (4.7)
equals

Ny§6y1 A Oy, A Oy,

and so the equality in (4.7]) cannot be achieved for any p € C. Lemma implies that ®q does not lift
to a Poisson structure on P(V).
Case ®;. The left hand side of (4.7) equals

1 1 1
(916y1 + y26y2 + y3ay3) A (yQayS) A (ngayz - §y38y3) = _§y1y§8y1 A 8’!}2 A ays'

The right hand side of (4.7) equals
Mil_r)% xz* ((ylayl + 3/28.1/2 + y3ay3) A (.Ty18y2 + 3/28.1/3 + xy?)ayl) A (mylaye, + xy?a:tn + waSayz)) =

= plim 2™ (2Y30y, A Oy, A Oy, +0(1)).
We have s = 1, and so the right hand side of (4.7)) equals
1130y, A Dy, A Dy,
and so the equality in (4.7) cannot be achieved for any p € C. Lemma implies that ®; does not lift
to a Poisson structure on P(V). O

Corollary 4.3.9. Let V be a rank 3 vector bundle over P*, and let  be a Poisson structure on P(V).

Then the spectral curve of the co-Higgs field ¢ corresponding to w cannot be reduced, irreducible.

Proof. Assuming the spectral curve is reduced, irreducible, Corollary and Proposition imply
that the characteristic polynomial of ¢ has to be of the form 6% — ¢ = 0, where ¢ € H°(S3Tp1). Since
S3Tp1 = Op1(6), the tensor ¢ has 6 zeros counting multiplicity. By Proposition g cannot have
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isolated zeros, and by Proposition it cannot have zeros of multiplicity two. So, either ¢ has two
zeros each of multiplicity three, or it has one zero of multiplicity six. Either way, one can express g = v3
for a vector field v € H°(Tp1). This contradicts irreducibility of the characteristic polynomial, since

02 —q=(0-v)(0-Cv)(0- (%), for ¢ = exp(27i/3). O

D, singularity

Lemma 4.3.10. Let V = ij?’, where U is an analytic neighborhood of 0 € C. Let ¥ be a curve inside
Tu cut out by the equation {[T;_,(y - \iz) = 0} for some pairwise distinct \i, Ao, A3 € C. For each of the
following co-Higgs fields <I>ZD4, 0<1i<6, onV with the spectral curve X3, there is a logarithmic connection
ViD“ on V diagonal with respect to @im having the specified residue at x = 0 (each residue matriz is

written in the same basis as the corresponding co-Higgs field):

/\11‘ 0
oJ1= 1 Nz Oz, res,—oVy' = -1 )
1 )\31’ -2
Alfﬂ 0
PP = 2 Nz O, res,_o VIt = 0 ,
1 )\33? -1
)\11’ 0
PP = 1 oz Oy, res,—o Vit = -1 ;
T A3z -1
(I)g)fi = )\i+1x 6.’1:7 resw:ngDfi = 0 5 4= 172,37
1 Ais2T -1
)\1£E 0
(I)6D4 = )‘Qx 8:87 resm:Ov6D4 = 0
Az 0

Proof. Let us consider the cases <I>iD 4, for i = 0,1,2 (the remaining cases are easier, and can be consid-
ered analogously). One checks that over the punctured neighborhood {z # 0} the matrix T;®P*T;! is

diagonal, where

1 0 0
Tz’ = 1 ()\2 - /\1)I’k’ 0 ’
1 ()\3 - /\1)1‘]% ()\3 - /\1)()\3 - )\2)3351:

and k‘o = 1,10 = 2, k‘l =0,ll = 1, ]{52 = 1,12 =1.
Let y = (y1,y2,ys3) be the fiberwise linear coordinates on V' in which the matrix @?4 is written, and
let ¥ = (71,72,73) on V be the coordinates on V over {z # 0} defined by ¥' = T;y*. For each i =0, 1,2,

. D . .. . ~ . .
we define the connection V;™* as the one having the zero matrix in coordinates z,y¥. Then in coordinates
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x,y the connection VZD 4 has the matrix

~T71dT; = —k; —=.

O

Proposition 4.3.11. LetV = (’)23, where U is an analytic neighborhood of 0 € C. Let X be a curve inside
Ty cut out by the equation {H?zl(y - X\ix) = 0} for some pairwise distinct A1, A2, A3 € C. Furthermore,
let 2X\; # \j + g, unless i = j = k (non-resonance condition).

Then among the co-Higgs fields ®P+, 0 <i < 6, having spectral curve ¥, the co-Higgs fields <I>OD4 and

@54 do not admit a Poisson lift to P(V'), while the remaining ones do admit such Poisson lifts.

Proof. Follows by direct calculation using the criterion from Lemma [4.3.6] and the calculated residues
from Lemma [4.3.10] O

Below we list the general forms of the local Poisson lifts to P(V') for the non-resonant co-Higgs fields
with Dy singularity, for the cases when they exist. We denote by y1,ys2, y3 the fiberwise linear coordinates

on V given by the basis in which the co-Higgs fields are written.

47



Quadratic Poisson brackets and co-Higgs fields Mykola Matviichuk

)\1£E
@?4 =l =z Dz O,
1 )\3.13

1 - 1
T o= Qene+— (1105 +10p) Ao+ — (@) A
(2} = <(I)1D47 diL') = ()\1 - )\3).%@'18@“1 + ()\2 - )\3)%@’28@“2 + $§18g2 - ﬂg(ﬂlf)gl + ﬂgé)m),

* = ((@P)%dz?) = (AT-A)2%T105, + (A3 - M)z Tedy, + (A1 + X2)2*710y,
(A2 + A3)22 (110, + 120y, ) — 21 (1105, + 120y, ),

where 71 = 2, 75 = 22 and f is any locally defined holomorphic function in .
i
71 = (A1 = A2) (A1 = A3)m,
T2 = (A1 - A3)z
y1=92=0 T
71 =0,
o= (A2 = A3)z
Y

Figure 4.1: Zero set of a local Poisson lift of @?4
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)\Z-ac
PPt = Nis1T Oy, i=1,2.3,
1 Ais2T
1. _ 1 )
T = Oxhp+ ;(yia’m +Tin10p,, ) A+ ;f(w)wmp :

p = (0 d) = (N = Xir2)2Ti0g, + (Nis1 = Aiv2)2Tin1 Og,yy — Tie1 (a0, + Uin1 Oy ),
902 = (((1)541‘)27(11'2) = (>‘22 - /\?+2)‘r2’yvia§i + ()‘12+1 - )\7,2+2)x2gi+16§i+1 - ()‘i+1 + )‘i+2)xgi+l(§ia§i + gﬂ-laﬂin )7
where 7; = ﬁ, Yir1 = z’:, and f is any locally defined holomorphic function in z.

Yi
Ui = 00,
@24120
x =0,
Zlvi+1=0
ﬂi='ﬁ¢+1=0 €T

y; =0,
Yie1 = (>\i+l - >\i+2)f€

Yi+1

Figure 4.2: Zero set of a local Poisson lift of @g)fi,

i=1,2,3
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1
T = 6M<p+;f(x)<p/\@2,

e = (B dx) = (A= A3)271 0y, + (A2 — A3)2T20y, ,
©? ((®&")?, dz?) (A = 232710y, + (A3 - A3) 2”20y,

where 7] = Z—;, Yo = z—i, and f is any locally defined holomorphic function in .

n
glzm,
Y2=0
x=0
:O —~ )
yc_, Yo =
y3=0
y1=72=0 x
T =0,
y1=0
gl_oa
/ yQZOO

Y2

Figure 4.3: Zero set of a local Poisson lift of <I>6D4

The figure is drawn under assumption f(0) # 0.
If £(0) =0, then additionally the plane {x =0} is contained in the zero set.
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T3¢ singularity

Lemma 4.3.12. Let V = (923, where U is an analytic neighborhood of 0 € C. Let ¥ be a curve inside
Tu cut out by the equation {[T:.,(y — N\iz?) = 0} for some pairwise distinct A1, A2, A3 € C. For each of
the following co-Higgs fields ‘I>ZT36, 0 <i <13, on V with the spectral curve 3, there is a logarithmic
connection VZ-T% on V diagonal with respect to <I>Z-T36 having the specified residue at x = 0 (each residue

matriz is written in the same basis as the corresponding co-Higgs field):

A1$2 0
e =] 1 Aga? o res;_oVo° = -2 :
1 Aga2? -4
Ai$2 0
ofs = 2? Na® Ba, res,oov =| 1 i=1,2,3,
1 Nivox? -1
Ai$2 0
o= 1 A2 Do res,-oVa¥ =| -2 . i=1,2,3,
z? Ais2® -1
A1$2 0
@?36 =] 22 Aga? Oy, resgczovg36 = 0 )
1 Agz? -2
A1$2 0
(1)536 - 1 )\2x2 am, reSm:OVg% _ ) ’
2 Aga? —9
A1$2 0
(I)érss - T )\2x2 az’ reSm=0V§35 _ -1 ’
1 A3I2 -3
A1$2 0
o= 1 Aga? e, res,-oVig =| -2 ,
T Agz? -3
Ai$2 0
®50, = A2 0y, tespoViE,=| 0 ,i=1,2,3.
1 Nisox? -2

Likewise, for each 8 € C~ {A1 + Ao, A1 + A3, Aa + A3}, the co-Higgs field

A1$2
\I/g36 = x o2 Oy,
1
s v T A3T

o1
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admits a logarithmic connection ng on V' diagonal with respect to \I!g“" that has the residue

T
TeSz—0 VB?’G = -1

Proof. The proof of this lemma mimics the proof of Lemma For fixed j,k € Zsg, the co-Higgs
field

A1$2
o=| 27 N2? Oy
2 Az
can be diagonalized over {z # 0} via the matrix
1 0 0
T=|1 (/\2 - )\1)$2_j 0 )

I (As=A)z*d (A3 =A1)(Az = Ag)at 77+

in the sense that T¢T ! is diagonal. Let y = (y1,¥2,¥3) be the fiberwise linear coordinates on V in
which the matrix ¢ is written, and let ¥ = (%1, 72,73) on V be the coordinates on V over {x # 0} defined
by ¥ = T'y!. We define the connection V as the one having the zero matrix in coordinates ,y. Then in

coordinates x,y the connection V has the matrix

d
TN =] G2 e

j+k-4

This argument covers the cases <I>0Tg6 through <I>1T36. The cases iI’lTi%, <I>1T§’6, @{g‘s are covered by splitting
V into a direct sum of the line bundle {ys = y3 = 0} and the rank 2 vector bundle {y; = 0}, and handling
each summand separately. Finally, for the case \Il?;“, one has to use the same argument as above with

the diagonalizing transition matrix 7" replaced by

1 0 0
S=11 (A2 =)z 0
L Qa- A5 (- do) (s - ) F35ea?

O

Proposition 4.3.13. Let V = (’)23, where U is an analytic neighborhood of 0 € C. Let X be a curve inside
Ty cut out by the equation {Hf’zl(y - \iz?) = 0} for some pairwise distinct A1, A2, A3 € C. Furthermore,
let 2X\; # \j + g, unless i = j = k (non-resonance condition,).

Then among the co-Higgs fields z®P+, 0 < i < 6, @iTSG, 0<i<13, \I/g%, B e Cn{ A1+, A1+ A3, Ao+ A3},
having spectral curve %, the co-Higgs fields <I>iT36, 1=0,4,5,6,8,9,10 and \1'236, BeCN{AL+ A, A1 +
A3, A2 + Az}, do not admit a Poisson lift to P(V'), while the co-Higgs fields xq)iD“, 0<i<6, and <I>ZT36,
1=1,2,3,7,11,12,13 do admit such Poisson lifts.

Proof. Follows by direct calculation using the criterion from Lemma and the calculated residues
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from Lemma {.3.12 O

Below we list the general forms of the local Poisson lifts to P(V') for the non-resonant co-Higgs
fields with T3¢ singularity, for the cases when they exist. We denote by y1,¥y2,ys the fiberwise linear

coordinates on V' given by the basis in which the co-Higgs fields are written.
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)\11’
xq)(j)j‘* =x 1 )\QI axv
1 )\3l‘
T o= 20 Ao+ (20105 + T205) A+ f(2)p AR
= (BF,dx) = (M1 = A3)aln 0y, + (A2 = A3)x020y, + 110y, - 12(1105, + 1205),
P* = (@0 de?) = (A -A)Z’Ty, + (A3 - A3)aTody, + (M + X)) 21y,
_(/\2 + /\3)3?52 (518’171 + gQaﬂz) - (ylaﬂl + g26§72 )a
where 7] = z*;, Y2 = %, and f is any locally defined holomorphic function in .

(231

z =0,
FO)F+25, -7% =0

= (>\1 - )\2)()\1 - >\3)$27
o= (A1 - A3)z

91 =0,
372 Ta= (A2 = A3)x

Figure 4.4: Zero set of a local Poisson lift of xq)(])j“
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)\11’
(I)D4_
P =z x Aox Oz,
1 )\3l‘

N N 1
T o= wﬁm/\w(yl%+y25§;2)mp+ﬁf(x)ww2,

(A1 = A3)2710y, + (A2 = A3)x20y, + 2710y, — U2 (105, + 120y, ),
(AT = 232”7105, + (A3 = A2’ 0y, + (A1 + \2) 2’10y,
(A2 + A3)x% (7105, + 20y, ) — 201 (1105, + 7205, ),

p = (B da)
? {(@7)?, dz?)

S
I

where 7] = Z—;, Yo = z—z, and f is any locally defined holomorphic function in .

x =0,
Ji= (M- A3)P2

/ 71 = (A1 = A2)(A1 - A3)w,
/ %2 = (M- A3)z ’

z=0,
gi=M-X)p - -

K y1=y2=0 T
'—"l\ /
- 1y /
- Y
- ’
1 A ,/
1 “ /
. v
1 /
1 /
1 //
fzo’\‘) : // gvl:07
71=0 '/ T2 = (A2 = Az)w
Y2

Figure 4.5: Zero set of a local Poisson lift of x@?“
The figure is drawn under assumption f(0) # 0.
If f(0) =0, then additionally the plane {z =0} is contained in the zero set.
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)\11’
z®Pr=z| 1 A 19)
2 237 X

T 3T

. 1
T o= .Z‘az/\(p+y18gl/\<p+;f(l‘)g0/\<p2,

(@1, dx) = (A1 = A3)201 0y, + (A2 = A3)2T20y, + 10y, — 202(710y, + 7205,),

S
I

@ (@92, dx?) (A2 = A2)227105, + (A3 - A2)22 720y, + (M1 + \2) 2710y,

—(A2 + A3)2* (7105, +1205,) — 271 (1105, + W20y, ).

where 7 = Z—;, Uo = %, and f is any locally defined holomorphic function in .

71 = (A1 = A2) (A1 - A3),
Yo=A1— A3

-
-
-

Figure 4.6: Zero set of a local Poisson lift of z®2*
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)\Z‘(E
z®P1 = ¢ Nis1T Oy, i=1,2,3,

2+1

1 Air2®

I 1
T o= 20s Ao+ (i + T Opin) A+ — (@) A @,

p = (0 d) = (X = Xix2)2Ti0g, + (Nis1 = Aiv2)2Tin1 Ogyy — Tie1 (a0, + Uin1 Oy ),
902 = (((1)541‘)27(11'2) = (>‘22 - /\?+2)‘r2’yvia§i + ()‘12+1 - )\7,2+2)x2gi+16§i+1 - ()‘i+1 + )‘i+2)xgi+l(§ia§i + gﬂ-laﬂin )7
where 7; = ﬁ, Uis1 = zz:, and f is any locally defined holomorphic function in x.
Yi
yi = o,
Yis1 =0
z =0,
’Zji+1 =0
gi = ’yvz’+l =0 €T
;
1
1 ~
1 Yi = Oa
z =0, ' Tir1 = (Nis1 = Aig2)w
71=0
Yi+1

Figure 4.7: Zero set of a local Poisson lift of x@fﬁi, 1=1,2,3

The figure is drawn under assumption f(0) # 0.
If £(0) =0, then additionally the plane {x =0} is contained in the zero set.
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)\11’
x@?‘* =z Aox O,

)\3l‘

1
T = xaxA<p+Ef(x)<P/\so27

(@5, da)
((D6)?, da?)

(A1 = A3)27105, + (N2 = A3)2720y,,
()‘% - )\3)552?718% + ()\% - )‘g)x}yéagm

P
0>

where 7, = g—;, o = z—i, and f is any locally defined holomorphic function in z.

n
glzooa
72 =0
=0,
z =0, To =0
y3=0
T =72=0 T
T =0,
71=0
~1_07
/ ~2—00

Y2

Figure 4.8: Zero set of a local Poisson lift of xq>6D 4

The figure is drawn under assumption f(0) # 0.
If f(0) =0, then additionally the plane {z =0} is contained in the zero set.
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)\ixQ
oo = 23 Ajyia? Dy, i=1,2,3,
1 /\i+2332
1 1 1 1
T = Opno+—(Tidy, + 2Wis105.,. ) Ap— — AR+ = f(z)o AP,
xT <)0 x(yl Yi yl+1 yz+1) 90 :175 ()\,L _ >\1+2)(Al _ )\’L_+1)()0 QO x4 f( )<)0 SO

e = (B dx) (Ni = Xis2) 2T 0y, + (Niv1 — Ais2) 2 Ti1 0., + 20, — Uist (350, + Tin1 0y, ),

p* = (@)%, d?)

()\? - >‘12+2)x4gia§i + (A’LZ‘Fl - /\12+2)z4gi+1a§i+1 + (>‘1 + )‘i+1)x5@via§i+1
_(/\i+1 + /\i+2)9€2@3+1@78§i + :Ui-*-laﬂul) - :1;3@;(@‘;8@1 + :171‘+18ng )7

where 7; = ui/i’ Uil = Zi—:, and f is any locally defined holomorphic function in .

Ui = ()\i - /\¢+1)(>\i - /\i+2)1',
Yie1 = ()\i - )\i+2)$2

@:E+1:O €T

¥i =0,
Tie1 = (Nis1 = Niv)2?

gz'+1

Figure 4.9: Zero set of a local Poisson lift of <I>iT36, 1=1,2,3
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)\1.’E2

T
Qo0 =| 22 Ngz? Oy

1 )\3372

2 N 1
T o= 8M<p+;(y13m+y23'gz)mﬂ+;f(x)<pw2,

e = (B dx) = (M= A3)2?T10y, + (A2 — A3)2*Ddy, + 227105, — 1o (7105, + 20y, ),
e = ((@F0)2da?) = (M- A2y + (A3 - AD)a Ty, + (A1 + A2)2' 10y,
(A2 + X3) 2?7105, + 20y, ) - 2°T1 (1105, + 1205, ),
where 71 = £, 75 = 22 and f is any locally defined holomorphic function in .

n
= (/\1 - >\2)(/\1 - >\3)1’27
To = (A1 — A3)z?

/

Y2

Figure 4.10: Zero set of a local Poisson lift of @?36
The figure is drawn under assumption f(0) # 0.
If f(0) =0, then additionally the line {z =72 = 0} is contained in the zero set.

60



Quadratic Poisson brackets and co-Higgs fields Mykola Matviichuk

)\Z{EQ
Plse = Nis122 Dp, 1=1,2,3,
1 )\i+2332
2 _ 1 9
T = &A¢+;@ﬁm+wﬂ%m)A@+gf@MM¢7
= (P, dx) = (N = Xi2)Z?Ti0g, + (Niv1 = Xiv2)8%Ti105,,, — Ti1 (Ti0y, + Tie105,,, )
T ~ ~
502 = ((‘IHSL)Qv de) = (/\f - )‘12+2)x4yia§7: + (>‘z2+1 - )‘22+2)x4yi+1a§71+1

=i+t *+ Xis2) T2 Ti1 (Ui 0, + Tir1 05,1 )

where 7; = yi/i’ Uil = Z:;, and f is any locally defined holomorphic function in z.

Yi
yi = oo,
gi+1=0
z =0,
’:[/Ji+1:0
Yi="is1=0 T

¥i =0,
Tir1 = (Nis1 — Niv)2?

Yi+1
Figure 4.11: Zero set of a local Poisson lift of ®T30 =123

10+%
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4.3.2 Local Poisson lifts. Resonant case

The goal of this subsection is to construct Poisson P2-bundles over a small open set 0 € 2/ c C out of rank
3 traceless co-Higgs bundles over U that are resonant (Definition . The main tool for this is the
pencils, that is, one parameter families of divisors. Recall that a pencil on a manifold X is a surjective
map X -> P! that is allowed to be ill-defined on a codimension 2 subset B of X. The set B is called base

locus of the pencil, and preimages of points = € P! are called members of the pencil.

Lemma 4.3.14. Let U be an analytic open subset of a smooth curve, and (V,¢$) be a traceless rank 3
co-Higgs bundle over U that is strongly integrable, resonant. Then there is a P'-bundle Q over U and
a fiber bundle map F :P(V) -> Q, that is allowed to be ill-defined on a codimension 2 subset, such that
for any x €U, a € T}, the vector field (¢, ) is tangent to the preimages F~*(q), q € Q|.., and the latter
preimages are quadrics inside P(V)|,. We are going to call @ a family of pencils of quadrics on fibers
of (V).

Proof. The rank 6 vector bundle S?V* carries the co-Higgs field Lie, € Hom(S?V*,S*V* ® Tyy) given
by Liey(s1 @ s2) = ¢* (1) © s2 + 51 © ¢*(s2), where ¢* € Hom(V*,V* ® Ty;) is the dual co-Higgs (one
can think of Liey as differentiation of the fiberwise quadric along the fiberwise linear vector field given
by ¢). Let K be the kernel of the sheaf morphism Lies : S*V* - S?V* ® Ty;. Being a subsheaf of a
vector bundle over a curve, K itself has to be a vector bundle. To determine the rank of K it is enough
to look at a small open subset i ¢ U where ¢ is diagonalizable. Let us choose a coordinate z on I and
a trivialization of V over U, so that ¢ = diag(0, A0y, —A0z), A € C~ {0}. Then in the fiberwise linear
coordinates y1,¥2,y3 given by the trivialization of V, the action of Lies become the Lie derivative with
respect to the vector field Ay29,, — Ay3dy,. In these coordinates, the sheaf K has two generators y? and
1213, and therefore has rank 2.

The projectivization Q = P(K) c P(S2V*) is the desired family of pencils of quadrics. O

Note that the kernel K in the proof of Lemma contains a distinguished line subbundle ker(¢* :
V* - V*® Ty)®2. Therefore, the P-bundle @ contains a distinguished section P(ker(p*)®?).

Recall that a generic pencil of quadrics on P? has three singular members, each of which is a union of
two straight lines intersecting at a point. We remark that even on a generic fiber of P(V') the obtained
pencil of quadric uy? + vyays = 0, [ : v] € PL, is not a generic pencil of quadrics. Instead, it has one
singular member y,y3 = 0 and one non-reduced member y? = 0. A convenient way to depict this pencil
would be to choose the affine chart with coordinates 7> = z—j, U3 = % (Figure . However, that
would leave out the base locus {[0:1:0],[0:0:1]}. Sometimes we will want to visualize the pencil of
quadrics in such a way that the two points of base locus and the singular point of the unique reduced
singular member of the pencil are all visible (Figure .

At a point xy € P! where the co-Higgs field ¢ has repeated eigenvalues, they all have to be zero due
to strong integrability of ¢, and the pencil of fiberwise quadrics built in Lemma [£:3.14] will degenerate
further. If rank of ¢,, is zero, then one can express ¢ = (x — x¢)*¢, for some s > 1 and another strongly
integrable, resonant co-Higgs field ). One can replace ¢ with 1 without changing the family @ of

fiberwise pencils of quadrics, and thus reduce discussion to the case of rank ¢,, being two/one.
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N\

Y2

2>

I —— N

(a) In the chart 7 = %2, Ta = ZA (b) In a chart that contains the base locus
! ! and the singular point of y2y3 = 0.

Figure 4.12: Fiberwise pencil of quadrics puy? + vyoys = 0, [ : v] e PL.

If rank of ¢,, is two, then in an appropriate basis of V' one has

(;Sz() = 8:2 .

o = O
_ o O
S O O

Then the action of Lieg on S 2y* corresponds to the Lie derivative along Y10y, + Y20y, where y1, y2,
ys are the fiberwise linear coordinates on V' in which the matrix ¢,, above is written. Then @) is the
pencil puy? +v(y3 - 2y1y3) =0, [ :v] e P! (Figure ).

If rank of ¢, is one, then in an appropriate basis one has

¢I0 = 82: .

o O O
= o O
o O O

Then the action of Liey, on S2V* corresponds to the Lie derivative along y20y,, where y1, y2, ys are
the fiberwise linear coordinates on V' in which the matrix ¢,, above is written. In this case, the pencil
@ over x =z is not completely determined by the value of ¢,,, however one can tell that each member
of the pencil has to be of the form (a1y1 — B1y2)(a2y1 — Bayz) = 0, for some [ay : B1], [z : B2] € PL. In
other words, over x = xg, each member of the pencil () is a union of two lines, which may or may not
coincide (Figure . Moreover, the number of double lines in such a pencil equals either two or one.
After a change of basis, in the former case, one obtains the pencil uy? +vys = 0, [p: v] € P*, while in the
latter case, one obtains uy? + vyiys = 0, [pu:v] e PL.

Recall that a connection on a fiber bundle p : X — B, is a bundle map j : p*Tp — Tx such that
Tp(j(p*v)) = v, for each v € Tg. A connection j is called flat, if the distribution Imj c Tx is Frobenius

integrable. If dim B =1, then any connection on a fiber bundle over B is automatically flat.
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—

N

(a) At a point where ¢ is nilpotent of rank 2. (b) At a point where ¢ is nilpotent of rank 1.

Figure 4.13: Degenerations of the fiberwise pencil of quadrics

Proposition 4.3.15. Let U be a simply connected subset of C, V be a vector bundle over U, and
¢ € Hom(V,V ® Tyy) be a traceless strongly integrable, resonant co-Higgs field on V that does not vanish
at any point of U. Let Q be the P*-bundle over U constructed in Lemma .

Then a lift of ¢ to a Poisson structure m on P(V') uniquely determines a connection on the P!-bundle
Q that is tangent to the distinguished section P(ker(¢*)®?), and vice versa, a connection on Q tangent
to P(ker(¢*)®?) uniquely determines a Poisson structure © on P(V') lifting ¢.

This connection is uniquely determined by the property that any flat local section q of Q), when viewed

as a meromorphic function on P(V), is Casimir with respect to .

Proof. Let m be a Poisson structure on P(V'). Let o be a unimodular quadratic Poisson structure on
V lifting 7, whose existence is guaranteed by Theorem [B.I.5] As in the proof of Lemma [1.3.14] let
K =ker(Liey : S*’V* - S?V* ® Ty), and also let K; = ker(¢* : V* - V* ® T)®? ¢ K. We claim that
each o-Hamiltonian vector field of any local section of K (resp. Kj) is a vertical cubic vector field,
and when viewed as a section of S®V* ® V it lies inside the rank 2 subbundle K ® () (resp. rank 1
subbundle K; ® (¢)), where () is the line subbundle of V* ® V' spanned by the vertical vector field
¢ = (¢, a), for a non-vanishing o € 7;;. It is enough to check the claim on an open subset U c U where
¢ is diagonalizable. Let x, y1, ¥2, y3 be coordinates on V|; such that ¢ = (y20,, — y30y,) ® 0,. Then
K = (y3,y2y3)Oz ¢ S*V*, and K, = (y7)Oz c S?V*. The Poisson structure 7, by Lemma 2), must
be of the form
™ = 0z A (7205, — 7305, ) + f (2)§20g, A §30g, + 9(x)0g A g,

where f(z), g(z) are any functions in Og. Then

h'(x)
h(z)

1
0= aw A (9281/2 - y38y3) + f(x)yQayz A y36y3 + Q(I)y%ayz A 83}3 + g (f(JC) + )EUZ A (923y2 - y3ay3)a

where h € O is such that the volume form h(x)dx A dy; A dyz A dys is rendering o unimodular.
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Using the expression for o we easily check the claim:

o [(2 2 h'(x)
o# (d(k(z)y?)) = ((3f($) "3 0(2)

)k(m ; k'(x)) V2 (12, — sy € K @ (i),

2 1 (x)

oA ) = (-3 = a3+ 3 D) KGa) K D 10, - 10 ) € K (),

We have shown that if s is a section of K1, then o7 (ds) = k1 (z)s¢. Replacing s with exp(- [ k1 (z)dx)s,
we can assume o7 (ds) = 0. Let us choose a section t of K that is linearly independent from s every-
where in U. We have shown that o (dt) = (ko(z)s + k3(x)t)p. Replacing t with exp(- [ kz(z)dz)t
we can assume that o# (dt) = ko(x)sp. Further replacing ¢ with t — ([ ko(z)dz)s, we can assume that
o#(dt) = 0. Therefore, we can find two linearly independent sections s € H*(U, K;) ¢ H'(U, K) and
t e H(U, K) such that o7 (ds) = o7 (dt) = 0. In other words, s and ¢ are two quadratic Casimir funtions
for 0. The level sets of the rational function t/s define a trivialization of the bundle @ = P(K'), which
uniquely defines a connection on (. Note that the level sets of t/s are submanifolds of P(V') that are
Poisson with respect to m, the projectivization of o.

Going in the opposite direction, assume that the P!-bundle @ has a connection tangent to the section
P(ker(¢*)®?). Let us define a Poisson structure 7 on P(V) lifting ¢ such that for any flat (with respect
to the connection) section ¢ of @ the preimage of ¢ under the rational map P(V) -» Q is Poisson with
respect to 7. Since U is simply connected, the connection on @ defines a trivialization of (). Let us choose
two linearly independent sections s € HO(U, K;) c H'(U,K), t € H*(U, K) whose projectivizations are
flat sections of @ =P(K). The section ¢/s viewed as a meromorphic function on P(V') has a zero of order
two along the divisor given by the rank 2 subbundle ker(¢) of V, and a simple pole along the divisor
ker(t : S*V — Oy). The former divisor intersects each fiber of P(V') at a divisor of degree 1 (i.e. straight
line), while the latter divisor intersects each fiber of P(V') at a divisor of degree 2 (i.e. fiberwise quadric).
Therefore, one can choose a trivector 7 on P(V') having simple zeros precisely along the zero-pole divisor
of t/s. Then the bivector m = t410g(1/5)T is smooth everywhere, and defines a Poisson structure on P(V').
We claim that the Poisson structure m; lifts a co-Higgs field ¢ = h¢, for some nowhere vanishing h € Oy
(the function h depends on the chosen trivector 7). In order to check that the co-Higgs field of m is
a multiple of ¢, it is enough to consider an open subset U where ¢ is diagonalizable. Let z, y1, y2, Y3
be coordinates on V| such that ¢ = (y20y, — y30y,) ® 0. Then s = ki(2)y7, t = ka(2)y5 + ks(2)y2ys,
for some ki, ks € Of, ko € Oy. Then 7 = hy(z)ki () (k2 (z) + k3 (2)7273) 0z A O, A Oy, for some hy € OF,

Y2 _ s

here 7o = 22, 73 = £,
where y2 = 7 U3 = ]

1 .
1= Ldlog(t/s)T = g bsdi-tdsT = hy (@)K (2) (ko () + k3 (2)7273) 05, A O, +

+hy (@) bk (2) (ky(2) + k3 () §203) O, A O, + ha () k1 (2) k3 (2)0s A (U20y, — T30y, )-

This shows that the co-Higgs field of 7y is h¢, where h = hiki1ks. The fact that h vanishes nowhere
(even at the branch points of the spectral cover of ¢) follows from the fact that s and ¢ are linearly
independent at each fiber. Since m is a Poisson structure on P(V') lifting h¢, Lemma implies that
7 = +m is a Poisson structure on P(V) lifting ¢.

h
O
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Corollary 4.3.16. Let ¢ € Hom(V,V ® Tyy) be a traceless strongly integrable, resonant co-Higgs field
on a rank 3 vector bundle V over a simply connected open U c C. Then ¢ admits a lift to a Poisson
structure on P(V).

Proof. Let ¢ = h¢1, where h € Oy and ¢; € Hom(V,V ® T;) does not vanish at any point of &/. The
co-Higgs field ¢, is again strongly integrable and resonant. By Proposition to find a Poisson lift
71 of ¢1, it is enough to find a connection on the P!-bundle @ tangent to the section P(ker(¢7)®?).
Since U c C is simply connected, such a connection exists for any P!-bundle over &. Hence Proposition
guarantees existence of a Poisson lift 71 of ¢1, and then Lemma implies that 7= = hmy is a
Poisson lift of ¢. O

Let us discuss how the described pencil technique works over a set U where the strongly integrable,
resonant co-Higgs field ¢ is diagonalizable. Let x, y1, y2, y3 be coordinates on Vl|z such that ¢ =
(y20y, — Y30y, ) ® 9. The projective bundle @ c P(S?V*) is spanned by two sections y7, y2ys of S2V*.
Let @ have a connection whose flat sections are projectivizations of s = k(x)y? and t = [(z)y? + y2ys3,
ke O, 1 € Oy, and any of their C-linear combinations. Let a = dlog(t/s), and 7 be a trivector on P(V')

having simple zeros along the divisors {y; = 0} and {¢ = 0}. In coordinates 7 = Z—?, U3 = Z%’ one has
a =dlog (l(x) + 172@73) —dlog(k(z)),
T = (l(l‘) + ’y}’y})@x A 8@3 A 85]3
Then the Poisson bivector 7 = 1, (7) has the expression
. . / K'(x) ~
=0y A (y26172 - y38§3) +1 (I)aﬂz A Ogy = m(l(‘r) + y2y3)8§2 A Oy

One can see that 7 vanishes on the two branches [0:1:0] and [0:0: 1] of the eigen-variety of ¢. As
for the third branch [1:0:0] (the one corresponding to the zero eigenvalue), 7 typically will not vanish
there. It will vanish, however, over the points zy such that (é), (z0) = 0. An invariant way to say this is
that 7 vanishes on the unique singular point of the unique singular quadric of the fiberwise pencil @,
if and only if the connection on @) constructed in Proposition is tangent at x = x( to the section
sing Of Q, whose value over x is the unique singular quadric of Q.. (If m does not vanish at the branch
[1:0:0] of the eigen-variety of ¢, then this branch still has a Poisson-geometric meaning. Specifically,
the three branches of the eigen-variety of ¢ contain all the points where a fiber of P(V') is tangent to
the symplectic foliation of 7.)

The two-dimensional leaves of the constructed Poisson lift 7 intersect each fiber P(V],,) along a
quadric from the fiberwise family ),,. If this quadric is smooth, then the symplectic leaf near the fiber
P(V]|,,) will be a C*-fiber bundle over the base . On the other hand, there are special two-dimensional
symplectic leaves that for some zq intersect P(V,,) at the unique singular quadric {ysys = 0}. The
geometry of such a symplectic leaf depends on the interplay between the projective connection on @ and

the section gsing of @ consisting of the singular quadrics (see Figure describing different scenarios).
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(a) Near a point where the (b) Near a point where the (c) If the projective connec-
projective connection on @ projective connection on @ tion on @ is tangent to gsing
is transverse to gsing is tangent to gsing everywhere

Figure 4.14: Poisson lift of a diagonal resonant co-Higgs field.
Symplectic leaves intersecting a singular fiberwise quadric

Let us now discuss the local Poisson lifts of traceless resonant, strongly integrable co-Higgs bundles
¢ of rank 3 over P!, near the singularities of the spectral curve. The spectral curve of such ¢ must be
of the form {f(6% - w) = 0}, where w is a symmetric bivector on P!. Since S?Tp: = Op1(4), the tensor
w has 4 zeros, counting multiplicities. Therefore, we have the following possible singularities for such a

spectral curve:

(A1) y(y* -2) =0,

(Da) y(y-z)(y+2z) =0,
(Br) y(y* -2%) =0,

(T36) y(y—=*)(y+a*)=0.
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A, singularity.

0
‘13641: 1 z |0z,
1

Vertical linear vector field: ¢ = y10y, + Y20y, + TY30,,.
Fiberwise p-invariant quadrics: 4%, y2 — 24193 — xy%
Poisson lift to P(V): m =8, A+ 27105, Ay, + f(2)p A o® + g(2)T305, A Oy,

where 71 = £, 75 = 22 and f, g are holomorphic functions in z defined near z = 0.

3’

Y2

<
¥
Il

Figure 4.15: Fiberwise pencils of quadrics for @641
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A
ot = z | O,

Vertical linear vector field: ¢ = y20y, + xy30,,.

Fiberwise ¢-invariant quadrics: y?, y3 — xyg .
Poisson lift to P(V): m =0, A+ 27105, Ay, + f(2) 20 A + g(2)T; 05, A Oy,

where 7 = @%’ Yo = %, and f, g are holomorphic functions in x defined near z = 0.

Y2

Figure 4.16: Fiberwise pencils of quadrics for @‘fl

69



Quadratic Poisson brackets and co-Higgs fields Mykola Matviichuk

D, singularity.

For each of the isomorphism classes of co-Higgs fields over a small neighborhood of 0 € C with spectral
curve y(y? — 2%) = 0 (Corollary [A.0.4), we present the generators for the fiberwise pencil of quadrics
constructed in Lemma L3174

0
o)1 =1 =z Oz,

1 -z

Vertical linear vector field: ¢ = y10y, + £Y20y, + Y20y, — TY30y,.
Fiberwise ¢-invariant quadrics: 4%, y3 — 2y1y3 — 22Y2Y3.

0
P =z Oz,
1 -z
Vertical linear vector field: ¢ = xy10y, + Y20y, + Y20y, — TY30y,.

Fiberwise o-invariant quadrics: y3, y3 — 2291y3 — 22Y2Y3.

0
<I>2D4= 1 =z Oy,

r -

Vertical linear vector field: ¢ = y10y, + Y20y, + Y20y, — TY30y,.

Fiberwise @-invariant quadrics: 4%, zy3 — 2y1y3 — 22Y2Y3-

D
O = T Oy,

1 -z

Vertical linear vector field: ¢ = xy20y, + Y20y, — Y30y,

Fiberwise o-invariant quadrics: y$, y3 — 22y2y3.

@54 = x Oy,
1 -z
Vertical linear vector field: ¢ = xy20y, + y10y, — Y30y,

Fiberwise -invariant quadrics: 4%, y1y2 — Ty2ys.

0
P =11 =z Oz,

-

Vertical linear vector field: ¢ = xy20y, + Y10y, — Y30y,

Fiberwise p-invariant quadrics: 42, y1ys + Ty2ys.
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D
O = T Oz,

Vertical linear vector field: ¢ = xy20y, — xYy30y,.

Fiberwise @-invariant quadrics: 4%, y2ys.

FE; singularity.

For each of the isomorphism classes of co-Higgs fields over a small neighborhood of 0 € C with spectral
curve y(y? - 23) = 0 (Theorem [A.0.8), we present the generators for the fiberwise pencil of quadrics
constructed in Lemma [£.3.141

<I>§7: 1 T

1

w
i

Vertical linear vector field: ¢ = y10,, + Y20y, + 23y30,, .

Fiberwise p-invariant quadrics: 4%, ya - 2y1y3 — 25y3.

E7 _
o7 =

Vertical linear vector field: ¢ = y20y, + 2°y30,,.

Fiberwise g-invariant quadrics: y7, y3 — z3y3.

E
o = 2| 2 |0

T

Vertical linear vector field: ¢ = zy10y, + 2y20y, + 22Yy30,, .

Fiberwise @-invariant quadrics: 4%, y3 — 24193 — Ty3.

E7 _
(I’3 =

Vertical linear vector field: ¢ = 2920y, + 22y30,, .

Fiberwise p-invariant quadrics: 4%, y2 — zy3.

0
o= 1 z |8,

1‘2

Vertical linear vector field: ¢ = y10,, + x2y28y3 + Y30y, -

Fiberwise @-invariant quadrics: y?, 2292 — 2y1y3 — acyg.
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Vertical linear vector field: ¢ = 22410y, + Y20y, + 23y30,,.

Fiberwise (-invariant quadrics: y%, y% - 22%y,y3 — x?’y%.

0
(1)57 =11 22 |0,

X

Vertical linear vector field: ¢ = y10y, + Y20y, + x2y38y2.

Fiberwise p-invariant quadrics: 4%, 2y2 — 2y1y3 — x2y§.

0
o =| & 23 | Oq,

1

Vertical linear vector field: ¢ = 2y10,, + Y20y, + 23y30,,.

Fiberwise ¢-invariant quadrics: y%, ya - 2xy1ys — v3y3.

T5¢ singularity.

For each of the isomorphism classes of co-Higgs fields over a small neighborhood of 0 € C with spectral
curve y(y? — 2*) = 0 (Theorem , we present the generators for the fiberwise pencil of quadrics
constructed in Lemma The seven isomorphism classes with representatives x@iD 4, 0<% <6, have
the same fiberwise pencils of quadrics as their D4 counterparts. The remaining T34 isomorphism classes

behave as follows.

o

Ts36 _ 2
P =11 z .,

—
|
8

Vertical linear vector field: ¢ = 410y, + 22420y, + Y20y, — T2y30,,.

Fiberwise @-invariant quadrics: 4%, y3 — 2y1y3 — 22%92y3.

0
q)fse =23 22 am
1 —a?
Vertical linear vector field: ¢ = 23y10,, + 12y20y, + Y20y, — 12Yy30y,.

Fiberwise o-invariant quadrics: y%, y3 — 223193 — 222y2ys3.

.232

Tag
@23(): CL'S —1‘2 az,

10

72



Quadratic Poisson brackets and co-Higgs fields Mykola Matviichuk

Vertical linear vector field: ¢ = 23y;0,, + 22y10y, + Y20y, — T2Y20y,.

Fiberwise o-invariant quadrics: (y2 — 2y + 2%y3)?, 2y3 — 2y19.

oTo-| 22 o |a.,

Vertical linear vector field: ¢ = 23y10,, — 22y10,, + Y20y, + 22Y30y,.

Fiberwise o-invariant quadrics: (y2 +2y1)?, 2y1y2 + 22%y1y3 + 2y3.

dlo=| 1 22 Oz,

Vertical linear vector field: ¢ = y10,, - x2y15‘y1 + :173y23y3 + :z:2y26y2.

Fiberwise @-invariant quadrics: (y; + z2ye — 7y3)?, 2y1y3 + 22%y2y3 — 295 — 23Y3.

0
ol =11 -2 Oz,

3 2P

Vertical linear vector field: ¢ =410y, — %420y, + 33y20,, + 22y30,,.

Fiberwise -invariant quadrics: 4%, 2y1y3 — 202y2ys — 23y3.

P =11 0 o,

Vertical linear vector field: ¢ = y19,, + 2210, + m3y2ay3 - x2y38y3.

Fiberwise p-invariant quadrics: (y1 — 2%y2)?, 2y1y3 — 23y3.

0
T
(1)736: 1‘2 .1‘2 am

1 —a?

Vertical linear vector field: ¢ = 2%y;0,, + 12y20y, + Y20y, — T2Y30y,.

Fiberwise o-invariant quadrics: y?, y3 — 22%y1y3 — 222y2ys3.

0
oo = |1 22 O,

.’E2 —£E2

Vertical linear vector field: ¢ = y10y, + 2%y20y, + 22y20,, — 22y30,,.

Fiberwise (-invariant quadrics: y?, 2292 — 2y1y3 — 222y2ys3.

0
Ts6 _ 2
ol =z 2 Os,

1 —z2
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Vertical linear vector field: ¢ = 2y19,, + 22420y, + Y20y, — 22Y30y,.

Fiberwise o-invariant quadrics: y?, y3 — 2291y3 — 22%y2y3.

0
dlso =11 22 s,

T —.’E2

Vertical linear vector field: ¢ = y10y, + 2%y20y, + 2Y20y, — 12Y30,,.

Fiberwise o-invariant quadrics: y?, xy3 — 2y1y3 — 222y2y3.

Ts6 _ 2
O 50 = x Oz,

Vertical linear vector field: ¢ = 22420y, + Y20y, — 22y30,,.

Fiberwise p-invariant quadrics: 3%, y3 — 22%y2y3.

Ts6 _ 2
O30 = z Oz,

1 -T

Vertical linear vector field: ¢ = 22420y, + y10y, — 22Y30,,-

Fiberwise @-invariant quadrics: y%, yays — 22y1ya-

0
dlzo =11 22 Dy,

—x?

Vertical linear vector field: ¢ = m2y28y2 + Y10y, — m2y38y3.

Fiberwise @-invariant quadrics: %, y1ys + 22y2ys3.

Wi = z? dv,, BeC~{1,-1,0},

0

X
_1 _p2
B+1 x €

Vertical linear vector field: ¢ = 2y10,, + 2220y, + 2y20,, — T2y30,, + ﬁylayg.

Fiberwise o-invariant quadrics: y?, xy3 — 2zy1y3 — 202y2y3 + ﬁylyg.
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4.3.3 Global Poisson lifts. Non-resonant case.

Throughout the subsection, ¢ is a zero trace co-Higgs field on a rank 3 vector bundle V over P! that
is strongly integrable, non-resonant (Definition , and X c Tp1 is its spectral curve. We are going
to discuss when such ¢ admits a lift to a Poisson structure on P(V). Recall from Subsection [4.3.]]
that in order for the co-Higgs field to admit such a lift, the spectral curve ¥ has to be cut out by the
equation [T>_, (0 - \iv) = 0, where A1, Ao, A3 € C are distinct, and v € HO(P', Tp1). In particular, ¥ has
three irreducible components, each isomorphic to P!, and ¥ either has two D, singularities (if v has two
distinct zeros) or one Tsg singularity (if v has one zero of multiplicity two). Moreover, out of all local
types of co-Higgs fields with D, or T3¢ singularities described in the Appendix, the only ones allowing

the possibility of a Poisson lift are

(Dy4) ®P+i=1,3,4,5,6,

4.8
(Tss) ®1*°,i=1,2,3,7,11,12,13 and 2®P*,0 < i <6. (4.8)

We say that ¢ has admissible singularities, if around each point where the spectral curve of ¢ is
branching, the co-Higgs ¢ is isomorphic to one of the local normal forms .

We will denote by (<I>ZD ) - (<I>JD4) a strongly integrable, non-resonant rank 3 co-Higgs field ¢ over P!
whose spectral curve has two D, singularities and such that ¢ is isomorphic to <I>iD 4 near one of them
and to (PJD 4 near the other. Similarly, we will denote by ((I>iT36) (resp. (x@f) 4)) a strongly integrable,
non-resonant rank 3 co-Higgs field ¢ over P! whose spectral curve has one singularity of type T3¢ and
such that ¢ is isomorphic to (®]¢) (resp. (z®P*)) near this singularity.

Given a strongly integrable, non-resonant rank 3 co-Higgs field ¢ over P!, we introduce the line bundle
Ly c A*Tyer P(V') given by the projectivization of the image of ¢ A ¢* : 3T — A2End(V) 2 A2Toe, V.
One can characterize Ly as the set of local sections of A2ToerP(V) that Schouten commute with the
vertical vector fields (¢,a) € End(V'), for all a € Tp;.

Lemma 4.3.17. Let ¢ be a strongly integrable, non-resonant rank 3 co-Higgs bundle (V,$) over P!
having admissible singularities . Then there is a cohomology class Obsy € Hl(Pl,L¢) that is an
obstruction to lifting ¢ to a Poisson structure on P(V'). In other words, ¢ admits a lift to a Poisson
structure on P(V') if and only if the cohomology class Obsy vanishes.

If the obstruction Obsy does vanish, then all the lifts of ¢ form an affine space over HO(]P’l,L¢).

Proof. First, let us explain the construction of the obstruction class Obsg. Choose a Cech cover {U;}ier
of P! such that over each U;, the co-Higgs field ¢ admits a lift to a Poisson structure m; on P(Vy,)
(here we use that ¢ has admissible singularities). Over double overlaps U; nU;, the Poisson structure m;
and 7; may differ, however, by Lemma 1), the difference m; — m; € H°(U; nU;, Ly). So, we obtain
the Cech 1-cocycle {milunv; — Tilueu; Yijer- By Lemma 1), different choices of the local lifts 7;

produce the same cohomology class Obsg € H* (P!, Ly). The remaining claims also follow directly from

Lemma 1). O

The line bundle L is abstractly isomorphic to Op: (k—6), where k is the number of zeros of the tensor
dAp? e Hom(S3T*, End(V)) (counting with multiplicities). Contribution of each of the admissible local
normal forms to the number of zeros of ¢ A ¢? are presented in Table

Table shows that for a stronly integrable, non-resonant rank 3 co-Higgs ¢ over P!, one has
Ly = Op:(—1), where [ = 0,1,2 or 3. By applying Lemma we get that a Poisson lift of ¢, if it
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¢ @?4 (1)54 (I)f4 @?4 q)6D4
Order of vanishing 2 2 2 2 3

¢ @) | x®P1 | 2ol | 2@l | 20D | 20D | 2oDe
Order of vanishing 3 5 4 5 5 5) 6

é q){se (I)g%a (I>§36 @?36 q){fs CI)TSG (I)Tgs
Order of vanishing 4 4 4 4 4 4 4

Table 4.1: Order of vanishing of ¢ A ¢? at x = 0.

exists, is unique, with the exception of co-Higgs fields of the types (<I>6D4) - (@54) and (xfbéj‘*) (in which
case such lifts are parametrized by C). Let us now consider each of the cases Ly = Op: (1) in more
detail.

Case Ly = Op:

The types falling into this category are (@54) - (@54) and (x@éj“). The co-Higgs field ¢ here is globally
diagonalizable, and has the form ¢ = diag(\1, A2, A3)v, where v = 9, or v = 229,. All the Poisson lifts
of ¢ are of the form 7 =39, A+ %gp Ap? (case (D) — (BF*)) or =Dy A p + %ap/\ @? (case (z®L)),
where ¢ = (¢, dx), ¢* = (¢, dz?), and C € C.

Case Ly = Op1(-1)

The types in question are (<I>iD4) - (fbg“), 1=1,3,4,5, and (xCIDiD“), 1=1,3,4,5. For these cases one has
H*(P',L4) =0, k=0,1, and hence Lemma [4.3.17 implies that ¢ admits a unique Poisson lift to P(V).

Example 4.3.18. (Type (&) - (951) )

Let us choose a coordinate z on P! so that the spectral curve of ¢ has the form ¥ = {[]>_, (- \izd,.) =
0}). Let ¥ = |_|;?’:1 ¥, be the normalization of ¥. Each ¥; is isomorphic to P!, so let us introduce a
coordinate z; on ¥; that is the pullback of z from the base. The partial normalization 3. corresponding
to the eigensheaf F of ¢ near x = co is isomorphic to Spec @5, C{z;!} (full normalization), and near
x = 0 is isomorphic to Spec R, R=(1,1,1)C + @®?_, ;C{z;}.

/>

) )

Figure 4.17: Spectral curve ¥ and its partial normalization 3 for co-Higgs field of type (<I>1D4) - (<I>6D4)

The eigensheaf F of ¢ near & = 0 is isomorphic to the ideal sheaf (z,y)R, where = = (1,22, 23),

y = (M121, \awa, A323). Such a sheaf is completely determined by the triple (dy,ds,d3) € Z3, such that
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J’T
shown to be isomorphic to Op1(d1) & Op1(dz) ® Op1(ds — 1), where we assume dy < da < d3. Then ¢ is
isomorphic to the following:

s, 2 Ox,(d;), i = 1,2,3. Moreover, the pushforward V = p,F under the projection p: ¥ - P! can be

/\11} 0 0
o= = Xz 0 |0,
0 1 )\3Z

where ¢ is written with respect to the decomposition of V' above, in the affine chart {x # oo}.
The unique Poisson lift of ¢ to P(V') in the chart {z # oo} is given by the formula

1, ~
™ = a:c ANp+ ;(yla@l +y28§2) AN,

e = (b dx) = (A-A3)2Tn0y + (A2 = A3)2T20y, + 2710y, - T2(T105, + 1205,),

vz

T ys® )

We obtain a family of Poisson structures parametrized by a dense open subset of Z* x C2. The Z?

~ g~
where 71 = y—;, Ua

part corresponds to the degree (dy,ds,ds) of the eigensheaf of ¢. The C? part corresponds to the triples

of constants A1, A2, A3 adding up to zero.

Case Ly = Op1(-2)

This case covers all the remaining types, except (x‘b(? ). Specifically, the types fitting into the case Ly =
Op1(-2) are (®74) - (74), i =1,3,4,5, (z®3*), and (®;°), i =1,2,3,7,11,12,13. In all these cases,
except (®]°¢), (®2¢), (®3%¢), the obstruction class Obs, constructed in Lemma can be computed
as the projectivization of the pairing (Aty % ¢), of ¢ with the Atiyah class Aty € H'(P*, 755 ® End(V)),
defined by (see the explanation of this fact in the proof of Lemma below).

Recall that given a rank one torsion free sheaf F on ¥ = {[I>,(6 — A\jv) = 0}, by the degree of F
we mean the triple (dy,ds,ds) € Z3, where d; is the degree of the restriction of F to the irreducible
component { — \;v =0} = P

Lemma 4.3.19. Let ¢ be a strongly integrable, non-resonant rank 3 co-Higgs bundle (V,$) over P!
of one of the types (CIDiD“) - (<I>]D4), 1 =1,3,4,5, (:c<I>2D4), and (CID;TF%), i =17,11,12,13. In particular,
Ly c TperP(V) is isomorphic to Op1(-2).

Then ¢ admits a Poisson lift to P(V') if and only if the following matriz has zero determinant

di do d3
A1 A2 Az (4.9)
1 1 1

where (dy,ds,d3) € Z3 is the degree of the eigensheaf F of ¢, and \; € C are the constants in the

characteristic equation T2, (0 — A\jv) =0 of ¢ (which are unique up to a multiplicative scalar).

Proof. Let us cover the base P! with two open sets Uy = {|z| < 2} and U; = {|z| > 1/2}, where the
coordinate x is chosen so that the spectral curve ¥ of ¢ has singularities only over = = 0 and possibly
over = = co. Note that z also defines a coordinate on each irreducible component ¥; = {§ - \;u = 0} = PL.
Let ij c 3, j =0,1 be the preimage of U; under the projection. Choose an identification of }—|ﬁj with

an ideal sheaf inside the structure sheaf of the normalization Z; c 69?:1(9& nii;- Let b be an identification
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IO|1700171 —~>Il|gongl, such that Zy glued to Z; via h is isomorphic to F. Let y; be fiberwise linear
coordinates on Oy, 7, @ =1,2,3, and z; be fiberwise linear coordinates on Oy, 7,7 =1,2,3. Let h be
given by three functions h; € Oy, 7 7 such that z; = hi(z)y;, i = 1,2,3. Without loss of generality, we
may assume that each h; is a Laurent polynomial in z, and let

qi i

hi(x) = zP q(m—aé) 1_[1(95— b;), where |aj»| <1/2, |b3| > 2. (4.10)
j j=

Since we assumed that F|s, = Oy, (d;), we have d; = —p; —¢;, 1 = 1,2, 3.

Now, let us turn to computing the obstruction Obsy € Hl(IPl,L¢) constructed in Lemma
Since ¢ has type (®7*) - (®91), i=1,3,4,5, (x®7*), or (#/°), i = 7,11,12,13, the Poisson lifts o over
Uy and 71 over U; can be chosen so that over punctured neigborhoods Uy N { = 0} and U \ {x = oo}

they have expressions

mo = v A (A1 = A3)7105, + (A2 = A3)T20g,),
T =VA (()\1 - )\3)31851 + ()\2 - )\3)’528'52)7

where 7] = z—;, o = Z—i, Z1 =2, %2 = 2, and v equals either 20, (in the case of type (@?4) - ((IDJD“),
i =1,3,4,5), or 220, (in the case of type (z®2*), or (<I>Z‘T36)7 i=7,11,12,13). Then over Uy NnU;, the
difference 7y — m; will be equal to the projectivization of (Aty % ¢) defined by (3.11). Let us calculate
this.

Over Uy NUy, in coordinates x, y1, ya2, y3 one has the following expressions for ¢ and Aty

3
¢=10, ® (Z )\iy,@yi) , if ¥ has two Dy singularities, (4.11)
i=1
3
d=2%0, ® (Z )\iyiayi) , if ¥ has one Tj5¢ singularity. (4.12)
i=1
3
Aty =) dlog(hi(z)) ® y;0,y,. (4.13)
i=1
In the projectivized coordinates x, 7; = Z—; Uo = z—z, on P(V)|y,nu, the expressions above yield
¢ =203 ® (M - A3)7105 + (A2 — A3)7205,), if ¥ has two Dy singularities, (4.14)
¢=12%0,® ((\ - A3)T105, + (A2 — A3)P20y,), if ¥ has one T3¢ singularities. (4.15)
Aty = (dlog(h (2)) - dlog(ha(2))) ® 705, + (dlog(hs(2)) - dlog(ha(2))) ® B0y, (4.16)

Let s be a section of Ly having a simple pole over « = 0 and another simple pole over x = co (and
no other poles). If ¥ has two Dy singularities, then we can choose s = (¢ A ¢2, %3) In coordinates x,
U1 = Z—;, Yo = Z—z, the section s has the expression s = 7,0y, A720y, (up to a multiplicative constant, which
we omit). If ¥ has one T3q singularity, then we can choose s = (¢ A ¢, %3) In coordinates z, 7 = 7;—;,
Yo = Z—z, the section s has the expression s = 7195, A J20y, (up to a multiplicative constant, which we
omit).

Now, let us calculate the Cech 1-cocyle of L4 with respect to the cover {Uy,U; } that represents the
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obstruction Obsg from Lemma {4.3.17 In the case when ¢ has two D, singularities, we have
ObS¢ = (Atv /,\ (;5) = f(l')ﬁi@gl A %6527

where

Fl@) =M1 - As) (th;;((xx)) - th;g((;)) ) + (M= Xg) (xh’fl((xx)) - th;é((;)) ) . (4.17)

In the case when ¥ has one T3¢ singularity, we similarly obtain
ObS¢ = (Atv A ¢) = l‘f(l‘)yAia'yvl A 7;28527

where f(x) is the same as in (4.29)).
We see that in both the cases, Obs, has Cech 1-cocycle fs|ynu,- Pick an isomorphism g : Ly—Tp

sending s to i—z. Under g, the cocycle fs|y,nu, will get sent to

)™

T

= (— (A1 =A3)(dlog(ha(z)) —dlog(hs(x))) = (A2 = A3)(dlog(hi(x)) +d10g(h3(~”€))))

Z/IO nZ/ll UO mZf{l

*

The 1-form above represents the zero cohomology class in H! (P!, p1) if and only if the sum of its
residues inside Uy equals zero. From the expressions (4.26)) for the h; we get that the sum of the residues

is equal to

di do ds
(/\1—Ag)(dg—dg)—()\Q—Ag)(dl—d;g) = —det )\1 )\2 )\3
1 1 1
Applying Lemma [4.3.17] finishes the proof. O

Example 4.3.20. (Type (®P4) - (@P4))

Let us choose a coordinate = on P! so that the spectral curve of ¢ has the form ¥ = {n?zl(e—,\ixam) =
0}. Let ¥ = |2, &; be the normalization of ¥. Let L; = O, (d;) be the restriction of the eigensheaf
F of ¢ to X;. Then F is isomorphic to the subsheaf of sections (s1,s2,83) € L1 @ Lo ® L3 such that
Z?zl a;8;(0) = 0 and Z?zl Bisi(00) = 0, for some «;,8; € C*. By applying automorphisms of L, if
necessary, we assume that 8; =1, i =1,2,3. Then the triple a;y, as,ag up to an overall scaling, gives an
element of C* x C*.

A degree (dy,ds,ds3) € Z3 satisfies vanishing of the determinant for some non-resonant triple
(A, A2, A3) € C? if and only if d; are either all pairwise equal or pairwise distinct. If d; = dy = d3, then
without loss of generality we may assume they all equal 0. Then V = p,F = Op1 & Op1 (1) & Op:(-1),
unless a1 = ag = a3 (in which case V = Op1 ® Op:1 ® Op1(-2)). By Lemma we obtain a four
dimensional family of Poisson structures on P(V), V = Op1 & Op1(-1) ® Op1(-1), parametrized by
asfaq, agfal, A3 — A1, A2 — A\1. Moreover, since the total space of V' is Calabi-Yau, by Theorem
all of these Poisson structures lift to quadratic Poisson structures on V.

Another way to obtain Poisson lifts of ¢ of type (®P*) - (®P4) is to choose degrees dy < dy < ds.
The constants \; are determined uniquely, up to scaling, from vanishing of the determinant , if
we require z§’=1 A; = 0. To obtain a non-resonant triple (A1, A2, A3), we must additionally insist that
d>—dy # d3 —dy. By Lemma[d.3.19] we obtain a three dimensional family of Poisson structures on P(V),
for V =p,F = Op1(d1) ® Op1(da) ® Op1(d3 — 2), parametrized by as/aq, ag/ai, As — A1. Note that since
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there are infinitely many triples (dy,ds,ds) € Z* satisfying dy < do < d3, dy — dy # d3 — d2, We obtain
infinitely many of such three dimensional families of Poisson structures.

The only cases with Ly = Op:(-2) we have not covered so far are the types (<I>ZT36), 1=1,2,3. Up to
permutation of indices, it is enough to consider the case (®7%¢).

Lemma 4.3.21. Let ¢ be a strongly integrable, non-resonant rank 3 co-Higgs bundle (V,¢) over P of
(®13%). In particular, Ly ¢ ToerP(V) is isomorphic to Opi (=2).
Then ¢ admits a Poisson lift to P(V') if and only if the following matriz has zero determinant

di-1 dy ds
A A A3, (4.18)
1 1 1

where (dy,do,ds) € 73 is the degree of the eigensheaf F of ¢, and \; € C are the constants in the

characteristic equation H§:1(9 - Av) =0 of ¢ (which are unique up to a multiplicative scalar).

Proof. Let us cover the base P! with two open sets Uy = {|z| < 2} and U; = {|=| > 1/2}, where the
coordinate x is chosen so that the spectral curve X of ¢ has the only singularity over x = 0. Note that
x also defines a coordinate on each irreducible component ¥; = {6 - \ix20y = 0} = P!, Let Z:{;— c 3,
j = 0,1 be the preimage of U; under the projection. Choose an identification of F |171 with Z; = Oy, =
@>_,Os,,u, , and also an identification of F |z, with the eigensheaf Zy of ®T50 Let h be an identification
IO|L700ﬁ1 _~)Il|l7ml71’ such that Zy glued to Z; via h is isomorphic to F. Let y; be fiberwise linear
coordinates on Oy, 7,4 =1,2,3, and z; be fiberwise linear coordinates on Oy, 7, % =1,2,3. Let h be
given by three functions h; € Oy, ;7 7, such that z; = hi(x)y;, i =1,2,3. Without loss of generality, we
may assume that each h; is a Laurent polynomial in z, and let
gi A . . .
hi(z) = 2P 1—[1(:10 - aj) I_Il(m -bj), where |aj| <1/2, [b}]>2. (4.19)
Jj= Jj=
Since we assumed that F|s, = Os.(d;), we have d; = —p; — ¢;, 1 = 1,2, 3.
Now, let us turn to computing the obstruction Obsy € H'(P', Ly) constructed in Lemma [4.3.17

The Poisson lifts 7y over Uy and m over Uy can be chosen so that over Uy \ {x = 0} and U; they have

expressions
70 = 2°0x A (A1 = As)Th 0y, + (A2 = A3)T20,) + (A2 = A3) 2710y, A Ty,
™ = .232615 AN ((/\1 - /\3)318’51 + ()\2 - )\3)?28’52),
where 71 = Z—;, Uo = Z—z, Z1 = z—;, Zo = i—z Then over Uy NnU;, the difference my — w1 will be equal to the

sum of the projectivization of (Aty 4 ¢) defined by (3.11)) and the second (purely vertical) term in the

expression for mg. Let us calculate this.

Over Uy NnU,, in corrdinates x, 7 = Z—; Yo = z—z, on P(V)|yorus, One has
¢ =20, ® (M - X3)Ti 0y, + (A2 = A3)720p,) , (4.20)
Aty = (dlog(hi1()) - dlog(hs(x))) ® 7105, + (dlog(ha(z)) - dlog(hs(x))) ® G205, . (4.21)

Now, let us calculate the Cech 1-cocyle of L4 with respect to the cover {Uy,U; } that represents the
obstruction Obs, from Lemma [£.3.17]
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Obsg = (Aty 4 @) + (A2 = A3)2710y, A 5205, = (f(2) + A2 = X3)2710y, A J20y,,

where

F(@) = (A1 - A3) (Ihzé(;x)) - xh};g”(f)) ) + (A2 - As) (mhfill((;)) - Ih];g((;)) ) . (4.22)

Note that the meromorphic section s = 7,0y, AT20y, of Ly has a simple pole over z =0 and another
simple pole over = = co (and no other poles). Pick an isomorphism o : Ly—7p; sending s to ? Under

0, the cocycle (f(z) + A2 — A3)Slure, Will get sent to

d
(@) +de-2)T|

*

The 1-form above represents the zero cohomology class in H!(P!, p1) if and only if the sum of its

residues inside Uy equals zero. From the expressions (4.26)) for h; we get that the sum of the residues is

equal to
di-1 ds ds
(M1 =A3)(da—ds) —(Aa—A3)(d1 —ds) + (Aa—A3) =—det| X\ Ao As
1 1 1
Applying Lemma finishes the proof. O

Case Ly = Op1(-3)

In this case, ¢ must have the type (:r(I)(?“). Since H' (P!, L) = C?, it should come as no surprise that
vanishing of the obstruction Obsg € H* (P!, L) encapsulates two conditions (see Lemma below).
One of the conditions involves the degree of the eigensheaf and the A;, just as in the previous cases.
To discuss the second condition, recall that the eigensheaf F of ¢ is the pushforward of a line bundle
on the partial normalization 3 of the spectral curve ¥ = {II2, (0 - \;z?d,) = 0} that above a small
neighborhood of x = 0 is isomorphic to Spec C{z1} ® C{z2} ® C{x3}/((x1,z2,x3), (M1, A2Z2, A3x3)).

<> i

Figure 4.18: Spectral curve ¥ and its partial normalization 3 for co-Higgs field of type (szg) )
Note that a function (f1(z1), f(x2), f(23)) € C{x1} ® C{x2} ® C{x3} belongs to O if and only if
f1(0) £2(0)  f3(0)

f1(0) = f2(0) = f3(0) and det| X, A2 A3 | =0.
1 1 1
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For a divisor D = Z?i1 b; + Z?il b? + Z?i 1 b}o? on ¥, where each b; lies on the irreducible component

¥; = {0 - \;x?0, = 0} and away from z = 0, we define the following invariant

B B2 Ps a1
tp=det|A\; A2 N3], where f;= Z R (4.23)
11 1 =

where in the last summation we use the choice of the coordinate z on P'. One can check that for fixed
dy,ds,ds, the divisors D and D’ are linearly equivalent if and only if 7p = 7ps. This shows that the space
of line bundles on ¥ with fixed degree is non-canonically isomorphic to C (the isomorphism depends on
the choice of coordinate x). Moreover, for each degree (dy,ds,ds) that makes the determinant of
vanish, there is a distinguished divisor d; DM 4 dy b3 1+ d5-bG) | where b)) denotes the divisor {z; = b}
on ¥;, and b € P! \ {0} (the linear equivalence class of this divisor is independent of b in this case).
In terms of the parameter 7p defined by , the distinguished divisor is characterized by 7p = 0.
By taking the line bundle on ¥ corresponding to this divisor, and pushing it forward to ¥ we obtain a
distinguished torsion-free sheaf in degree (dy,ds,ds).

Lemma 4.3.22. Let ¢ be a strongly integrable, non-resonant rank 3 co-Higgs bundle (V,¢) over P of
type (;vtI>0TD4), In particular, Ly € ToerP(V') is isomorphic to Opi (-3).
Then ¢ admits a Poisson lift to P(V') if and only if the following two conditions hold

1) the following matriz has zero determinant

di do d3
A1 A2 Az (4.24)
1 1 1

where (dy,ds,d3) € Z3 is the degree of the eigensheaf F of ¢, and \; € C are the constants in the
characteristic equation TI5_, (0 — \iz20,) =0 of ¢ (which are unique up to a multiplative scalar).

2) the eigensheaf F of ¢ corresponds to the distinguished divisor d; DD +dy 0P +dg-bB) | for some
be P\ {0}, on the partial normalization ¥ of ¥ defined by F.

Proof. Multiplication by the section x € H?(P!, Op1 (1)) gives the short exact sequence of sheaves
0—— Om (—3) = Op1 (—2) — Om (_2)|{m=0} — 0.
By taking the long exact cohomological sequence we obtain

0 —— HO(P', Op1 (-2)|(4-0y) — H' (P*,Op1(-3)) —— H* (P!, Op1(-2)) —— 0 (4.25)

C C? C

The plan is to prove that the condition 1) of the lemma is equivalent to vanishing the projection of
Obsy onto H' (P!, Op1(-2)) in (4.25). Under this condition, the class Obs, represents an element of
H°(P', Op1(-2)|(4=0} ), and we are going to prove that the condition 2) of the lemma is equivalent to his
element vanishing.

Let us cover the base P! with two open sets Uy = {|z| < 2} and U; = {|z| > 1/2}, where the coordinate
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x is chosen so that the spectral curve X of ¢ has the only singularity over x = 0. Note that x also defines a
coordinate on each irreducible component ¥; = {#-\;220, = 0} 2 P*. Let ij c X, j =0,1 be the preimage
of U; under the projection. Choose an identification of F |1711 with Z; = Oy, = 2 ,0x,u,, and also an
identification of F|z with the eigensheaf Zy of z®*. Let h be an identification Tolg,nc, —T1lgy iz, »
such that Zy glued to Zy via h is isomorphic to F. Let y; be fiberwise linear coordinates on Ozmz?{},v
i=1,2,3, and z; be fiberwise linear coordinates on Oy, 7, =1,2,3. Let h be given by three functions
hi € O, g~ such that z; = hi(2)y;, i = 1,2,3. Without loss of generality, we may assume that each h;

is a Laurent polynomial in z, and let

hi(x) = 2P [T(x - aj) [[(x -0}), where |aj| <1/2, [bj]> 2. (4.26)
j=1

J=1

s: 2 Ox,(d;), we have d; = -p; — q;, i = 1,2,3. The divisor on S corresponding

Since we assumed that F
to F is
T1 72 73
D= (dy—r1) 00 + (dy—13)- 003 4 (dg = r3) - 00® + 30T+ > 07+ Y b

j=1 j=1 j=1
Now, let us turn to computing the obstruction Obsy € Hl(IP’l,L¢) constructed in Lemma (4.3.17
The Poisson lifts 7wy over Uy and 71 over U; can be chosen so that over Uy \ {x = 0} and U; they have
expressions
mo = 2280, A (A1 = M), + (A2 = A3)T20g,),
T = .13281 AN ((/\1 - /\3)318’51 + ()\2 - )\3)?28’52),

where 77 = Z—;, To =2 7 =2 % = 2, Then over Uy nU;, the difference my — 71 is equal to the

Y3 z3’ 23
projectivization of (Aty 4} ¢) defined by (3.11). Let us calculate this.
Over Uy NnU;, in corrdinates x, 7 = %, Yo = %, on P(V)|yorus, one has
¢ =220, ® (M = X3)105, + (A2 =~ A3) 20y, , (4.27)
Aty = (dlog(hi(x)) - dlog(hs(x))) ® 7107, + (dlog(ha(x)) - dlog(hs(x))) ® 720, (4.28)

Now, let us calculate the Cech 1-cocyle of L, with respect to the cover {Up,U;} that represents the
obstruction Obsg from Lemma [4.3.17

Obsg = (Aty 4} @) = f(2)z7105, A §20y,,

where

(@) = ~(h - As) (xhé(””) - xhé(m)) s - ) (””hll(””) _ wha(@) ) . (4.29)

ho(z)  hs(x) hi(z)  hs(z)

Note that the meromorphic section s = 2719y, AJ20y, of Ly has a double pole over = = 0 and a simple
pole over z = oo (and no other poles). Also, the meromorphic section xs of Ly(1) has a simple pole
over x = 0 and another simple pole over x = co. Pick an isomorphism ¢ : Lg(1)——7;: sending xs to dz—”‘.

Under g, the cocycle x f(x)s|ynu, Will get sent to

T

T

= (= (1 = A9)(dlog(ha(w)) - dlog(hs(2))) + (A2 = As) (dlog(hn () + dlog(hs())))

Z/IO nL{1 UO nul
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*

The 1-form above represents the zero cohomology class in H! (P!, p1) if and only if the sum of its
residues inside Uy equals zero. From the expressions (4.26) for h; we get that the sum of the residues is

equal to

di dy d3
()\1—)\3)(d2—d3)—()\2—Ag)(dl—dg):—det )\1 AQ )\3
1 1 1

This shows that the image 2Obsy € H' (P, Op1(-2)), as in (4.25), vanishes if and only if the condition
1) of the lemma holds. Assuming zObs, does vanish in H'(P', Op1(-2)), we can interpret Obss as an
element of H°(P!, Op1(-2)|,-0) = C by taking the value fo(0), where fo is the meromorphic function
appearing in a decomposition
dz
F@)™ = fola)da - (@),

where f;(z)dx has no poles inside U;. One way to obtain such a decomposition is to take

fo(z):—()\l—/\g)(ix_lbz +§:x_1b3)+(>\2—)\3)(§: 1 +T23x_1b3),

1t
= ji = jar=b; i3

Fi(@) = On - xg) 2288 (g ) AP
z x

g2 1 g3 1 g1 1 g3 1
A1 —A - (A2 —A .

We obtain fo(0) = —7p where 7p is the parameter defined by (4.23)). It remains to use that 7p =0 if
and only if the condition 2) of the lemma holds. O

Example 4.3.23. The sheaf O satisfies both the conditions 1) and 2) of Lemma [4.3.22, The corre-
sponding co-Higgs field on V = p,Osx = Opr ® Op1(-1) @ Op1(-2) has the expression

over {x # co}. The Poisson lift of ¢ to P(V') guaranteed by Lemma |4.3.22| has the expression

T = 20, Ao+ (20105 +T205,) A,
where
¢ =M= A3)27 0y, + (N2 = A\3)2T20g, + 710y, — 12(T10y, + 20y, ),

where 7; = Z—;, Yo = L2,
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4.3.4 Global Poisson lifts. Resonant case.

Throughout this subsection, ¢ € Hom(V,V ® Tp1) denotes a traceless, strongly integrable co-Higgs field
on a rank 3 vector bundle V over P!, whose spectral curve ¥ is reduced and satisfies the resonance
condition (Definition [4.3.3). Recall that ¢ being resonant means that generically 2\; = Ay + A3, where
)\; are eigenvalues of ¢. Since we assume zi-’;l A =0, we get A; = 0 (we will always denote by A; the zero
eigenvalue). As a result the spectral curve ¥ has an irreducible component ¥; = P! given by the zero
section of Tpi1. The two other eigenvalues A, A3 form another subcurve Yo3 c 3, which may either be
irreducible, or split into two components 35, 3. We are going to study when ¢ admits a lift to Poisson
structure on P(V).

Case of nowhere vanishing ¢.

Proposition 4.3.24. Let C be a smooth curve over C, V' be a vector bundle over C, and ¢ € Hom(V,V ®
Te) be a traceless strongly integrable, resonant co-Higgs field on V' that does not vanish at any point of
C. Let Q be the P-bundle over C constructed in Lemmal[4.3.14)

Then a lift of ¢ to a Poisson structure ® on P(V') uniquely determines a connection on the P!-bundle
Q that is tangent to the distinguished section P(ker(¢*)®?), and vice versa, a connection on Q tangent
to P(ker(¢*)®2) uniquely determines a Poisson structure © on P(V') lifting ¢.

This connection is uniquely determined by the property that any flat local section q of Q, when viewed

as a meromorphic function on P(V'), is Casimir with respect to .
Proof. This is a direct consequence of the local version of the statement, that is, Proposition O

The proposition above, in particular, shows that if C' is a non-compact curve, then every traceless,
strongly integrable, resonant co-Higgs field on a rank 3 vector bundle V' over C' admits a Poisson lift to
P(V). From here on, we will specialize to the case C = P

Recall that Q = P(K), where K is the rank 2 subbundle over S?V* defined as the kernel of the
sheaf morphism Liey : S?V* - S?V* ® Tpi. The vector bundle K has a distinguished line subbundle
K =ker(¢*)®2. Denote by Ky the line bundle K/K;.

Lemma 4.3.25. In the above notation, the P! bundle Q = P(K) over P* admits a connection tangent

to the section P(K1) if and only if deg Ko = deg K1. If such connection exists, then it is unique.

Proof. The condition deg K5 = deg K; on P! is equivalent to K, = K;. If it does hold, then the short
exact sequence 0 > K1 - K — K5 — 0 splits. Therefore, Q = P(K; & K1) 2 P(Op1 & Op1) is trivial and
has unique connection.

Conversely, assume that ) admits a connection tangent to the section P(K;). Since P! is simply
connected, this implies that @ is a trivial P!-bundle over P!. By taking a flat section of @ disjoint from
the section P(K7), we obtain a line subbunde K’ of K such that K 2 K; @ K'. One must then have
K' = K5. Tt remains to note that the bundle P(K; @ K5) is trivial only if deg K5 = deg K. O

Let us now discuss how to calculate deg K>. We are going to construct a line subbundle K;,4 ¢ K,
whose degree can be read off the spectral data, and calculate the number of intersections of P(Kipng) with
P(K7) (counting with multiplicities). To construct such Ky, g4, first consider the restriction morphism
a:F - Fls,,, where F is the eigensheaf of ¢ and Yoz is the subcurve of the spectral curve ¥ obtained

by removing its zero section component ;. By pushing o forward to the base P!, we obtain a surjective
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morphism p.a : V - W, where W = p,(Fl|s,,) is a rank 2 bundle. Let us denote 3 = S%(p.a) :
S?V — S?W. Note that ¢ induces a co-Higgs field ¢ on W, whose spectral curve is o3 and the
eigensheaf is Fls,,. The curve Xo3 can have only A,, singularities. Therefore, the rank 1 torsion-free
sheaf F|sx,, is a pushforward of a line bundle L on a partial normalization Y03 of Yog. Let T: Yoz — So3
be the involution of 3 obtained by flipping the two branches of the cover p: 3a3 — P'. Then the
morphism W ®o,, W — P, (L ®0s_, T*L), Px81 ® PuS2 — P« (5177 (82)), induces a surjective morphism
v+ S?W — L, where L is the line bundle over P! whose local sections are the Z/2Z-invariant sections
of L ® 7*L. Precomposing v with 8 : S?V — S?W constructed above, we obtain a surjective bundle
morphism S?V — £. Finally, we define Kging = L* and the embedding 8*v* : Kging —> S2V*. Over a
small analytic & c P!, if we choose coordinates z, y1, ya, y3 so that ¢ = 0, A (A2y20y, — A2y3dy, ), the line
bundle K;pnq C S2V* is spanned by the monomial yay3. This shows that Ksing ¢ K. Also, it explains
the notation K;,4. Recall that {y2y3 = 0} is the unique reduced singular member of the fiberwise pencil
of quadrics @ constructed in Lemma The section gsing = P(Ksing) of @ has been playing an
important role in [1.3.2]
Assuming the number of intersection of P(K;p,) with P(K7), counting with multiplicities, equals
m, we can calculate deg Ky = deg Kging + m. The condition deg K1 = deg Ky from Proposition
is equivalent to deg K = deg Kging + m. Both degrees in the latter equality are easily calculated from
the spectral data (X,F) of ¢. Let d; be the degree of F|x,, and da3 be the degree of Fls,, (if o3
has two irreducible components 5, X3, then da3 denotes the sum of degrees of Flsx, and F|s;). Then
deg K1 = —2d;, deg Kging = —da3. So, the condition deg Ky = deg K from Propositionis equivalent
to
2dy = da3 —m. (4.30)

To calculate the number of intersections of P(King) with P(K;), we need to calculate the order of
contact of P(Kgng) with P(K1) at each singularity of ¥ and add them all up.

As an example, let us calculate the order of contact of P(K;y) with P(X;) for the co-Higgs @641.
As we have calculated in Subsection the generators for K locally around the singularity « = 0 are
given by 3% and y2 - 2y1y3 — xy% The subbundle K is spanned by y7. The subbundle K sing 15 spanned
by y? — xy3 + 2zy1ys + 2%y (the singular point of such a quadric over = # 0 is {y2 = 0,y1 = —zy3}, as
shown on Figure [{.15). Therefore, the order of contact of P(Kying) with P(K1) at = 0 equals one. On
the other hand, for ®{"* the generators are 7 (for K1) and y3 — 23 (for Kging). At =0 these two do
not intersect. So, the order of contact here is zero (cf. Figure . Using the explicit expressions for
the generators of K calculated in Subsection we calculate the order of conatact of P(K;ng) with
P(K) for each of the relevant local normal forms in Table

This leads us to the following classification of the zero trace resonant rank 3 co-Higgs bundles (V, ¢)
over P! that admit a Poisson lift to P(V'), assuming ¢ vanishes nowhere in P!. We remark that by
Proposition [1.3:24] and Lemma [1.3:25] such Poisson lift is unique, whenever it exists.

The co-Higgs field ¢ is specified by the types and locations of singularities of the spectral curve X.
One can have either four A; singularities, or two A; plus one Dy, or two Dy, or one E; plus one Aj,
or one T3¢ singularity. This fixes the spectral curve ¥ uniquely, up to rescaling in the fiber direction in
T Then for each of the singularities of %, one has to specify the local normal form of the co-Higgs
field from Table This fixes the isomorphism type of the spectral sheaf F of ¢ near each singularity.
Finally, one has to specify the spectral sheaf F on ¥ so that its degree (d;,ds3) satisfies the equation
([:30), where m is the sum of orders of contact of P(Kging) with P(K7) over all singularities.
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¢ (I)gh (I)zl‘\l
Order of contact 1 0
¢ (1)574 @1D4 @54 @?4 (1)54 @?4
Order of contact 2 0 1 0 0 0
) @57 (I)Jlf?7 (I)f7 <I)5E7 (1)57 (I>7E7
Order of contact 3 0 1 0 2 1
qs (Dgae @TBG (1)535 @gSG (I)Z‘% @?36 q)z;?,s
Order of contact 4 2 0 0 1 1 1
¢ (I)?BG (I)gse. @536 (I)T(S)G (I)Tim @TSG (b,{gﬁ \11536
Order of contact 0 2 2 3 0 0 0 1

Table 4.2: Order of contact of P(Kng) with P(K7)

Example 4.3.26. Consider the case ¥ = {0(6% - w) = 0}, where w is a symmetric bivector on P! with
four distinct zeros x1, xs, 3, x4. Such ¥ has four A; singularities, one per each z;. Let ¢ be isomorphic
to <I>511 around each x;, i.e. the spectral sheaf F is a line bundle over ¥. Without loss of generality,
we may assume that d; = 0. Then the equality says that to ensure existence of a Poisson lift to
P(V), we must insist that da3 = 4. So, the spectral sheaf F is obtained from L; = Ox, and a degree 4

line bundle Lag over the elliptic curve Yoz via gluing each fiber Log|,, to the corresponding fiber Ly, .
We obtain a six-dimensional family of Poisson structures on P(V). One parameter controls the cross-
ratio (z3 — x1) (w4 — x2) /(w3 — x2) (x4 — 1), one parameter controls the isomorphism class of Log, three
parameters control the gluings Lj|,,—>Lo3|+,, and one parameter controls fiberwise scaling of ¥ c Tp1.

For a generic F in the-six dimensional family, the line bundle Lsg is not isomorphic to p*Op:. For
such F, the pushforward p,F is V = Op1 & Op1(-1) & Op1(-1). Moreover, one has the short exact

sequence

O‘)O]pl(—l) @O]pl(—l) 14 O]pl 0,

where the surjection V' — Op1 is the pushforward of the restriction morphism F — Flx,, and the
kernel Op1(-1) ® Op1(-1) coincides with the image of ¢ : Tt ® V' — V. One can choose a splitting of

the short exact sequence, and this will make the matrix of ¢ to have the block triangular form

where u1,uy € HO(PY, Tp1 (1)), v1,ve,v3 € HO(P, Tp1). Over an affine chart of P! with coordinate z,
expressing v; = f;(x)0z, u; = g;(2),, for some polynomials f; of degree < 2 and g; of degree < 1, we can

write down the two generators for K ¢ S?V*: s =y? and t = f3y3 — fay3 —2f1y2y3 +292y1y2 — 201y1y3. Let

— Y2

a = dlog(t/s), and T be a trivector on P(V') vanishing on {y; = 0} and {t = 0}. In coordinates 7> = e
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VIS

= f373 — 203 — 2f10205 + 29272 — 29173,
dt

a=—=,
t

T= —%’tvam A 8@'2 A 8%,
T = 1o(7) = 0z A (f3020y, + [2U30y, + [1720y, — f17305, + 920y, + 910y, ) —
-5 (f575 - f5U3 — 217205 + 29572 — 29173) O, A O,

P(ker ¢)

Pl

Figure 4.19: Geometry of Poisson structure on P(V') coming from a co-Higgs with four A; singularities.

The constructed Poisson structure vanishes on an elliptic curve E ¢ P(Im ¢) c P(V) (see Figure
. This elliptic curve is isomorphic to the component o3 of the spectral curve via the isomorphism
Eig in Lemma [3.3.2] The section P(ker¢) c P(V) consists of "fake zeros” of the Poisson structure,
in the sense that the contribution from the co-Higgs tensor vanishes at the points of P(ker ¢), but the
whole Poisson tensor 7w generically does not. The Poisson tensor does vanish, however, at the points
of P(ker ¢), where the connection on the P! bundle @ (discussed in Lemma and Proposition
is tangent to the section P(Ks;ng). To calculate the number of such points, note that the normal
bundle of P(Kin,) 2 P! in @ is isomorphic to Op: (8), and the connection on @ gives a sheaf morphism
Ter 2 Op1(2) — Op1(8). Such a morphism has to vanish at six points (counting multiplicities). So,

there are six points on P(ker ¢), where the Poisson tensor 7 vanishes.

One final fact about the Poisson lifts of resonant nowhere vanishing rank 3 co-Higgs fields is the

following topological restriction on the P?-bundles over P! that arise this way.

Proposition 4.3.27. Let ¢ be a traceless resonant nowhere vanishing co-Higgs field on a rank 3 vector
bundle p: V - PL. Let ¢ admit a Poisson lift m to P(V'). Then degV = -2 mod 3.
In other words, after twisting V' with p*Opi (k) for some k € Z, the total space of V is Calabi- Yau.
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Proof. Consider the fiberwise Euler sequence

OHOV(—].) p*V ’EP’(V)(_]-)*)O

By twisting it with p*7p: and taking the determinant, we obtain that the anticanonical bundle w{,l is
isomorphic to wlg(lv) ® Op(v)(=3). Let us prove that the latter bundle is trivial, possibly after replacing
V with V ®p*Op:1 (k) for some k € Z. The rest of the proposition will then follow from Proposition m

By Proposition the P'-bundle Q constructed in Lemma has a flat connection tangent
to P(K7). Then Lemma implies that, possibly after replacing V with V ® p*Op: (k) for some
keZ, one has K = Op1 ® Op1, K1 = Op1. Choose two disjoint nowhere vanishing sections s € H°(PP!, K1)
and t € H(P', K). Let us view s,t € HY(P!, S?V*) as fiberwise quadratic functions on V. Then the
1-form a = dlog(t/s) is Casimir for 7, has no zeros, at least away from a codimension two locus, and has
logarithmic poles along the subbundle P(Im ¢) c P(V') and along the fiberwise family of quadrics {¢ = 0}.
The fact that to(7) = 0 implies that 7 = 1o (7), for some 7 € H*(P(V), A*Tp(y)). The trivector 7 has
order 1 zeros along P(Im ¢) and {t = 0}, so it gives a trivialization of the bundle wI;(lv) ® Op(yvy(=3). O

Case of ¢ having a zero.

Note that ¢ can have at most two zeros. If ¢ has two zeros counting multiplicities, then ¢ has either
type (®5*) — (®F*), or (z®2*). Then V splits globally as V = L; & Ly @ L3, and ¢ = diag(0,1,-1) ® v,
for some v € H°(P!, 7p1). By Lemma b), all global Poisson lifts of such ¢ are of the form

T=VA (@’26772 - %353) + f(x)g2g3852 A 8273 + g($)8772 A 81737

where 7, = %, Y3 = z—i’, f is a constant function in x, and g is a polynomial of degree at most ds +ds —2dy,

where d; = deg L; (if dg + d3 — 2d; < 0, then g must vanish).
From now on we are assuming that ¢ has exactly one simple zero. If C' is a smooth (not necessarily
compact) curve over C and zg € C, by a T¢(-logxzg)-connection on a fiber bundle p: F - C' we mean a

splitting of the short exact sequence of sheaves on F'
0 —— Toert ' —— Tr(=logxg) —— p* To(~logxg) —— 0,

where Tet F' is the sheaf of vector fields on F tangent to the fibers of F', Tr(-logxg) is the sheaf of
vector fields on F tangent to the fiber F|,, and To(—logxg) is the sheaf of vector fields on C' vanishing

at xg.

Proposition 4.3.28. Let C' be a smooth curve over C, V be a rank 3 vector bundle over C, and
¢ e Hom(V,V®T¢) be a traceless strongly integrable, resonant co-Higgs field on V that has the only zero
at xg € C (which is simple). Let Q be the P-bundle over C constructed in Lemma .

Then a lift of ¢ to a Poisson structure m on P(V') uniquely determines a To(-logxg)-connection
on the Pt-bundle Q that is tangent to the distinguished section P(K1), and vice versa, a To(-logzg)-
connection on @ tangent to P(Ky) uniquely determines a Poisson structure m on P(V') lifting ¢.

This connection is uniquely determined by the property that any flat local section q of Q, when viewed

as a meromorphic function on P(V), is Casimir with respect to .

Proof. Assuming that the Poisson lift 7 on P(V') exists, let us construct the logarithmic connection.
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Proposition ensures existence and uniqueness of such connection over C ~ {zg}. We only need to
check that such a connection has a logarithmic pole over xg. Choose a local coordinate « on C' so that
xg is « = 0, and express ¢ = z¢; for some nowhere vanishing ¢;. In the course of the proof of Proposition
we checked that if ¢ is a unimodular lift of 7 to V, then for any section s of K c S?V* one
has 0% (ds) ¢ K ® (¢1), where (1) is the line subbundle of V* ® V spanned by the vertical vector
field 1 = (¢1,a), for a non-vanishing « € 75. The co-Higgs field ¢ gives a sheaf isomorphism map
Té(logzg) — (1), by inverting which we obtain an isomorphism (¢1) — 75 (logzo). Composing
the operation of taking the o-Hamiltonian vector field with the latter isomorphism, we obtain a linear
logarithmic connection V : K — K ® 75 (logxzo). Projectivizing V, we get a projective logarithmic
connection on @ = P(K).

Now, let us assume that we are given a To(-logzg)-connection j on @ tangent to P(K7). Let us
construct the Poisson lift 7 of ¢. Proposition ensures existence and uniqueness of such a lift 7 over
C ~ {z0}. We only need to check that 7 extends smoothly over the fiber P(V|,,). Choose two linearly
independent sections s,t of K defined in a neighborhood of xg, so that s is a section of K; ¢ K. Choose a
local coordinate x on C so that xq is x = 0, and express ¢ = z¢; for some nowhere vanishing ¢,. Let m; be
the Poisson lift of ¢1 to P(V') such that ¢/s is Casimir for = (such m exists and is unique by Proposition
. Let j be projectivization of a linear connection on K whose matrix in the trivialization defined

by s,t is
(0 g(x))dw
0 f(z)) =

where f,g are holomorphic functions on C' defined in a neighborhood of xy. Then the Poisson lift 7 of

¢ corresponding to the connection j has the expression

T =2 - f(x)éﬁ -g(x)B,

where f3 is the bivector on P(V') tangent to the fibers and uniquely determined by the condition ¢4/ /3 =
1, where @1 = (¢1,dz). Note that S vanishes to order 3 along P(K), while s vanishes to order 2 along
P(K71), so, the expression £ defines a smooth bivector. Therefore, 7 is smooth. O

Lemma 4.3.29. Let K be a rank 2 vector bundle over P! and K, be its rank 1 subbundle, and let
xo € PL. Then the projective bundle Q = P(K) admits a Tp1(-logxzg)-connection tangent to P(K,) if
and only if K 2 K; & Ko, where Ks is the line bundle K|K;.

If K 2 Ky @ K», then the set of all Tp1(—logxg)-connections on P(K) tangent to P(Ky) forms an
affine space over Hom(Ks, K1 ® Ty (log o)) = C', where | = min(0,deg K — deg K>).

Proof. Without loss of generality we may assume K = Op1. Let Ky = Op:(n), where n € Z.
First, let us assume that K = Op ® Opi(n) and describe all Tpi(-logxg)-connections on P(K)
tangent to P(K7). Let us choose a coordinate 2 on P! centered at xy. Let us also choose fiberwise linear

coordinates yi, yo over Uy = {x # oo}, and 71, To over Uy = {x # 0} so that

)l )
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Define a Tp1 (- log zp)-connection on P(K) over Uy by the connection matrix

A:(O g(@)@
0 f@)) =

Then in the chart I; with coordinates & = 271, 71, 2, the connection has the matrix

(dT)T1+TAT1:(0 O)dfh(o xng(x))dx:(o ‘55_"9(%)){95
0 -n)Jaz \0 f@) )z \0o n-f(L))7

Such a matrix has no poles over Z = 0 if and only if f(x) =n and g(z) is a polynomial of degree at most
-n —1. The expression g(a:)d?ac can be interpreted as an element of Hom (K>, K1 ® T (logzg)).

Next, let us assume that K ¢ K; @ Ko, and prove that there is no Tp1 (- logz)-connection on P(K)
tangent to P(K1). Let us choose a coordinate = on P! centered at zg. Let us also choose fiberwise linear

coordinates y, yo over Uy = {x # oo}, and 71, To over Uy = {x # 0} so that

(gl):T(yl) T:(l p(x))
Yo Y2 ’ 0 z™ ’

where p(z) = £771 arpz™" £ 0. Note that this case occurs only if n > 2.
A Tp1(-log zp)-connection on P(K') tangent to P(K ), over Uy has the connection matrix of the form

a0 9@))dz
0 f(x)) =
Then in the chart I; with coordinates & = 271, 71, 2, the connection has the matrix

(dT)T™' + TAT™ = (g x”ﬂp'(x)) v, (0 wg(@) + ””np(””)f(x)) dz _

z \0 f(@) )

-n x

[0 TG (R)+9(3)+p(3) F(3))) dz
0 n-f(3)
The latter matrix has a pole over ¥ = 0 for any choice of g,h € Oy, . O

Recall that d; denotes the degree of the restriction Fly,, and dag is the degree of the restriction
Fly,s- In the next proposition, we are assuming that d; = 0, that is, F|s, = Ox,. This can always be

achieved by twisting the sheaf F with p*Op1(~d; ), where p is the projection ¥ — P*.

Proposition 4.3.30. Let (V,$) be a traceless strongly integrable, resonant rank 3 co-Higgs bundle over
P'. Let ¢ have a simple zero at xo € P' and no other zeros. Let m be the number of intersections of
P(K,) with P(Kgng) counting multiplicities. Then m € {0,1,2}. Furthermore,

1. If m =0, then ¢ admits a Poisson lift to P(V).
2. If m =1, then ¢ admits a Poisson lift to P(V') if and only if daz > 0.
3. If m =2 and dag < 0, then ¢ does not admit a Poisson lift to P(V).

4. If m=2 and da3 > 0, then ¢ admits a Poisson lift to P(V).
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5. Ifm=2 and da3 =0, then ¢ admits a Poisson lift to P(V') if and only if F is the pushforward of a
line bundle L on the partial normalization & — % defined by F that satisfies L @ T*L Os, where
T is the involution of & that flips the two branches of Y3 and leaves 31 fized.

In the cases when the Poisson lifts to P(V) do exist, they form an l-dimensional family, where | =

min(0, dgg —m).

Proof. The partial normalization 3 maps into the total space of Tp1 (- logzg) = Opi (1), therefore 3 has
either one D, singularity, or at most two A; singularities. By examining Table we see that m < 2.
In each of the cases below, Lemma and Proposition reduce the question of existence of a
Poisson lift of ¢ to whether the short exact sequence 0 - K; - K — K5 — 0 splits. Whenever the short
exact sequence does split, the different choices of the Poisson lift correspond to different choices of the
logarithmic connection, which are described in Lemma [£.3.29]

If m = 0, then the section P(Kng) is disjoint from P(K1), and Ky = Ko. Therefore, one has
K = K1 @ Ky, and so, there is a Poisson structure on P(V) lifting ¢.

If m =1, then P(King) intersects P(K1) transversely, and Ko = Kyipng® Op1(1). If —da3 = deg Kging <
0, then deg K5 < 1, and the short exact sequence 0 - K; - K — Ky — 0 necessarily splits, because
H'(P',K; ® K1) = 0. On the other hand, if —dy3 = deg Kging > 1, then K cannot be isomorphic to
K1 & Ko 2 Op1 @ Op1(—daz + 1), because K has a subbundle of degree —das.

If m =2, then Ky 2 Kging ® Op1(2). If —das = deg King < 0, then deg K5 < 2, and the short exact
sequence 0 - K; - K — Ky — 0 necessarily splits, because H' (P!, K; ® K;) = 0. On the other hand if
—dag = deg Kging >0, then K cannot be isomorphic to K1 & Ko = Op1 @ Op1 (—das +2), because K has a
subbundle of degree —ds3.

Let m =2 and da3 = 0. One can verify that K* = (7, (L ®7*L))%, where L and 7 are as stated in the
lemma, p'is the projection > — P!, and the superscript S means the sheaf of the local sections invariant
under the involution 7. Since K7 2 Op: and K» 2 Op1(2), the short exact sequence 0 > K; > K - K3 - 0
splits if and only if the vector bundle K* has a non-trivial global section. Equivalently, if and only if
L®T7*L has an T-invariant global section. Since L®7*L has zero degree over each component of 3, it has
a non-trivial global section if and only if L ®7*L = Ox. In the case L ®7" L = O, every global section of
L ®7T*L is constant and, in particular, 7-invariant. To sum it up, we have obtained that the short exact
sequence 0 - Ky - K — Ky — 0 splits if and only if L®7"L = O. O

Example 4.3.31. (Type (&) — (0P4) - (9g1))

Consider the case when ¥ = {#(6 - q) = 0}, where ¢ = z(z — 2¢)20%?, 2o # 0,00. Assume ¢ has type
<I>641 near z = 0 and 2 = oo, and vanishes at z = 2. Let & be the partial normalizaition of corresponding
to the spectral sheaf F of ¢.

N N

Figure 4.20: Spectral curve ¥ and its partial normalization 3 for co-Higgs of type ((I>(’)41 ) - ((I>6D4) - (@641)
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Each @él singularity contributes 1 to the number m (see Table , so we are in the case m = 2.
Let us assume that di = dog = 0, so that we are in the case 5 of Proposition Then the F is the
pushforward of a line bundle L of degree (0,0) on %.. The line bundle L is determined by the monodromy
o € C* around the loop that generates 71 () 2 Z. One has L Os if and only if o = 1. Note that L®7*L
has the monodromy o?. So Proposition says that ¢ lifts to a Poisson structure on P(V) if and
only if oo = 1.

Let a=1, ie. L= Os. In this case V = p,F = Op1 & Op1 (1) ® Op1(-2), and in this decomposition

one has

(z = x0)0y.

<
I
o = O
- o o
o 8 O

The bundle K c S?V* of ¢-invariant fiberwise quadrics has generators s =y, t = y3 — 2y1y3 — y5. Note
that s is nowhere vanishing, while ¢ has a double zero at x = oo, s0o K 2 Op1 @ Op1(2). The unique

Tp1 (- log 2p)-connection on K tangent to P(K7) = P({s)) has the following matrix in the basis s, t:

0 0 dx
0 2 .T—a?o.

The Poisson bivector on P(V'), guaranteed by Proposition [4.3.28 has the following expression in the

coordinates x, 7o = L2 75 = L.
y Y2 Y1’ Y3 y1

1 . ~
m=(x—29)0z Ap+ §(x—x0)y§8g2 A Oy, — 0y, A Oy,

where

AS)
I
s
.
L
I

852 + gg a@% + $§33g27
=T — 203 — 23.

Now, let us consider the case of non-trivial monodromy o # 1. In this case V = p.F = Op:(-1) &

Op1(-1) ® Op1(-1), and one can bring ¢ to the following form:

0 0 -4
p=0 0 L [(x-20)0
ax 0

The line bundle K; = ker(¢*)®? c S?V* is spanned by the nowhere vanishing section (y; + zy2)? and
therefore is isomorphic to Opi. If a € C* \ {1,-1}, then the bundle K c S?V* of ¢g-invariant fiberwise
quadrics has generators s = (a + 1)y? + 2axy,y2 + ﬁxyg, t=(a+1)ays - ﬁy% +2y1y2. Both s and ¢
have exactly one zero (at x = c0), and so in this case K = Op1(1) ® Op1(1). Applying Lemma
we see that there is no Tpi-connection on K tangent to P(K7). This shows, once again, that if we
want to look for Poisson lifts to P(V'), we must assume a = —-1. If a = -1, then K is spanned by
s=(y1 +xy2)?, t = y2 + 4y19y2. The section t has a double zero at x = oo, while s is nowhere vanishing,
s0 K = Op1 @ Op1(2) in this case. The unique Tp1 (—log xo)-connection on K tangent to P(K7) =P((s))
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has the following matrix in the basis s, t:

0 0 dx
0 2 x—mo'

The Poisson bivector on P(V'), guaranteed by Proposition 4.3.28] has the following expression in the

coordinates x, o = L2 75 = L.
y Y2 Y1’ Y3 Y1

1, _ -
T=(x-20)0p Ap— §(y§ +47) (1 + 2072) 05, A Oy,

where

_ 1 - 1_
Y= <¢7 d{E> = 81?3 - xy2a@'3 - iﬁyS(y28@'2 + ySa@%) - 5?/38?72'

94



Chapter 5

Application to Feigin-Odesskii

Poisson structures

Let C be a smooth projective curve over C of genus < 1. Let v be a holomorphic line field on C' and L be
a very ample vector bundle over C. This data determines a Kodaira embedding C' - P(H%(C, L)*) and
a C*-invariant Poisson structure on the vector space H°(C,L)* known as a Feigin-Odesskii structure.
This Poisson structure is the quasi-classical limit g, of the algebra Q. (&,n) in [22].

The goal of this chapter is to construct natural desingularizations of secant varieties of C' ¢ P(H°(C, L)*)
and a Poisson structure on the desingularization that would project onto the Feigin-Odesskii structure

on P(H°(C,L)*). The desingularization procedure we describe is a standard method in the literature
(e.g. [32)).

5.1 Co-Higgs fields on Schwarzenberger bundles

For d > 1, let Secy(C') be the d-secant variety of C inside P(H°(C, L)*), that is, the closure of the union of
all linear P?~!-subspaces of P(H"(C, L)*) passing through d distinct points of C. Let n = dim H°(C, L)*.
Note that if 2d < n, then the dimension of Secy(C') is 2d — 1 and the singular locus of Secy(C') equals
Secq_1(C). For d > 1, let Ky c H°(C,L)* be the affine cone over Secy(C). If 2d < n, then K, is a
2d-dimensional variety and the singular locus of K4 is K4_1.

Resolution of singularities. Fix d > 1. Let S?C be the d-th symmetric power of C, or, equivalently,
the Hilbert scheme of d points of C. Let Uy c C x S?C be the universal Hilbert scheme of d points of C,
that is Uy = {(z,£) e C x S¥C:x €&}, Let ¢: Uy — C and p: Uy - SC be the natural projections (see
Figure . Note that the map p is generically d to 1. Define the rank d vector bundle Vj; = p.(¢*L) on
S4C. By relative Serre duality, V' = p,(q*(L*) ® O(R)), where R c Uy is the ramification divisor of p.

Remark 5.1.1. The vector bundle Vj in the case C' = P! is known as a Schwarzenberger bundle. We

are going to use this term for the case when C' is a genus one curve as well.

Let us construct maps Iy : V - H°(C,L)*, d > 1. Let s € H°(C,L) be a linear function on
H°(C,L)*. Then one can bring into correspondence a natural section p,(q*s) of Vy = p.(¢*L). For
each ¢ € SC, define a linear map H°(C,L) - Vyl¢ by s = p.(q*s)|¢. Dualizing, we obtain a linear map
Vile = HO(C,L)* for each ¢ € SYC. This defines a map I;: V; - H°(C, L)*.

95



Quadratic Poisson brackets and co-Higgs fields Mykola Matviichuk

Uq

sic
Figure 5.1: Setup for defining Schwarzenberger bundles

The image of the map Il : V — H°(C,L)* is K4. Moreover, if 2d < n, then it is a resolution of
singularities of K4. If d < n, then the preimage II;'(0) is precisely the zero section of V', and one can
projectivize I, to obtain a map P(V}) - P(H°(C, L)*), which we also denote by II;. For d < 2n, the
image of the projectivized Il is the secant variety Secq(C).

A co-Higgs field on V. The vector field v on C induces the vector field (v,0,...,0) on Uy =
C x 89°1C. Using this vector field and the finite map p: Uy - SC, via the spectral correspondence, we
obtain a co-Higgs field on V; = p.(¢* (L") ® O(R)). Specifically, for any locally defined 1-form o € T, -,
the V-endormorphism (¢, a) is given by

multiplication by (v,p*a)

Vg (L) ® O(R) ¢ (L") ® O(R) 2 V}.

Over an open subset of C' x S 1C consisting of points of the form (1, s, ...,z4) with all the z;

distinct, one has

Vg, 0 0
0 » 0

¢ = B (5.1)
0 0 Uz,

We remark that the co-Higgs field ¢ is strongly integrable as we saw in Example |3.4.3

5.2 Poisson lifts. P! case.

In this subsection, we assume that C' = P!, L = Og(n—-1). To construct a Poisson lift of the co-Higgs field
pon V) =p.(q¢*(L*)®O(R)), we will present a meromorphic section s of the line bundle ¢*(L*) ® O(R)
on P! x P and define o = Lift,, (v+)(¢) as in . From Example We know that the spectral
data (p: C x S¥1C - SC, (v,0,...,0), L = ¢*(L*) ® O(R)) is admissible for a diagonal lift. Moreover,
Example tells us what kind of divisor the zero-pole divisor of s should be to guarantee that the
lift o extends smoothly over the whole S¢C.

Without loss of generality, let us assume that v vanishes at co € CP'. Let us fix any non-zero section
so € H'(C,0c(n-1)), and the section A € H(P*x $4~1(P1), O(R)) cutting out R. Consider the rational
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function

d 1
f(ml,xg,...,xd) = H

j=2 L1~ Zj
on Px % 1(PP!). The zero-pole divisor of f equals div(f) = (d—1)D;+Dy—R, where Dy = {oo}x S 1(P1),
Dy ={(2,£): &5 {oo}}. Then the meromorphic section

A
S =

q*So

of p.(¢*(L*) ® O(R)) has the zero-pole divisor div(s) = (d—1)Dy + Dy —div(sg) x STH(P!). By Example
div(s) is adapted to the spectral data (p: C'x S¥1C - S9C, (v,0,...,0), L = ¢*(L*) ® O(R)), and
by Proposition the lift & = Lift,, (v+)(¢) defines a quadratic Poisson structure on V;. One can
projectivize it and obtain a Poisson structure o on P(V}).

We remark that the choice of a section sg € H°(C,O¢(n —1)) does not affect the obtained Poisson
structure on V. Indeed, let s, be another non-zero section of H %(C, Oc(n-1)) producing a meromorphic
section 8" = fA/(q*s}) of p«(¢*(L*)®O(R)). Then over an open subset of C' x S%"1C consisting of points
of the form (x1,xs,...,x4) with all the x; distinct, one has that w = p.(V*) —p*(vs') equals the diagonal

element

dlog(so(z1)) — dlog(s((x1)) 0 0
0 dlog(so(z2)) — dlog(si(x2)) ... 0

0 0 .. dlog(so(zq)) — dlog(sy(xaq))

of End(V;})® T*. From this, together with the expression (5.1) for the co-Higgs field ¢, we see that
the pairing (¢ 7 w) defined by (3.11)) vanishes, and so, Remark [3.4.12| implies that Lift, (y+)(¢) =
L’Lftp*(vb’)(QS)

5.3 Poisson lifts. Elliptic case.

In this subsection, we assume that C = E = C/(Z+7Z), Im(7) > 0, is an elliptic curve, L is a degree n > 3
line bundle over E, v is the vector field on E coming from the constant vector field % on C. We are
going to lift the strongly integrable co-Higgs field ¢ on V' = p.(¢*(L*) ® O(R)) to a Poisson structure
on the projectivization P(V,).

Let pr: C — E be the natural projection. Consider the commutative diagram of maps

a=(pr,5 pr)

C x §41C ExSi1E
I lr
siC f=5"pr s SOE

where P is the symmetrization map. This diagram is not a Cartesian square, so there is no canonical
isomorphism between P.a*(¢*(L*) ® O(R)) and B*p.(¢*(L*) ® O(R)). However, there is such an
isomorphism

- over SIC~\ {{z1,...,z4} 1 2; =x; mod Z+7Z}, and

- over S%U, where U is a small ball in C of diameter less than min{%, 5
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The line bundle a*(¢*(L*) ® O(R)) is trivial. One can recover ¢*(L*) ® O(R) as the quotient of the
trivial bundle over C x S9"1C by the relations:

(C(ml,{zz,...,x7,+1,...,xd}) ~ C(x17{x27...,$17...,£d})7 1<i<d
Clorirfonzar) ~ F (@182, 0, 2a)Clay (2,04} (5:2)
(C(Zrl,{:I?z,...,(l:i+7,...,zd}) ~ g(xhIi)(C(atl,{a:g,...,zi,‘..,md,})7 2<1< da
where
f($17 Loy, xd) _ (_1)—n+d—1e—27ri((—n+d—1)w1 +c—To—T3—...—Tq)
g(w1,2;)

_6—2‘/ri(a:q;—a:1)7

and c € C is the sum of n zeroes of a section of L, which is well defined modulo Z + 7Z.

The vector field 7= -2 on C x S%"1C by spectral correspondence gives a strongly integrable co-Higgs
field ¢ on the vector bundle V = 7. Ogyga-1c. The section 3 = 1 of the trivial bundle Og, ga-1¢ provides
the lift & = Lifto=($) as explained in Example

Let us check that over SIC~{{z1,...,xq} : 2; = x; mod Z+7Z}, the Poisson structure & descends to a
Poisson structure on P(V;) over SYEx{{z1,...,x4} : 2; = 2;}. Locally, around a point {29, ...,29} € S9C,
such that z¥ # :1:0 mod Z + 77, we can order the points of Z and obtain local coordinates x1,...,x4
on SYC. Let y; be the canonical fiberwise coordinate on the fiber C(,, (41, 5,..., zq})- Then in the
=1 Ba; y8 . Let us fix

i€{1,2,...,d} and check that this expression is invariant, up to the terms of the form (-) /\ Eul, under

coordinates x1,..., 24, Y1, ..., Y1, the Poisson structure has the expression & = Z

the transformations
T; P X;+ ].,

xTj Ty, Jj#i,
Yi =Y 1<j<d
and
T P XL =3+,
Tj =y, Jj#i,
yi =y = f(@,21,.0, T, Ta)Yis
yi =y =gz, i)ij j#i.

The former coordinate transformation does not change &, because the vector field % is translation-

invariant. For the latter coordinate transformation, we do the following computation:

0
27V - d-1 27V -

axi 8; ™ ( n+ )yla/ ™ kz%:lyka 70

0 0

— +2nv -1 yj—,, j#i
O0x; ’ i ﬁyj
yji — Y a, 1<j<d

0y; dy;
d

0
Zor, " %a*yf’iax

0 0 0 0
+2mv -1 ( Y ) /\y; + (y; +f ) Ayl =
( ,§ o) oy ; dy; oy ) oy

9 0
= Z /\’y-78 . +4’/T\/ yZFAEul
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The calculation shows that the projectivization of the Poisson structure & on IF’(V) over S9C ~
{{z1,.., x4} 1 2; = x; mod Z+7Z} descends to a Poisson structure o on P(V}) over SEN {{z1,...,z4} :
x; = xj}. We claim that o extends smoothly over the divisor P(V}')|p, where D = {{z1,...,zq4} 1 ®;i =z} C
SYE. Indeed, the divisor P(V,)|p is irreducible, and we know that o has no poles over P(V,})|pngavs,

where U is a small neighborhood of 0 € E. Therefore, o has no poles over P(V})|p.

5.4 Desingularization map is Poisson

Theorem 5.4.1. Let C be a smooth curve of genus < 1, v be a vector field on C, L be a line bundle
over C, and n =dim H°(C, L). Let Vy be the Schwarzenberger bundle constructed in Section and o
be the Poisson structure on P(V) constructed in Sections and .

Then there is a unique Poisson structure p on P(H®(C,L)*) such that the projectivized desingular-
ization map Iy : P(V}) - P(H®(C,L)*) is Poisson for each 1 <d<n.

(C]P)d—l
J

P(Vy)

Figure 5.2: Illustration to Theorem for d< 2

When C has genus 1, the Poisson structure on P(H°(C,L)*) = P! constructed in Theorem m
is the Feigin-Odesskii Poisson structure ¢, [22]. This can be checked using the semiclassical version of
the calculation in [22] Proposition 6]. Theorem can be viewed as an alternative geometric way of
defining the Poisson bracket ¢, of Feigin-Odesskii. We remark that Theorem [5.4.1] in particular, shows
that the secant varieties Secq(C'), which are images of Il , are Poisson submanifolds of P(H°(C,L)*).

This matches the known description of symplectic leaves of Feigin-Odesskii Poisson structures.
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Before proving Theorem let us prove a few auxiliary statements, which we formulate in the

notations of the theorem.

Lemma 5.4.2. There is a family of Poisson embeddings Ia, 4, : (V) — P(Vy)), di < da, such that

for dy <dy <m, one has Iy, =11y, o Ig, 4.

Proof. 1t is enough to consider the case dz = d; + 1. To construct an embedding Ig, 4,+1 : P(V} ) —
P(V .1), we need to fix a point = € £. Then one obtains an embedding ¢ : Sh(C —s Sh+1C | by sending
£ € SO to the union u{z} € S*1C. Note that V| = HY(€, Ll¢) and Vg, |euay = HO(€u{z}, Lleu(ay),
so there is a canonical restriction map r : Vi, 11leuey — Va,le. Dualizing, we obtain r* : Vi | —
Vi s1leufey. Combining ¢ with r*, we obtain an embedding V; — V., which we can projectivize to
get the desired Iy, 4,+1. It is straightfoward to check that Il;, = Ilg,4+1 0 I4, 4,41, and that Ig, g,4+1 is

Poisson. O
Lemma 5.4.3. The map 1L, : P(V,’) — P(H°(C, L)*) has connected fibers.

Proof. Recall that, for £ € S"C, the map II, sends the fiber P(V,’|¢) to the hyperplane spanned by
£cCcP(HY(C,L)*). Let x e P(HY(C,L)*). If C =P, then C has degree n, and so £ € S"C can be
recovered uniquely from the the hyperplane I, (P(V,’|¢)). Moreover, the map II,, is one-to-one on each
fiber P(V,*[¢). So, IT,,! (z) is the set of hyperplanes in P(H°(C, L)*) containing x. In particular, IT,!(z)
is connected.

If C = F has genus 1, then E has degree n + 1, and therefore £ € S™ FE cannot be recovered uniquely
from the the hyperplane I, (P(V,|¢)). More precisely, the map ¢ : S"E — P(H°(E, L)) that sends
¢ € S"E to the hyperplane IL,(P(V,’[¢)) c P(H°(E, L)*) is a branched cover of degree n + 1. Note that
I} (7) 2 ¢ Y (H,), where H, c P(H°(C, L)) consists of all the hyperplanes in P(H°(C, L)*) containing
x. We need to show that ¢ '(H,) is connected. The restriction of ¢ to ¢~ '(H,) gives a branched
covering ¢! (H,) — H, of degree n + 1. Since H, = P"! is connected, in order to check that p~!(H,)
is connected, it is enough to check that for a generic P € H,, any two points in ¢~ !(P) are connected
by a path that lies within ¢~ (H,).

Let P > x be a hyperplane in P(H°(C, L)*) that intersects £ in n+1 distinct points {z1,Za, ..., Tps1}.
Pick any two elements &,& € S™E in ¢ !(P), and let us show that they can be connected by a
continuous path within ¢~'(H,). Without loss of generality, we can assume &y = {1,229, ...0n_1,Zn },
& = {x1,22,..,Tp_1,Tns1}- Let 7:[0,1] > E be a continuous path such that F(0) = zp41, F(1) = xy.
Define a path 7 : [0,1] - H,, by declaring (), ¢ € [0,1], to be the linear span of x1,xa, ..., Tp_2,5(t) €
E eP(H°(C,L)*), and . Since the branch locus of ¢ has real codimension 2 in H,, we can adjust 7 if
necessary, and assume that for all ¢ € [0, 1] the hyperplane F(¢) intersects E in n+1 distinct points. There
is a unique continuous path v : [0,1] - ¢ ! (H,) such that oy =7, v(0) = &. We claim that (1) = &;.
Indeed, v(1) is obtained from ~(0) by a permutation that sends z,41 to z,. So, the permutation sends

&o={x1,22, ..., Tps1 ) N {@na1 )} to & = {&1, 22, .., p } N {20} O

Proof of Theorem[5.4.1 By Lemma it is enough to prove that II,, is Poisson for a uniquely defined
Poisson structure on P(H°(C, L)*). For this, by Lemma [2.1.3] it is enough to check that the fibers of
II,, are compact and connected. Compactness of the fibers is automatic, because the domain of II,, is a

projective variety. Connectedness follows from Lemma [5.4.3 O
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Example 5.4.4. Consider the quadratic Poisson structure on C" given by the formula

m=1
{Tk, Thom } = Z(:) TheiTheim—i, 1<k<k+m<n. (5.3)
iz
This is a rational degeneration of the family of Feigin-Odesskii Poisson structures [23]. It corresponds
to the rational Veronese curve C' = P! 5 [s:¢] = [s": 8" 1 ... 0 st" 1 :¢"] e P*! and the vector field
v = %s@s - %t@t on C.

Consider the desingularization map Iy : V* - Kgc HY(C,L)* 2= C". Here L = Oc(n—-1), and V is
the rank n vector bundle over the symmetric power SC given by p.(¢*L ® O(B)), where Uy c C x SC
is the universal Hilbert scheme of d points of C, ¢: Uy - C and p: Uy - S?C are the projections and
R c Uy is the ramification divisor of p.

Let us write down the map II; in coordinates. Let z be the affine coordinate s/t on C' = P'. The
vector field v in this coordinate will assume the form 20,. Let w be a fiberwise linear coordinate on
L* over the affine piece of C'. Then over an analytic neighborhood of a generic point {21, ..., z4} € S?C,
the total space of V* will have the coordinates z1, ..., 24, w1, ...,wq. The map Iy in these coordinates

assumes the form .

(zl ey Zdy W1y oee ’wd) — _
) 9 9 9 9 ; HJ#Z(ZZ —Z])

The Poisson bracket o on P(V,") constructed in Section is the projectivization of the bracket

Wy

2 n-1
(1,zi,zi s 24 )

{wi, zi} = zws, {25, 25} = {wi,w;} = {z,w;} =0, 1<i<j<d. (5.4)

Let us verify in coordinates that II; sends bracket ([5.4)) to the bracket (5.3)), for the case d = 2, n = 4.

The map Il in coordinates has the expression

1 Z1 22 23

(21, 22, w1, w2) —> wl( ) ) , +

1T R2 21T R2 217, 22 217,22 (5.5)
22 z5 25 )

w2( ) ) )
29— 21 R — 21 22— %1 Z2— 21

For k=0,1 or 2 we have

{$k7$k+1}={w12 > +U/2Z > ,wlz > +U/2Z > }=
122 2~ 21 122 2~ 21
P Zlc+1 Zlc Zlc+1
{wl - , W1 ! } + {w1 ! , W2 2 }+
21 7 22 21~ 22 21 — 22 Z2 — 21

+
Z z z Z
{w2 2 , W1 ! } + {wz = , W2 2 } =
Z2 =21 21— 22 22 — 21 Z2 — 21
k+1 k+1
Zl Zl Zl Z2 Zl Z2
wy wy +wy Wo - +
21— %2 21 — 22 21 — 22 22 TZ1 YR2T 21 21— %2
k k+1 k k+1
25 27 29 21 23 2y
w1 - + wo (1)) =
zZ9 — 21 Z1 — 22 Zkl—Zg ng—,%l Z?C_ZI Z9 — 21
24 z z7* 25"

(w1 + Wo 2 )(w1 + w9 ) = TpTl+1
21— 22 Z2 — 21 21— 22 22— 21

w2

101



Quadratic Poisson brackets and co-Higgs fields Mykola Matviichuk

This so far agrees with (5.3]). Next, for £ =0 or 1 we have

Zk Zg Z{c+2 §+2
{Tk, Tha2} = {w1 +w + } =
. Z1 — %2 Z9 — 21 Z1 — %2 222—21
+ +
z z zZ.
{w1 L w1 } + {U}l L w2 }+
21— 22 21~ 22 21—z -2

P 2h+2 Ph 25+2 z1 Z9
211)1 w1 + wq w2 ( - )+
Z1— 22 Z%—ZQ zZ1 — R2 Z9 —Z1 V29— X1 Z1 — 22
+ k+2
22 Zl 22 Zl Z2 Z2
wWo w1 ( - ) + 2Wg ——wWog ——— =
22721 21722 21— k2 k272

zf 2k+2 zf z§ 2125 — 23 + 2229 + 23 k §+2
w + Wy Wo ( ) 2
21 — %2 21 — 22 21 — %2 Z2— 21 Z2 —Z1 Z2 — 21
k k k E k+2
21 21 21 22 2 2 () 22 _
2wy wq +wq Wo 2] + 22129 + 25 ) + 2wy ———wy——— =
21— %22 21— %2 Z1 -2 22— 21 Z9—Z21 22— 21
+ k+2 k+1 k+1 2
k2 %2 21 %2 21 Z9 _ 2
w1 + Wo w1 + Wo + | wp + Wo = XpTr+2 T Thoyq
21 — 22 22 — 21 21— 22 Z2 — 21 21 — 22

zZ9 — 21
This also agrees with (5.3)). Finally, for k = 0 we have

2’LU1

21 — 22

{@p, Thas) = {w1 . + wo w }

, W1 + w2
1722 22—z 21— 22 +22_Zl
z z z 29
{wl ! , Wy L } + {wl ! , W2 2 }+
21— 22 21 — 22 21— 22 Z2 —Z1
k+ k+3
Z2 2\ 22 )
w2 , W1 + w2 , W2 =
A Z2_Z]k3 Z1 — 22 ng—gl zZ9 — 21
21 z7" P2 25" ( 21 2 )
Wa - +
Z1 — 29 Zé_ZQ Z1 — k9 Z9 —Z1 YR — 21 Z1 — 22
k + k+3
Z9 21 Z9 z1
wa w1
22— 21 21— 22

3’11}1

z z
- ) + 3w272w227
21— %2 22—z 22—z Z2—Zz1
P Zh+3 2F 25 S - B+ 2t 25 253

w1 + w1 w2 ( ) +3 w2
21— 22 21— 22 21— %2 22— 21 Z2 — 21 22— Zz1
k k+3 k k+3

Z1 21 21 &2 3 2 2, .3 <2 o)
w1 + Wy 2y + 22720 + 22125 + 25 ) + Jwa——wy ———
21— k2 21— %2 21— 22 22—z 22—z 22—z

k k+3 k+3
2] z 21
w

3’LU1

21 — 22
3’U.)1

22 — 21
k+1 + + +2
27 z 29
2(w1 +w )( 1 + wo ) = TRThe3 + 2Tp41Tp42.
21 — %2 22 — 21 Z1 — %2 22 — 21

This again agrees with (5.3). This illustrates that II5 is a Poisson map.
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Appendix A

Local normal forms
for (co-)Higgs bundles

over one-dimensional formal disc

Throughout this appendix, U = Spec C[[x]] denotes the formal neighborhood of 0 € C, V' = OF" denotes a
rank r vector bundle over U, ¢ € End(V') denotes a Higgs field on V', and ¥ c Spec C[[z]][y] denotes the
spectral curve of ¢. A natural question is to determine how many isomorphism classes of ¢ with a given
spectral curve ¥ are there and what they look like. By spectral correspondence, this question is equivalent
to describing the isomorphism classes of torsion-free rank one sheaves on X.. Note that torsion-free sheaves
on reduced curves are also known as maximal Cohen-Macaulay modules, or simply Cohen-Macaulay
modules (e.g. see [39]). Without loss of generality, one may assume that ¥ is connected and contains
the origin 2 = 0,y = 0. Let ¥ be given by the equation f(z,y) =y" +gr_1(2)y"t +... + g1 (2)y + go(x) = 0,
for some g; € C[[x]],i=0,1,..,7 - 1.

Recall that if ¥ is smooth, then every torsion-free rank one sheaf on ¥ is isomorphic to Os. One can
choose the basis 1,y,y%,...,y" ! of Ox over Oy, and the Higgs field ¢ which is the multiplication by y.
Then in this basis, ¢ has the matrix (here and throughout the section we omit zero entries in a matrix):

~go(x)
1 -g1()
1 -g2(x)

1 _gr72(x)
1| =gr1 (17)

If 3 is not smooth, describing the torsion-free rank one sheaves on ¥ is much more complicated and
does not appear to have a universal answer. However, for certain types of singularities, the answer is
contained in the literature on Cohen-Macaulay modules [39] 31} ©]. For the purpose of this thesis, we
will need the description of torsion-free rank one sheaves over singularities of ADE and T, types defined
below. We remark that all the local normal form results below that are stated over Spec C[[z]] also

hold over Spec C{x}, where the latter means convergent power series.
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Recall that a singularity C = Spec C[[z,y]]/(f(z,y)) is said to have ADE type if, after an analytic

change of variables, f appears in the following list:
(A,) 2% -yt (n>1),

(D) 2*y-y™'  (n24),

(EG) x3_y4,
(BE7) z*y—y°,
(Es) 2°-y°.

A singularity C' = Spec C[[z,y]]/(f(x,y)) is said to have type Tpq, p,q € Zss, 1/p+1/q < 1/2, if, after
an analytic change of variables, f appears in the following list:

(T36) y(y - 22)(y - ax?), aeC~{0,1},
(Ths) yx(y-z)(y - ax), aeC~{0,1},
(Tpg) (@P2—y*)(a®—ay®?), 1/p+1/q<1/2, acC.

The following representatives of the families are of particular interest for this thesis:

i
£

A13y2:902 A23y2:x3 D4:y3:x2y E7:y3:x3y T36:y3:x4y

The ADE singularities are prominent because they have finite Cohen-Macaulay type, in the sense
that for each such singularity, the category of torsion-free sheaves has finitely many indecomposables.
Conversely, any curve singularity of finite Cohen-Macaulay type is a partial normalization of an ADFE
singularity [111, (13 [12]. The singularities of the type T}, are prominent because they have tame Cohen-
Macaulay type, in the sense that for each such singularity, the indecomposable torsion-free sheaves of
any fixed rank form a finite number of 1-parameter families, together with possibly an additional finite
number of indecomposable sheaves. Conversely, any curve singularity of tame Cohen-Macaulay type
is a partial normalization of a T}, singularity [I0]. Finally, any curve singularity that is not a partial
normalization of an ADFE or T,, singularity has wild Cohen-Macaulay type, in the sense that for any
such singularity, the classification of its torsion-free sheaves is equivalent to the classification of modules
for all algebras [10]. Informally speaking, the classification problem is hopeless in the case of wild Cohen-
Macaulay type. Despite this, some of the curve singularities of wild Cohen-Macaulay type still admit a
description of their torsion-free sheaves of a fixed, or bounded, rank. An interested reader should consult
[B1 @, [37] for further results in this direction.

By a curve singularity, we mean Spec R, where R is the completion of a local ring of a point in a

reduced, but not necessarily irreducible, algebraic curve over C. Let F' be the ring of fractions of R.
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Recall that a torsion-free sheaf over a curve singularity Spec R is an R-module M such that the natural
map M — M ® F' is injective. A torsion-free sheaf M is said to have rank one if M ® F' is a free rank one
F-module, that is, M ® F' is non-canonically isomorphic to . Note that when we say that a torsion-free
sheaf has rank one, we require that it has full support. For instance, in the case R = C[[x,y]]/(v* - z?),
a torsion-free sheaf that is completely supported on the irreducible component {x = y} would not be
considered to have rank one.

There are two ways of thinking of torsion-free rank one sheaves over a curve singularity. First, we
can take a list of generators a; = Z—lb eMcF,i=1,.. k, where g;,h; € R, and apply an automorphism of
F' (namely, multiplication by the least common multiple of the h;) to replace the a; with new generators
bie R, i=1,...,k. This way, we can view M as the ideal sheaf (b1, ...,b;)R. Conversely, any ideal sheaf
I c R defines a torsion-free sheaf, and if the annihilator {a € M : ab =0, for every b € I} is trivial, then
I defines a torsion-free sheaf of rank one.

Another way to view a torsion-free rank one sheaf M is to embed M into M ® R, where Rc Rc F is
the integral closure of R. Since Spec R is smooth, the torsion-free rank one sheaf M ® R is isomorphic to
R. After applying an automorphism of R, if necessary, we can make sure that the image M in M®R =~ R
contains 1. So, a torsion-free rank one sheaf M can be embedded into R so that R ¢ M c R. One can
check that two R-modules R ¢ M, N c R define isomorphic torsion-free rank one sheaves if and only
if there is an invertible element x € & such that zM = N. Such a viewpoint allows us to reformulate
the classification of torsion-free rank one sheaves over Spec R as the classification of R-invariant linear
subspaces M with R c M c R, up to the equivalence relation described above. This way, one can often
calculate explicitly the isomorphism classes of torsion-free rank one sheaves for a given curve singularity
(see [31] for more details and examples on this method).

For a torsion-free rank one sheaf M with R ¢ M c R, one can associate a partial normalization > of
¥ = Spec R by letting 3 = Spec Endr(M) (= Spec {re R:rM c M}). Note that M canonically defines
a sheaf M over X and the pushforward of M under the partial normalization map ¥ — ¥ is precisely
M. This allows one to draw pictures while classifying Higgs fields with a fixed spectral curve having

relatively uncomplicated singularities.

A singularities.

Proposition A.0.1. For R = C[[z,y]]/(2* — y™™), each torsion-free rank one sheaf on ¥ = Spec R
is isomorphic to ezactly one of the ideal sheaves (x,y™)R, m =0,1,..., [”T“J, where | | stands for the
integer part.

For each m =0,1,....| %L |, the partial normalization of ¥ corresponding to the ideal sheaf (x,y™)R

2
has an A, _om, singularity. The ideal sheaf (z,y™)R, form = |21 |, corresponds to the full normalization

2
of X.

Proof. First, let us assume that n + 1 is odd. Then the integral closure R = C[[t]], and R embeds
into R by = ~ t"*1, y = t2. The vector space R/R has basis t,£3,°,...,t""1. One can check that each
R-invariant vector space M with R ¢ M c R can be brought to the form M, = t***'R+ R, 0 <k <n/2,
via multiplication by an element x € E*, and that different k’s correspond to non-isomorphic torsion-free
rank one sheaves over Spec R. Note that, for each 0 < k < n/2, the sheaf M}, is isomorphic to the ideal
sheaf (z,y™**)R.

Now, let us consider the case when n + 1 is even. The integral closure R = C[[t1]] ® C[[t2]]
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and R embeds into R by = ~ (t§n+1)/27_tgn+l)/2), y = (t1,t2). The vector space R/R has basis

(0,1),(0,t2),(0,%3),..., (0, té"_l)/Q). One can check that each R-invariant vector space M with Rc M c R
can be brought to the form My = (0,t5)R+ R, 0 < k < (n+1)/2, via multiplication by an element z € R,
and that different k’s correspond to non-isomorphic torsion-free rank one sheaves over Spec R. Note
that, for each 0 < k < (n + 1)/2, the sheaf M;, is isomorphic to the ideal sheaf (z,3™*1/>=*)R. O

We remark that for ADE singularities, much more detailed results are available. For instance, see
[39], where classification of torsion-free sheaves of all ranks is obtained using the matrix factorization
technique, and the category of such sheaves is mapped out in the form of an Auslander-Reiten quiver,

which includes information about indecomposables, Hom’s and Ext’s of the category.

Theorem A.0.2. (Local normal forms for Higgs fields with spectral curve having A,, singularity)
1) Let ¢ be a Higgs field on V = (’)3("“), n > 1, for U = Spec C[[z]], with the spectral curve
¥ = {y"*! =22}, Then ¢ is isomorphic to exactly one of the Higgs fields @, k=0,1,2, ..., [”T“J, where

(if k>0, ©x has x in the (n+1,1)-th and (k,k + 1)-th spots).
2) Let ¢ be a Higgs field on V = OF?, for U = Spec C[[z]], with the spectral curve ¥ = {y* = z"*1}.
Then ¢ is isomorphic to ezactly one of the Higgs fields @, k=0,1,2, ..., [”T“J, where

N xn-#l—k
Py = .

Proof. 1) According to the spectral correspondence, the isomorphism classes of ¢ with the fixed spectral
curve {y™*! = 22} are in one-to-one correspondence with the isomorphism classes of torsion-free rank
one sheaves on Spec R, R = C[[z,y]]/(2* - y™*'). By Proposition each such sheaf is isomorphic
to the ideal sheaf (x,y*)R for some k =0,1,2,...,| %] If k = 0, then the ideal (2,3°)R = (2,1)R is
the whole ring R, the elements 1,y,%2,...,y" form a basis of R over C[[z]], and the matrix of multi-
plication by ¥ in this basis is precisely ®q. If 0 < k < ["T“L then the ideal sheaf (x,y*)R has basis
x,xy, xy?, .. oyt R y* g™ over C[[2]], and multiplication by y gives matrix ®y.

2) The proof goes similarly to the above, except that one swaps the roles of z and y. The ideals of
Cl[z,y]]/(y* — ™) are given by (y,z%), k=0,1,2,..., ["T“J For each such k, the ideal (y,z")R has

basis ¥,y over C[[z]], and the multiplication by y has matrix ®y. O
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D singularities.

Theorem A.0.3. (Local normal forms for Higgs fields with spectral curve having D, singularity)
Let ¢ be a Higgs field on'V = Og(n_l), n >4, for U = Spec C[[z]], with the spectral curve ¥ = {y" ! =
x?y}. Then ¢ is isomorphic to exactly one of the following Higgs fields

1. Uy, k=0,1,...,n— 2, where

(if k>0, ¥y has x in the (n—1,2)-th and (k,k + 1)-th spots),

2. 010, k=0,1,..., ["T_QJ, where 01 is the zero matriz of size 1 x 1, and Py, is the matriz in the list

of local normal forms, specified in Theorem for Higgs fields with spectral curve having the
A,_3 singularity {y" 2 = 2%},

3. (This case occurs only if n is even) @ & @Y, where

Fx

(Here ®' has size 5 x 5, ®" has size (5 — 1) x (5 = 1); if one has + in @, then ®" must have -,
and vice versa).

Proof. Tt is possible to carry out the classification of torsion-free rank one sheaves over Spec R, R =

C[[z,y]]/(y™* - 22y), directly as we did in the proof of Theorem Instead, we refer the reader
to [39, Chapter 9], where such classification is carried out without restriction to the rank one case. The

isomorphism classes of rank one torsion-free sheaves on Spec R are given by the following:

- Ritself. In the basis 1,y,...,y" 2 of this module over C[[x]], the multiplication by y has matrix ®.

- Ideals (z,y*)R, k = 1,2, ...,n—2. For each such k, the choice of basis x, 2y, 29>, ..., zy* 1 y* 1, .. y72

produces Py.
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- Ideals (y"2-22%, xy, yk“)R, k=0,1,..., [”T_QJ For each such k, the choice of basis y" 2-z2, 2y, zy?, ..., zy*,

YR+l k2 4" 2 produces the matrix 0, @ ®y.

- Ideals (y(y ™22 -2),y D2 4 2)R and (y(y™ 72 +2),y"2D/2 _2) R, assuming n is even. The basis

n/2

a,ay,ay?, ..., ay D2 b by, ..., by™? produces a matrix of the form ® ® ®”, where a = y(y("2/? =

z), b=y D2 g,
O

Among all D,, singularities, the one that we need for this thesis the most is D4. Let us have a closer
look at it. The equation y® = 2%y can be rewritten as y(y — 2)(y + 2) = 0, so it cuts out three lines
on a plane intersecting at a common point. One can check that for any distinct A\; € C, i = 1,2, 3, the
singularity (y — A12)(y — A22)(y — Asx) = 0 is analytically isomorphic to y(y—z)(y+z) = 0, so it is also a
D, singularity. Let us use this symmetric form of the equation, to emphasize the symmetry of the three
branches of the singularity. Theorem [A.0.3] says that for Dy, there are 3 +2 + 2 = 7 isomorphism classes

of Higgs fields. Let us rewrite them in the symmetric form.

Corollary A.0.4. Let ¢ be a Higgs field on V = OF?, for U = Spec C[[z]], with the spectral curve
Y={(y- X z)(y-rex)(y— Azx) =0}, where \; € C, i =1,2,3, are fixed and pairwise distinct.
Then ¢ is isomorphic to exactly one of the following seven Higgs fields (below we include the picture

of the partial normalizations of ¥ that correspond to the eigensheaf of the Higgs field):

)\1.2?
0 =1 1 o
1 )\3£C
)\133
@?4 =l oz
1 )\3£E
)\1.2?
P = 1 oz
T A3z
‘I’ngi = Ais1® - \x
1 )\i+21, = / y (3
1=1,2,3
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)\156

oDs - ot /\//

Proof. The seven options guaranteed by Theorem are Uo, Uy, Uy, 0; & ®g, 0; ® ®; and ¢, @ ®7.

Let R = C[[z,y]]/(IT5.; (y — \iz)). Let R = C[[t;]] ® C[[t2]] ® C[[t3]] be the integral closure of R,
where R embeds into R by x = (t1,ta,t3), y = (Ait1, Aata, Ast3).

The Higgs @ corresponds to the structure sheaf R. If we choose the basis 1,y—- A1z, (y—A12)(y—A2z)
of R over U, we obtain the matrix <I>0D4.

The Higgs fields ¥; and W, correspond to the ideals (x,y)R and (x,y?)R, respectively. The basis
z,y — Mz, (y — \Mz)(y — Aox) in the former case gives matrix CID{D‘*, and the basis z,z(y — Mz), (y -
M) (y — Agx) in the latter case gives matrix ®2*. The ideal sheaf (z,y?)R is isomorphic to the sheaf
given by the R-module My c R spanned by 1 and y?/z = (A3t1, A3ta, A3t3). It follows that My =
1C®t:C[[t1]] @ t2C[[t2]] ®t3C[[t3]] forms a ring itself. One can see that Ms = C[[Z,7,Z]]/(Z7, T2, §7),
where T = (£1,0,0), 7 = (0,t2,0), Z= (0,0, t3), that is, ¥o = Spec Ms is the singularity of three coordinate
lines in C® meeting together at the origin. This singularity can be viewed as a partial normalization
of Spec R, and M5 can be viewed as the pushforward of the structure sheaf of ¥5 onto . The ideal
sheaf (z,y)R is isomorphic to the R-module M; c R spanned by 1 and y/z = (A1, A2, A3). One can see
that M; contains the ring M,, but does not form a ring itself. So, M; can be viewed as a pushforward
under the normalization map 35 — ¥ of a certain torsion-free sheaf over 3o (in fact, it happens to be
the dualizing sheaf of ¥).

The Higgs fields 01 ® @ and ®, & P correspond to the three ideals (y— Az, (y—Xiv12) (y— Ais22)) R,
i =1,2,3, (the correspondence depends on the explicit choice of isomorphism of II3(y — \;x) = 0 with
y> — 22y =0). For each i = 1,2,3, the basis (y — \is12)(y — Mizox),y — Nz, (¥ — \iz)(y — A\iz12) produces
the matrix <I>§)+4i. For each i = 1,2, 3, the ideal (y — Az, (¥ — A\iz12)(y — Aiz2x)) R is isomorphic to the
R-module Ms,; c R given by C[[t;]]® (1C®t;41C[[tis1]] ®ti+2C[[ti+2]]), which itself forms a ring. The
curve singularity Spec Ma,; corresponds to separating the branch {y = \;x} from the tripod.

Finally, the Higgs field 0; @ ®; corresponds to the ideal (22, zy,y?)R. The basis (y — Xox)(y — A32),
(y = Mx)(y - A3x), (y— Aiz)(y — Aaz) produces ®L+. The ideal sheaf (22, zy,y?)R is isomorphic to the
pushforward of the structure sheaf of the full normalization of ¥ (where all three irreducible components

are being ”taken apart”). O

Example A.0.5. Consider the Higgs field

)\1%
¢ = 1 )\QI
T 1 Mz

This Higgs fields has spectral curve ¥ = {IT_; (y—Xiz) = 0}, and at 2 = 0 has rank 2. Out of the seven
options given in Corollary only ‘I>é) 4 has rank 2 at x = 0. This guarantees that ¢ is isomorphic to
Lres
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Example A.0.6. Consider the Higgs field

)\1%
o= =z Iz
1 T A3T

Now, the job of identifying the isomorphism class of ¢ is not as easy as in the previous example, because
five out of seven options given by Corollary [A.0.4 have the same rank at = 0 as ¢. Let ey, e, e3 be the
basis of V = OF? in which the matrix ¢ is written. Then, over the formal punctured disc Spec C((z)),

we can identify the generators of three eigenlines of ¢ as

— _x 1 T
51 = zer A A1-A2 ez + ()\1*)\3 + (A1-2A2)(A1-A3) ) €3,
1
So = €2 + Xo-2s €3,
S3 = €3.

Solving this for e, es, €3, we obtain

- 1 -1 _ 1 1
er = s PO L R ((/\1—>\3)w+(/\1—>\2)(>\2—>\3))S3’
1
€2 = 52 S VS LT
€3 = S3.

Recall that the fraction ring of R = C[[z,y]]/(II3(y - \ix)) is F = C((t1)) @ C((t2)) ®C((t3)), and R
embeds into F' by © — (t1,t9,t3), y = (A1t1, Aata, A3t3). The above calculation shows that the eigensheaf
of ¢ is isomorphic to the R-span M of the following three elements inside F":

€r = (%’ o _(>\1—1>\3)t3+()\1—)\2)1()\2—)\3))’
ey = (0, 1, -M}As),
es = (0, 0, 1).

After simplifying, we obtain M = ((1,0,1),(0,1,0))R. So, the eigensheaf of ¢ is isomorphic to the
pushforward of the structure sheaf of the partial normalization Spec ((C[[x, yl1/(y=raz)oC[[x,y]]/((y-
Mz)(y - Asz))), that is, ¢ is isomorphic to ®P4 from Corollary

FE singularities.

Theorem A.0.7. (Local normal forms for Higgs fields with spectral curve having Eg singularity)
1) Let ¢ be a Higgs field on V = O3, for U = Spec C[[x]], with the spectral curve ¥ = {y* = 2*}.
Then ¢ is isomorphic to exactly one of the following five Higgs fields:
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2) Let ¢ be a Higgs field on V = OS*, for U = Spec C[[x]], with the spectral curve ¥ = {y* = z3}.
Then ¢ is isomorphic to exactly one of the following five Higgs fields:

Proof. 1) The torsion-free rank one sheaves over ¥ = Spec R, R = C[[z,y]]/(y® - %), are R, (2,y)R,
(z,9*)R, (%, y*)R and (22, 2y,y?)R (see [39, Chapter 9] for instance).

For the sheaf R, multiplication by y has matrix ®)® in the basis 1,y,y? over C[[2]]. For the sheaf
(z,y)R, one can choose the basis z,y,y* to obtain q)‘l%. Likewise, for the sheaves (z,y)R, (z,%*)R,
(z%,9*)R and (22, zy,y*)R one can choose the bases {z,v,%°?}, {z,zy,v*}, {22, y,v*} and {2? zy,v?},
respectively, to obtain the matrices <I>1E6, @;Eﬁ, @fﬁ and @fﬁ.

Part 2) is proved analogously to 1), with the roles of z and y swapped. O

Theorem A.0.8. (Local normal forms for Higgs fields with spectral curve having E; singularity)

Let ¢ be a Higgs field on V = O3, for U = Spec C[[z]], with the spectral curve ¥ = {y® = z3y}. Then
¢ is isomorphic to exactly one of the following eight Higgs fields (below we include the picture of the
partial normalization of ¥ that corresponds to the eigensheaf of the Higgs field):

0 /
(I)0E7: 1 x3 \

/N
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<1>5E7 = /)
0
(I)6E7 14 72
T
ol = x| 3
1 x

Proof. Torsion-free sheaves over X are classified e.g. in [39, Chapter 9]. The rank one torsion-free
sheaves are given by the ideals Iy = R, I = (y° - 23, 9)R, I = (22, 2y,y*)R, I3 = (3° - 23, 2y,y*)R,
Iy = (22,92, 2%Y)R, Is = (y2* + 23 - y*, v, 2®y)R, Is = (2, 2y,y*)R and Iy = (x,y,5%)R. One can check
that for each j = 0,1, ..., 7, the ideal sheaf given by I; has a basis over C[[x]] in which multiplication by y
has matrix @f7 (for j = 0 one needs to choose the basis 1,y,y?, for j = 1 one takes the basis y* -3, y, 2,
and for other j’s one takes the presented generators of the ideal I; as the basis).

A straightforward calculation shows that the rings R; = Endg(I;) are as follows: Ry = R, Ry =
Cllz]] ® C[[=.y]l/(y* - 2°), Rz = C[[z,y]]/(zy), Rs = C[[z]] ® C[[y]], R4 = Rs5 = C[[=,y,2]]/(y* -
x3,yz,72) (note that Spec Ry has two irreducible components, {y? = 23,z = 0} and {z = y = 0}) and
R¢ = Ry 2 C[[z,y,2]]/(y(y? - 2®),y2,2(z — %)) (note that Spec Rg has two irreducible components,
{y? =232 =0} and {z = 2%,y = 0}). O

Theorem A.0.9. (Local normal forms for Higgs fields with spectral curve having Es singularity)
1) Let ¢ be a Higgs field on V = OF3, for U = Spec C[[z]], with the spectral curve ¥ = {y* = 2°}.
Then ¢ is isomorphic to exactly one of the following seven Higgs fields:
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2) Let ¢ be a Higgs field on V = O, for U = Spec C[[z]], with the spectral curve ¥ = {y° = 2®}.
Then ¢ is isomorphic to exactly one of the following seven Higgs fields:

.’,US .%'2 .’,C2
1 T 1
mgs _ 1 7 \Iles _ 1 , ‘I)QES _ T ,
1 1 1
1 1 1
x2 £E2
1 1
ol = Pl =
1 T
X
\1,5Es — (1)1658 _
1
1 1

Proof. 1) Torsion-free sheaves over ¥ are classified e.g. in [39, Chapter 9]. The rank one torsion-free
sheaves are given by the ideals I; = (27,y)R, j =0,1,...,4, Is = (22, 2y,y*) R, Is = (2%, 2%, y*) R.

For the ideal I;, j = 0,1, ...,4, multiplication by y has matrix @fg in the basis 27, y,4? over C[[z]]. For
the sheaves I5 and Ig, the presented generators of the ideals form a basis over C[[z]], and multiplication
by y in these bases gives fbfg and ‘I)(;ES, respectively.

Part 2) is proved analogously to 1), with the roles of z and y swapped. O

T3¢ singularities.

Recall that a T3¢ singularity is the one given by the equation y(y-22)(y-ax?) = 0, for some a € C~{0,1}.
To make the three branches more symmetric, let us express it as ¥ = Spec C[[z,y]]/( ]§[ (y=-Xiz?)), where
A1, Az, A3 € C are pairwise distinct. To start the discussion of possible Higgs fields Witlzl:;uch spectral curve
%, we note that whenever ¢ is a Higgs field over U = Spec C[[z]] whose spectral curve is ﬁ(y -Nz)=0

i=1
(D4 singularity), the Higgs field x¢ has the spectral curve 3. Tt is easy to see that all isomorphism

classes of Higgs fields with spectral curve ¥ that vanish at x = 0 are obtained this way. Therefore,
Corollary provides seven isomorphism classes of Higgs fields with the T3¢ spectral curve ¥. The

next theorem shows what the rest of the isomorphism classes are.
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Theorem A.0.10. (Local normal forms for Higgs fields with spectral curve having Tse singularity)
3
Let ¢ be a Higgs field on V = O3, forU = Spec C[[x]], with the spectral curve ¥ = {[] (y-X;z?) = 0},
i=1
where A1, Ao, A3 € C are pairwise distinct. Then ¢ is isomorphic either to x@im, 1=0,1,...,6, where <I>1-D4 s
are the Higgs fields from Corollary (in which case the corresponding partial normalizations of X
are exactly the same as the ones specified in Corollary , or ¢ 1is isomrophic to exactly one of

the following fourteen Higgs fields (below we include the picture of the partial normalization of ¥ that
corresponds to the eigensheaf of the Higgs field):

Aa?
o= 1 A2
1 A3x
i-th branch
Aix?
‘I’Z'T% =] 23 Ais1T s
1 Ais2T
1=1,2,3,
Airo®
Plss = ( 1 Aa? ,
@ Aia? (one of the branches is transverse to the plane con-
1=1,2,3,

taining the other two branches)

)\1%2 /
@?36 =| 22 Agz? ,
1 )\3.2?2
Alxz
o= 1 Aga?
8 22 ) ’ (one of the branches has 1°' order contact with,
r AT i.e. tangent to, the plane containing the other two

branches)

114



Quadratic Poisson brackets and co-Higgs fields Mykola Matviichuk

A2
o=z Aga? ;
1 Azx?
A2 ,’/
<I>1T86 =| 1 o2 , /
x As? (one of the branches has 2" order contact with the
plane containing the other two branches)

iz i-th branch
‘I’1T3-6+i = Ais12” ) \\/
1 Nivoa?
i=1,2,3, ><

or ¢ is isomorphic to exactly one member of the following one-parameter family of Higgs fields:

)\1.’E2
LA Ao . BeCN{A+ A2, A1+ A3, 00 + A3},
v e U

(the partial normalization corresponding to the eigensheaf of \PE’“"G is the Dy singularity Spec C[[z, 2]]/((z-
112) (2 = 722) (2 = 3)), where v = A2 = BA;, i =1,2,3, and z = 5 - BL).

Sketch of proof. Classification of torsion-free rank one sheaves on the T3¢ singularity X is carried out via
methods of [31] and [9]. Let us outline how this lengthy, albeit straightforward, calculation goes.

The integral closure of R = C[[z,y]]/(ITi.; (y—N\iz?)) is R = C[[t1]]®C[[t2]] @ C[[¢3]] and R embeds
into R by @ v (t1,t2,t3), y = (Ait?, X\at3, \3t3). Each torsion-free rank one sheaf over R is given by
an R-invariant subspace M c R containing R, and two different such subspaces R ¢ My, M, c R give
isomorphic sheaves if and only if there is r € R such that rM; = M. The goal is to classify all the R-
modules M with R c M c R, up to this isomorphism. One can either tackle this combinatorial challenge
directly, or use the following simplifications.

First, one checks that each such M, except M = R (that corresponds to the Higgs field @gSG),
contains the ring S = Endg(m), where m is the maximal ideal m = (x,y)R. So, the problem is reduced

to calculating torsion-free rank one sheaves over the ring
S = (1,1,1)C + (t1, 12, t3)C + (£3,13,13)C + (\1t], Mat3, Ast3)C + (13,5, 13) R.
Next, one considers the ring T' = Endg(n), where n is the maximal ideal (x,y)S. Explicitly, one has

T= (1, 1, 1)((: + (tl,tQ,tg)(C + (>\1t17)\2t2,)\3t3)c + (t%,tg,t%)ﬁ
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In particular, Spec T has Dy singularity, because R = C[[z, w]]/(IT>.; (w — A\iz)), where & = (t1,ta,t3),
w = (At1, Aate, Agts). So, the torsion-free rank one sheaves over Spec T have already been classified
(Corollary |A.0.4), and the isomorphism classes of T-modules N with 7c N ¢ R =T are given by

No=T,
Ny =T+ (M1, A2, 23)T,
Ny =T +(0,0,t3)T,
N3 =T+ (1,0,0)T,
Ny=T+(0,1,0)T,
N5 =T +(0,0,1)T,

Ng=T,

(where the sheaf N; corresponds to the Higgs field <I>1D 4 in Corollary . Having the classification of
torsion-free rank one sheaves over Spec T', one can deduce such classification for Spec S in the following
way.

Whenever one has an S-module M with S ¢ M c R, one can tensor M with T" and obtain a T-module
N with T ¢ N c¢ R. Up to isomorphism, one can assume that N = N;, 0 < i < 6. Now, going through
each N;, 0 <7 <6, one finds the isomorphism classes of M that give this particular N; when tensoring

M with T. The Higgs fields one gets in each of the seven cases are as follows:

No: a®P+, @3, ®lee, oz,
Ni: 2@t &1,

No: x@gh’ (I):f%’ (1)?357 (I)g?,e, \I/;;SS,
N3: 2@+, T @l
Nz a®P4, &7, oise,
N5: z®)*, &3, &3

13 >

Ng: @™
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