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A previous approach to robust intensity-modulated radiation therapy (IMRT) treat-
ment planning for moving tumours in the lung involves solving a single planning
problem before treatment and using the resulting solution in all of the subsequent
treatment sessions. In this thesis, we develop two adaptive robust IMRT optimization
approaches for lung cancer, which involve using information gathered in prior treat-
ment sessions to guide the reoptimization of the treatment for the next session. The
tirst method is based on updating an estimate of the uncertain effect, while the second
is based on additionally updating the dose requirements to account for prior errors
in dose. We present computational results using real patient data for both methods
and an asymptotic analysis for the first method. Through these results, we show that
both methods lead to improvements in the final dose distribution over the traditional

robust approach, but differ greatly in their daily dose performance.
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And she spoke unto me saying,
‘Fear not the movement of the heavens above or the earth below
For change is what we are, my child.
Righteous are those
Who look up and sway with the wind,
Who look down and dance with the shifting of the soil,
Who swim with the movement of the tides,
Who seek the truth around them
And discover that we are
And have always been in paradise:

The reflections of heaven on earth. Amen!

— Puscifer, Sour Grapes
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Chapter 1

Introduction

1.1 Motivation

Lung cancer is the leading cause of death due to cancer in North America, killing an
estimated 180,000 people in 2010 (American Cancer Society [2010], Canadian Cancer
Society’s Steering Committee [2010]) and accounting for over 25% of all cancer deaths.
Lung cancer is often treated using radiation therapy (Toschi et al. [2007]). Of the differ-
ent types of radiation therapy, one of the most commonly used in practice for treating
cancer in general is intensity-modulated radiation therapy (IMRT) (Mell et al. [2005]).
In an IMRT treatment, the patient is irradiated from multiple beams, each of which
is decomposed into a large number of small beamlets. The beamlet intensities can be
controlled through the use of a multileaf collimator (MLC) that moves metal leaves
in and out of the beam field in order to block certain parts of the beam (Spirou and
Chui [1994]). By appropriately setting the beamlet intensities, the volume that is irra-
diated can be made to closely conform to the shape of the target. The basic problem
in planning an IMRT treatment is to determine how the beamlet intensities or weights
should be set so that the target receives an adequate dose while the healthy tissue re-
ceives a minimal dose. This is known as the beamlet weight optimization problem or
the fluence map optimization problem. Since the inception of IMRT, much research
has focused on modelling and solving this problem as a mathematical program (see
Romeijn and Dempsey [2008] for a comprehensive overview).

In practice, the beamlet weight optimization problem is complicated by the pres-
ence of uncertainties, such as those arising from errors in beam positioning and patient

placement, internal organ motion during treatment, and changes in organ position
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between treatment sessions. All of these factors affect the relative position of the tu-
mour with respect to the beams, which in turn affects how much dose is deposited
in the tumour and the healthy tissue. For tumours in the lung, the most significant
uncertainty arises from breathing motion. During treatment, the patient is constantly
breathing, and the tumour moves with the expansion and contraction of the patient’s
lungs. Furthermore, the patient’s breathing pattern during treatment is not known
exactly beforehand and can vary from day to day. If a treatment is planned with a
specific breathing pattern in mind but a different pattern is realized during treatment,
the tumour may end up being underdosed and the quality of the treatment may thus
be greatly compromised (Lujan et al. [2003], Sheng et al. [2006]). At the same time,
if the treatment is designed to deliver the prescription dose to the tumour under any
breathing pattern, regardless of how unlikely some of those patterns may be, then an
unnecessarily high amount of damage will be done to the healthy tissue. There exist
approaches that aim to mitigate the effect of uncertainty by only activating the beam
when the patient is in a certain phase of the breathing cycle (Ohara et al. [1989]), but
these approaches have the disadvantage of prolonging the treatment time, leading to
reduced throughput in the treatment center.

One methodology that allows for tumour coverage under uncertainty to be bal-
anced with healthy tissue sparing, without extending the treatment time, is robust
optimization. There are many robust optimization approaches to IMRT treatment
planning. In this thesis, we build on the method developed in Bortfeld et al. [2008]
and Chan et al. [2006], which is specifically designed to manage the instantaneous
breathing motion uncertainty that may be realized during treatment sessions. Al-
though robust optimization has been shown to be a valuable methodology for man-
aging uncertainty due to breathing motion, it can be further improved by leveraging
the fact that treatments are typically fractionated. Fractionation refers to the practice
of dividing up the prescription dose and delivering small amounts in daily treatment
sessions over multiple weeks, in order to exploit the more capable repair mechanism
that healthy tissue has over cancerous tissue (Thames and Hendry [1987]).

To date, the typical approach to fractionated treatment planning and delivery has
been to determine what the beamlet intensities should be to deliver a certain prescrip-
tion dose, scale them by 1/n where n is the number of fractions, and use the resulting
intensities in every treatment fraction. This, however, does not take advantage of the

dynamics that fractionation injects into IMRT treatment planning and the underlying
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uncertainty. For example, it may be the case that the pre-treatment estimates of the
patient’s breathing pattern are erroneous, and the breathing patterns that are planned
for differ from those realized over the treatment. In this case, the wrong beamlet in-
tensities would be used for every fraction, without the possibility of correcting them.
On the other hand, the beamlet intensities may be optimized in such a way that the
prescription dose is delivered under a very large range of breathing patterns, when
in actuality the patient’s breathing pattern does not vary significantly from fraction
to fraction. In this case, there would be no way to correct the conservatism of the
treatment, and the patient’s healthy tissue will incur more damage than necessary.
Another example comes from the possibility that the patient’s breathing pattern may
change over the course of treatment as the patient becomes more comfortable in the
treatment room or as the evolution of the underlying disease affects the patient’s res-
piratory ability. As a result, latter treatment sessions may deliver insufficient dose to
the tumour and more dose than anticipated to healthy tissue. These issues motivate
the incorporation of dynamic re-optimization into robust optimization models.

To deal with fractionation in more general IMRT treatment planning contexts, much
research has been conducted in the medical physics community in what is known as
off-line adaptive radiation therapy (ART). In off-line ART, after the current fraction is
delivered, new information obtained from imaging devices is fed back into the plan-
ning process to design the beamlet intensities of the next fraction (Yan et al. [1997a]).
While off-line ART research has been conducted concurrently with robust optimiza-
tion for IMRT, these two methods have largely been considered independently of each
other.

In light of this separation between robust optimization and adaptive radiation ther-

apy, this thesis broadly seeks to answer two questions:

1. How can we combine the robust optimization methodology of Chan et al. [2006]
and Bortfeld et al. [2008] with off-line ART?

2. What can be gained from combining these two distinct methodologies?

The clinical value of a method combining robust optimization and adaptive ra-
diation therapy is that it has the potential to improve upon the non-adaptive robust
optimization method in both tumour coverage and healthy tissue sparing. This is sig-
nificant because patient survival rates have been shown to improve when the tumour

dose is increased (see Perez et al. [1986]). Unfortunately, dose escalation to the tumour
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is limited by the radiation tolerance of healthy tissue, particularly the lungs (Cox et al.
[1990]). If it is possible to increase tumour dose and reduce healthy tissue dose from
the levels achieved by non-adaptive robust optimization, further dose escalation will

become viable, and improvements in patient survival rate may be realized.

1.2 Contributions

The contributions of this thesis are as follows. In the first part of this thesis, we present
a method that combines off-line adaptive radiation therapy and the robust optimiza-
tion methodology of Bortfeld et al. [2008] and Chan et al. [2006] to treat lung cancer
in the presence of breathing motion uncertainty. This method is based on adaptively
updating an uncertainty set that models the breathing motion uncertainty and then
solving a robust optimization problem with the new uncertainty set prior to each frac-
tion. As a result, this method is able to combat both the instantaneous uncertainty
realized in each fraction as well as changes in this uncertainty that occur from day to
day. We show computationally, using real lung cancer patient data, that this method
improves on the non-adaptive robust optimization method in both tumour coverage
and healthy tissue sparing. We also derive theoretical results, based on the conver-
gence of optimal solution sets of optimization problems, that explain the performance
we observe in our computational study.

In the second part of this thesis, we study adaptive and robust methods for lung
cancer IMRT that also incorporate dose-reaction. In the dose-reactive adaptive robust
method, the uncertainty set is still updated with each fraction, but in addition, the
target dose for the remaining fractions is also updated based on the dose delivered
in prior fractions. The rationale behind such a method is that by incorporating the
prior delivered dose in each fraction, the method will be able to correct relative un-
derdosages and overdosages experienced in earlier fractions, and ensure a more satis-
factory final dose to the tumour. We show that although methods that employ dose-
reaction can lead to improvements in the final dose distribution over non-reactive
methods, they behave very differently from non-reactive methods from the perspec-
tive of daily dose — in particular, they exhibit growing underdose and/or overdose
on a daily level, which may be detrimental to the treatment from a clinical point of

view. Using the same computational setup, we show that in contrast to dose-reactive
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methods, non-reactive methods do not exhibit this type of behavior. Finally, using the
theoretical framework developed in the first part of the thesis, we provide some theo-
retical intuition to explain why dose-reactive and non-reactive methods differ in daily

dose performance.

1.3 Organization

This thesis is organized as follows. In Chapter 2, we review the literature on uncer-
tainty in IMRT treatments, adaptive radiation therapy and dose-reactive methods. In
Chapter 3, we review the robust IMRT optimization methodology of Chan et al. [2006]
and Bortfeld et al. [2008] on which this thesis builds. In Chapter 4, we develop an
adaptive and robust IMRT optimization method for lung cancer. In Chapter 5, we de-
velop dose-reactive adaptive robust IMRT optimization methods. Finally, we provide

concluding remarks and directions for future work in Chapter 6.



Chapter 2
Literature review

In this chapter, we discuss some of the prior research that is related to this thesis. In
Section 2.1, we survey the literature on uncertainty in radiation therapy treatments.
In Section 2.2, we survey the literature on adaptive radiation therapy. In Section 2.3,
we survey the literature on dose-reactive methods, which are the topic of the second
part of this thesis (Chapter 5). Finally, we discuss the contribution of this thesis to the

landscape of prior research in Section 2.4.

2.1 Uncertainty in radiation therapy treatments

In the last decade, there has been much interest in the medical physics community
to consider the effect of uncertainty on IMRT treatment plans. Uncertain effects such
as intrafraction organ motion (organ motion that occurs during a treatment session),
interfraction organ motion (organ position changes that occur between treatment ses-
sions), patient positioning error and beam placement error are of critical importance
to IMRT treatment planning as they have the potential to severely compromise the
quality of treatments.

If the nature of an uncertain effect is well understood, then it can be properly
accounted for during treatment using probability distributions. For instance, if the
uncertain effect is interfraction target motion or setup uncertainty, then the spatial
probability distribution of the target position can be included in the inverse planning
process (Unkelbach and Oelfke [2004], Li and Xing [2000]). For intrafraction organ
motion, one can similarly define a probability density function for the displacement

of each voxel (Bortfeld et al. [2002]) or a probability mass function for different motion
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“states” (Bortfeld et al. [2004], Trofimov et al. [2005]), which can then be used to design
the treatment. It is also possible to plan for an uncertain effect even if the underlying
probability distribution is not known precisely (Unkelbach and Oeltke [2004, 2005]).

A very common method for dealing with an uncertain effect in that situation is
to incorporate a margin around the target, and many studies have considered the
optimal design of margins (see for example van Herk et al. [2000], van Herk [2004]).
Some margin solutions, however, can be overly conservative, in the sense that they
may protect against natures of the uncertain effect (i.e., probability distributions) that
are unlikely to be realized. For example, when dealing with interfraction breathing
motion, one type of margin solution may be obtained by prescribing the target dose to
the union of all tumour-shaped volumes over every possible displacement from inhale
to exhale. This solution would then protect against the case where the tumour spends
the entire treatment at one displacement; although this may occur for some patients
and some treatments, it is highly improbable, and planning for this possibility greatly
increases the damage done to healthy tissue.

One methodology that allows for target coverage under uncertainty to be balanced
with damage to healthy tissue is robust optimization. In the Operations Research (OR)
community, the methodology of robust optimization has been extensively developed
(see Ben-Tal et al. [2009] and Bertsimas et al. [2011]) and brought to bear on numerous
practical problems outside of the medical physics domain such as structural design
(Ben-Tal and Nemirovski [1997]), financial portfolio optimization (Ben-Tal and Ne-
mirovski [1999], Bertsimas and Sim [2004]) and supply chain management (Ben-Tal
et al. [2005], Bertsimas and Thiele [2006]). In the robust optimization approach to
IMRT, the treatment planner defines an uncertainty set, which is a subset of all possi-
ble realizations of the uncertain effect (Bortfeld et al. [2008]). The planner then solves
a mathematical program that yields a treatment that is “robust” to the uncertain effect
— that is, the treatment meets clinical requirements for all realizations of the uncertain
effect in the uncertainty set.

A number of studies have shown the power of this approach. In Chu et al. [2005],
tumour position uncertainty due to interfraction motion and setup error was mod-
elled using an ellipsoidal uncertainty set and the authors showed that the resulting
robust solution achieves the same level of tumour coverage as a clinical margin solu-
tion, in which the volume that receives the prescription dose is expanded to account

for changes in position, but with less healthy tissue dose. In Olafsson and Wright
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[2006], the uncertainty due to dose calculation error and interfraction organ motion
was also modelled using an ellipsoidal uncertainty set, and the authors showed for a
nasopharyngeal case that a robust solution achieves better tumour coverage than the
nominal solution (one which assumes a dose matrix known with certainty) and leads
to better organ sparing than the margin solution that was clinically prescribed for the
case. In Chan et al. [2006] and Bortfeld et al. [2008], uncertainty due to intrafraction
breathing motion was modelled using a polyhedral uncertainty set, and it was shown
that the robust solution provides improved tumour coverage over the nominal solu-
tion, while providing tumour coverage comparable to the margin solution at reduced
healthy tissue dose. Robust optimization has also been used in intensity modulated
proton therapy (IMPT), a more advanced external beam radiation therapy modality
(Unkelbach et al. [2007], Fredriksson et al. [2011]).

2.2 Adaptive radiation therapy

In all of the studies listed above in Section 2.1, the planning problem is solved once,
and the resulting treatment is delivered in every fraction, without any further replan-
ning. At the same time, there has also been research done into what is known as
adaptive radiation therapy (ART) and in particular, off-line ART. With regard to off-
line ART, a variety of procedures have been proposed for how to treat a patient based
on information obtained in the most recent fraction. Many studies have proposed us-
ing daily computed tomography (CT) images as a form of feedback. For example,
Mohan et al. [2005], Lu et al. [2006], Wu et al. [2006] and Wu et al. [2008] all stud-
ied schemes where daily CT images are used to periodically assess the treatment plan
for errors in dose delivery due to organ deformation and intrafraction motion, and
to aid either the re-adjustment or complete re-optimization of the treatment for subse-
quent fractions. Other imaging methods have also been proposed for off-line ART. For
instance, de la Zerda et al. [2007] proposed algorithms for generating new treatment
plans from fraction to fraction in response to changes in the patient geometry detected
from cone beam CT (CBCT) images, as well as to the cumulative delivered dose. An-
other example is Yan et al. [1998], who tested an ART method where the daily setup
error is measured using portal imaging and is used to correct the treatment if the er-

ror becomes sufficiently large. It is worth noting that some studies have considered
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treatments where the beamlet intensities are altered in real-time during a treatment
session, in response to changes in the patient geometry (see for example Mestrovic
et al. [2007]). Treatments of this type are known as online ART and are not studied in
this thesis.

Some ART studies have also incorporated probabilistic models of uncertainty into
their proposed planning methods. Yan et al. [1997a] studied an ART method where
the daily treatment target and beam placement variation are measured and used to
modify the treatment dose and field margin in each fraction under the assumption
that the error is normally distributed. Lof et al. [1998] studied an ART scheme where
the daily setup position is measured in every fraction, but assumed that the proba-
bilistic dynamics of the internal organ motion are known beforehand. Rehbinder et al.
[2004] applied linear quadratic control to ART planning and showed that using this
form of adaptation removes the need for a margin, allowing for safer dose escalation.
The problem of ART can also be seen as a problem of sequential decision making un-
der uncertainty and as such, several studies have considered dynamic programming
techniques. For example, Sir et al. [2010] showed that an adaptive open-loop feed-
back control (OLFC) policy achieves better performance than a non-adaptive OLFC
policy. Ferris and Voelker [2004] and Deng and Ferris [2008] applied neuro-dynamic
programming (NDP) to ART and similarly showed that their NDP policy offers an

improvement over a constant, non-adaptive policy.

2.3 Dose-reactive methods

Within the set of methods that can be considered off-line ART methods, a subset of
these can be classified as dose-reactive methods. Within the operations research com-
munity, several ART methods that can be considered dose-reactive have been devel-
oped. As stated above, Ferris and Voelker [2004] and Deng and Ferris [2008] apply
neuro-dynamic programming (NDP) to ART, and consider NDP policies constructed
from simpler heuristic policies. One such policy is a “reactive” policy that at each
stage adjusts the dose to account for how much has been been delivered up to that
point; our choice of the name “dose-reactive” stems from these studies. The work
of Sir et al. [2010] mentioned above considers certainty-equivalent control and open-

loop feedback control for performing ART, where prior to each fraction the beamlet
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intensities are re-optimized and take into account the dose delivered in the previous
fractions.

Within the medical physics community, several papers have proposed incorporat-
ing information about the dose delivered in prior fractions into the planning process
for subsequent fractions. Birkner et al. [2003] study an ART method where daily CT
and portal images are collected, and after a pre-specified number of fractions, the
treatment is updated based on the dose that was delivered prior to that fraction; they
show on prostate cancer cases that such a method improves tumour coverage and
reduces dose to healthy tissues. Wu et al. [2006] study an ART method for prostate
cancer where the cumulative dose distribution is calculated on the basis of daily CT
images, and errors in the dose are compensated after every week or at the end of
treatment; they show that dose compensation allows for better target coverage and
reduced dose to healthy tissues such as the bladder and the rectal wall. de la Zerda
et al. [2007] consider several algorithms for ART that correct for errors in dose that
occur due to set-up error or changes in the patient geometry. Webb [2008] proposes a
framework for dealing with variable intrafraction motion where, in each fraction i of
an n-fraction treatment, one delivers 1/(n — i + 1) of the residual dose distribution —
the difference of the dose delivered so far and the target dose distribution. In addi-
tion to this, Webb [2008] proposes a framework where in each fraction 7, one delivers
1/(n — i+ 1) of the residual fluence map (beam intensity profile), which is the differ-
ence of the full n-fraction fluence map and the ¢ — 1 delivered fluence maps, adjusted for
the motion. Webb [2008] notes that although this algorithm is better than performing
no adaptation of any kind, it is still problematic because if some parts of the tumour
are consistently underdosed, then the algorithm will compensate by delivering larger

and larger overall doses in future fractions.

2.4 Contribution to the literature

As stated in Chapter 1, this thesis can be thought of as consisting of two parts: the
tirst part, in Chapter 4, which is concerned with developing a method that combines
robust optimization with off-line ART; and the second part, in Chapter 5, which is
concerned with adaptive and robust methods that are also dose-reactive and capable

of correcting for errors in dose realized in earlier fractions.
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The contribution of the first part of this thesis to the uncertainty in radiation ther-
apy and ART literatures can be understood by considering the weaknesses of existing
off-line ART methods. In particular, the limitation of the majority of algorithms for
off-line ART is in how they have approached uncertainty. Many studies have not ex-
plicitly included uncertain effects into their treatment planning process. Of the studies
that have, most have assumed that realizations of the uncertain effect from fraction to
fraction are independent and identically distributed — although this may be appropri-
ate for setup error and patient positioning, it may not be suitable for other types of un-
certainty. The most significant assumption present in studies that have incorporated
probabilistic models of uncertainty is that the underlying probability distribution of
the uncertain effect is known precisely before the start of the treatment. In actuality,
the distribution which underlies an uncertain effect for a particular patient in a par-
ticular treatment is never known precisely, and as already discussed, the quality of
a treatment designed with a specific probability distribution in mind can deteriorate
significantly if a different distribution is realized.

The fundamental difference between the approach developed in Chapter 4 and the
majority of prior ART work lies in the assumptions that are made about the uncer-
tainty. In our approach, we do not assume that the nature of the uncertainty is known
precisely a priori nor that it needs to stay constant from fraction to fraction. There
has been some prior research into using previous measurements of uncertainty to up-
date an estimate of the uncertain effect, using such methods as Kalman filtering (Yan
et al. [1997b], Keller et al. [2003]) and Bayesian updating (Lam et al. [2005], Sir [2007]).
Very few studies have considered these methods with treatment re-planning (Yan et al.
[1997b], Sir [2007] are exceptions) and these studies assume that the uncertain effect
follows a particular distribution. No studies have combined such estimation methods
with the robust optimization approach of Chan et al. [2006] and Bortfeld et al. [2008].

We note here that there has been research in the OR community in extending robust
optimization methods to multi-stage decision making settings. For example, Ben-Tal
et al. [2004] studied the affinely adjustable robust counterpart (AARC) framework, in
which decisions in later stages are constrained to be affine functions of previous re-
alizations of the uncertainty; this framework was applied to a multi-period supply
chain planning problem in Ben-Tal et al. [2005]. Bertsimas and Thiele [2006] applied
the robust optimization methodology of Bertsimas and Sim [2004] to a multi-stage

inventory problem. Bertsimas and Caramanis [2007] considered adaptable robust op-
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timization through sampling, which allows for decisions in later stages to be piecewise
polynomial functions of prior realizations of the uncertainty. Bertsimas and Carama-
nis [2010] considered a finite adaptation approach, in which decisions in later stages
are constrained to be piecewise constant functions of previous realizations of the un-
certainty. The method that we present in Chapter 4 differs from these prior methods in
that the uncertainty set is adaptively updated in each stage using the most recent mea-
surement of the uncertainty, and the corresponding single-stage robust optimization
problem is solved to obtain the decision to implement in that stage.

The second part of this thesis is concerned with dose-reactive methods, and its
contribution to the existing literature is multi-faceted. The dose-reactive methods we
present in Chapter 5 build on the method described in Chapter 4 and thus (1) are spe-
cialized for lung cancer and breathing motion uncertainty, (2) do not make any dis-
tributional assumptions about the uncertainty in each fraction, and (3) do not assume
that the nature of the uncertainty stays the same throughout the treatment. A notable
difference between our work and the methods considered in Ferris and Voelker [2004]
and Deng and Ferris [2008] is the decision variable in each stage: in the latter two
studies, the decision for each fraction is the dose distribution to be delivered, while
in our method, the decision for each fraction is the collection of beamlet intensities to
use in that fraction (from which the dose distribution is determined via a linear trans-
formation). By focusing on beamlet intensities, we allow only for dose distributions
that are physically deliverable. More importantly, as we will show in Section 5.2, the
use of beamlet intensities uncovers an important insight into the performance of dose-
reactive methods that stems directly from the ability, or rather the inability, to deliver
highly homogeneous tumour dose distributions. With respect to Webb [2008], a major
difference between the method presented therein and the methods that we study here
is that our methods also update an estimate of the uncertainty by updating an uncer-
tainty set, whereas the method in Webb [2008] always assumes the tumour to be in a
fixed reference position. As we will show in our computational study, the uncertainty
set adaptation aspect of our method is able, to some extent, to mitigate the explosive
growth in daily underdose and overdose that is alluded to in Webb [2008].

Perhaps the most notable difference between our work and extant research in this
area is that, while prior dose-reactive studies focused on the performance of their
methods in terms of cumulative dose at the end of the treatment horizon, we also pro-

vide detailed results on the daily dose performance of dose-reactive and non-reactive
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methods. It is important to consider how much dose is delivered on a per fraction ba-
sis because interfractional variations in dose, as well as intrafractional variations (i.e.,
heterogeneity in the dose distribution that is achieved in each day), can have a signif-
icant impact on the final treatment outcome (Ebert [2000]). Our computational results
show that dose-reactive methods lead to higher levels of daily underdose and over-
dose, which increases the chance of treatment failure, even when the final cumulative
dose is acceptable. To the best of our knowledge, no previous work has provided
the same kind of results on the daily dose performance of an ART method, nor has

highlighted the characteristic behavior of dose-reactive methods in this respect.



Chapter 3
Static robust IMRT optimization

In this chapter, we review the robust optimization approach of Chan et al. [2006] and
Bortfeld et al. [2008]. In their approach, the planner decides on an uncertainty set
before treatment and solves the robust optimization problem corresponding to that
uncertainty set. The optimal solution of the robust problem is a vector that specifies
the intensity of each beamlet in the ensemble of beams to be used for treatment. These
optimized beamlet intensities are robust to the uncertain effect whenever it takes on
values from the uncertainty set: whenever the uncertain effect realizes a value inside
the uncertainty set while the patient is being irradiated according to the optimized
intensities, the dose to every part of the tumour will be within the prescribed bounds.
We will refer to this approach as the static robust optimization approach, as the beam-
let intensity vector is fixed and does not change over the course of the treatment (in
each fraction, 1/n of the intensity vector is delivered, where n is the number of frac-
tions). For lung cancer, the primary uncertainty comes from breathing motion. More
specifically, the uncertain effect is modelled using the patient’s breathing motion prob-
ability mass function (PMF). The breathing motion PMF for a patient in a particular
fraction specifies the proportion of time the patient spends in each of a finite number
of breathing motion states during that fraction. Each breathing motion state corre-
sponds to a particular displacement or snapshot of the patient geometry during the
patient’s respiratory cycle. For example, a possible set of motion states may be in-
hale, mid-ventilation and exhale. The uncertainty set is then a set of breathing motion
PMFs that we anticipate could be realized during treatment. We note here that in
the method of Bortfeld et al. [2008], the set of breathing motion states is determined
determined from pre-treatment breathing-correlated 4D computed tomography (4D-

14
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CT) images. This assumes that the amplitude of the tumour motion observed in these
pre-treatment images represents the full extent of the tumour motion, and that the
amplitude of the motion that will be observed during the ensuing treatment sessions
will not exceed these limits. This potential issue can be circumvented by having the
patient take deep breaths during the pre-treatment 4D-CT imaging session, allowing

the treatment planner to more accurately construct the set of breathing motion states.

3.1 Model

We now define the static robust IMRT optimization problem. Let B be the set of beam-
lets and let w;, denote the intensity of beamlet b € 13; the w, variables are the decision
variables of the robust optimization problem. The patient geometry (the healthy or-
gans and tumour tissue) is divided into three dimensional voxels, or volume elements.
Let V denote the set of all voxels and 7 denote the set of tumour voxels. Let X de-
note the finite set of breathing motion states. Each breathing motion state is associated
with a particular displacement of the patient geometry (the voxels), so to each beamlet
b € B, breathing motion state z € X and voxel v € V, we associate a dose deposition
coefficient A, ;. This coefficient specifies the amount of dose deposited in voxel v
when the patient is in breathing motion state + and the beamlet b is at unit intensity.
Let p(x) be the probability of the patient being in motion state z at any given time

during a treatment session. The dose that is delivered to voxel v is then given by

Z Z Av,x,bp(m)wba

zeX beB

which is the sum of the doses to voxel v that would be delivered under each breathing
motion state weighted by the corresponding proportions of time spent in those states.
Due to the use of beamlet intensities, this model does not account for the interplay
effect between the motion of the MLC leaves and the tumour motion (see, for example,
Yu etal. [1998] and Bortfeld et al. [2002]); the impact of such an effect, however, is small
in practice (Bortfeld et al. [2004]). For each tumour voxel v € T, let 6, be the prescribed

minimum dose and let 76, be the prescribed maximum dose, where v > 1.



CHAPTER 3. STATIC ROBUST IMRT OPTIMIZATION 16

Let P be the set of all PMFs on the finite set X, defined as

P = {p € R¥!|For each = € X, p(z) > 0; Zp(:c) = 1}.

zeX

The set P defines the (| X | —1)-dimensional unit simplex. Let P C P be the uncertainty
set, which is a bounded polyhedron defined by a lower bound vector £ and an upper

bound vector u:

P={peP|Foreachz € X, {(z) < p(z) <u(x)}.

With these definitions, the static robust problem can be written as

minimize Z Z Z Ay 2 pD(7)ws

veV zeX beB
subjectto Y > Ay.up(r)w, >0, WweT,peP,
zeX beB (3.1)
> D Aawl@)w, <A, VoeT,pePp
zeX beB

wy >0, VbeB,

where p is some nominal PMF chosen by the treatment planner before the start of
treatment as approximately representative of the patient’s overall breathing pattern.
It is assumed that problem (3.1) is feasible for the choice of P = P, in which case prob-
lem (3.1) will be feasible for any uncertainty set P C P; in Appendix A we provide
specific technical assumptions that ensure problem (3.1) is feasible and that are neces-
sary for the theoretical analysis of the adaptive robust method of Chapter 4. Though
not currently written as such, problem (3.1) can be converted to a finite linear pro-
gram and solved using a standard optimization solver; we provide the corresponding
formulation in Section 3.2. The optimal solution of (3.1) is a beamlet intensity vector
w* that meets minimum and maximum tumour dose requirements no matter which
breathing motion PMF p € P is realized, while ensuring the lowest possible total dose
to the patient under the nominal PMF. In the case that p ¢ P, it was shown empir-
ically in Bortfeld et al. [2008] that w* remains feasible with high probability. Due to
the linearity of this model and the use of polyhedral uncertainty sets, this model is

capable of accomodating robust versions of many other types of clinically relevant
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constraints, such as partial volume constraints based on conditional-value-at-risk (see
Romeijn et al. [2006]) or constraints involving aEUD (Thieke et al. [2002]), which is
a linear approximation to the popular equivalent uniform dose (EUD) metric. For

simplicity, we consider only lower and upper dose bounds on the tumour.

There are two special cases of (3.1) that will be referred to later. The first is the case
when P consists of a single PMFE. The resulting problem is called the nominal problem;
when P = {p}, we refer to problem (3.1) as the nominal problem with respect to p. The
solution of the nominal problem is the least conservative treatment we can deliver,
as we are assuming that the PMF that will be realized during treatment will be the
exact PMF that we are guarding against. The second is the case when P consists of
all possible PMFs on X, that is, P = P; this problem is called the margin problem. The
solution of the margin problem is the most conservative treatment that we can deliver,
because we assume that any PMF is possible. These two types of formulations repre-
sent two extremes of a continuum of robustness (Chan et al. [2006]), with the nominal
problem being the least robust and the margin problem being the most robust. The
robust problem with a general uncertainty set (which is neither a singleton nor P) is
somewhere in between. With increasing levels of robustness, characterized by larger
uncertainty sets, the level of tumour coverage increases, but at the cost of increased

dose to healthy tissue.

3.2 Solving the robust problem

Problem (3.1) generally has an uncountable number of constraints because the set P
is usually a polyhedron with more than one element. It can be transformed into an

equivalent linear program of finite size using duality (Bortfeld et al. [2008]):

minimize Z Z Z Ay 2 pD(T)wy

veY zeX beB
subject to G + Z U(x)ry, — Z w()Sye >0y, YV ET,
zeX zeX
Qv + Tve — Sva = Z Av,x,bwba Vo € Ta T € X7

beB

q — Z U(z)r), , + Z u(x)s,, <0, YoeT,

reX zeX
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Qv — Tvz + Svz = Z Av,x,bwb7 Yu € T, r e X,
beB

v, q, free, Vv e T,
Toas Tyz Svas Spe >0, YW ET, 1€ X,
wy, >0, VbeB.
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Chapter 4

Adaptive and robust IMRT

optimization

In the previous chapter, we discussed the robust optimization approach of Chan et al.
[2006] and Bortfeld et al. [2008], which is a static approach, i.e., the beamlet intensities
are fixed throughout the treatment. In this chapter, we develop a robust optimization
method that is also adaptive, and allows the beamlet intensities to change by account-

ing for changes in the uncertainty. Our contributions are as follows:

1. We develop a method that is the first to combine robust optimization with adap-
tive radiation therapy. This method has modest computational requirements
and can be easily generalized to other types of cancer and other types of un-
certainty. Most importantly, this method can be readily implemented with re-

sources available in most clinical environments.

2. We prove an asymptotic optimality result: if the patient breathing pattern con-
verges over the treatment course, then the dose distribution produced by our
adaptive robust method converges to an “ideal” set of dose distributions that
exhibit no tumour underdose or overdose and low healthy tissue dose. This
result suggests that our method should 1) outperform the non-adaptive robust
method, 2) perform almost as well as optimal “prescient” solutions, which cor-
rectly anticipate the patient’s breathing over the entire treatment, and 3) be rela-

tively insensitive to the choice of initial uncertainty set.

3. Using clinical patient data, we computationally demonstrate the performance of
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Figure 4.1: Graphical representation of the steps of the adaptive robust method.

this method and verify the behavior predicted by our theoretical development.

These computational results are presented in Section 4.3.

This chapter is organized as follows. We describe our method in Section 4.1. We
present our theoretical analysis in Section 4.2. We present and discuss the results of
our computational study in Section 4.3. Finally, in Section 4.4, we provide some con-
cluding remarks and directions for future work in this area.

1

41 Method

In the adaptive robust approach that we propose, we allow the beamlet intensities to
be re-optimized from fraction to fraction in the following way. On a given day, the
patient is irradiated with a beamlet intensity vector obtained by solving (3.1) with the
current uncertainty set as input. During or immediately after the fraction is delivered,
the uncertain effect is measured. This measurement, together with the current uncer-
tainty set, is used to generate a new uncertainty set. The robust problem is then solved
with this new uncertainty set, leading to a new beamlet intensity vector to be used on
the next day. This process is repeated for each fraction until the end of the treatment.
This procedure, adapted for the form of breathing motion uncertainty that we study,
is presented as Algorithm 1. Figure 4.1 shows the steps of the adaptive robust method
graphically.

Although in theory one could measure the patient’s PMF before the delivery of a
fraction and plan the fraction using the resulting PMF, this approach would constrain
the amount of time that would available for treatment planning and quality assur-

ance, as the patient would have to wait between measurement and fraction delivery.
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By measuring the patient’s PMF during or after the delivery of the fraction, this tem-
poral constraint can be avoided by having treatment planning and quality assurance
done offline between treatment fractions, which would be more desirable from an
operational point of view. Furthermore, we will show in Section 4.2 that these two

methods have the same asymptotic performance.

Algorithm 1 Adaptive robust optimization method

Require: Total number of fractions n, initial uncertainty set P!
1: Initialize ¢ = 1
2: Solve problem (3.1) with P = P! to obtain a beamlet intensity vector w'
Deliver w!/n to the patient
while: <n —1do
Measure the patient’s breathing motion and construct the PMF p’
Generate the new uncertainty set P**! from P’, p’
Solve problem (3.1) with P = P**! to obtain a new beamlet intensity vector w'**
Deliver w'™! /n to the patient
Seti=1i+1
10: end while

4.1.1 Update algorithms

One major step in the adaptive robust approach specified as Algorithm 1 is the gen-
eration of the new uncertainty set from the old uncertainty set and the most recent
measurement of the patient’s breathing motion PMFE. We refer to any procedure that
can be used to perform this step as an uncertainty set update algorithm. In our compu-
tational study we consider two such update algorithms, exponential smoothing and
running average, though our theoretical analysis generalizes to a larger class of update
algorithms.

Recall that we define an uncertainty set P in terms of a lower bound vector £ and
an upper bound vector u. Therefore, the uncertainty set for fraction 7, denoted P is
defined by lower and upper bound vectors £ and u’, respectively. The update algo-
rithms we present will determine lower and upper bound vectors £ u**! from the
most recent vectors £, u’ and the most recent PMF p’.

The exponential smoothing update algorithm generates a new uncertainty set by tak-

ing a convex combination of the most recent lower and upper bound vectors with the
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most recent PMF. Specifically, given £, u’ and p’ for day i, £*' and u*! are defined as

() = (1 — a)l(z) + ap'(x), (4.1)
u ™ (z) = (1 — a)u'(z) + ap'(z), (4.2)

for each z € X, where o € [0, 1].

The running average update algorithm generates a new uncertainty set by averaging
the PMFs that have been observed so far, together with the very first lower and upper

1

bound vectors. Specifically, given £', u' and p',....p’ on day i, £ and u*t! are
P Yy & y

defined as
0 () = @+1< +ij )
_@—1-1( —i—Zp] )

for each © € X. These expressions can be rewritten as functions of only ¢*(z), u’(z)

and p'(z):
£¥1(a) = = 0(0) + —p/ (@), 43)
ut(x) = - i 1u“(x) + _il_ 1p"(av). (4.4)

4.1.2 Prescient solutions

Because the update algorithms are myopic and are not guaranteed to correctly antici-
pate the patient’s breathing motion PMF in every fraction, it is important to be able to
measure the loss of optimality with respect to a “prescient” solution — one that would

be generated if we knew p', ..., p" ahead of time.

The best possible treatment — one that minimizes the total dose delivered to the
patient after n fractions under the nominal PMF p, subject to the constraint that the

dose to every tumour voxel by the end of the treatment is between the prescribed
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bounds —is obtained by solving the following linear program:

minimize Z Z Z Z Av’vap(x)%é

1=1 veV z€X beB

subject to 2": Z Z AU@?bpi(x)%g >0, YveT,

i=1 z€X beB (4.5)
SN A (@)t <46, VoeT,
i=1 zeX beB n

wy >0, VbeB,ic{l,...,n}.

We refer to the solution of problem (4.5) as the overall prescient solution. While the
overall prescient solution is in theory the best possible treatment for this problem, it
is possible that this solution delivers little to no dose on certain days. This possibility
exists because there is no constraint that forces the delivery of a minimum amount
of dose on every day and indeed, we can construct simple examples where all of the
prescription dose is delivered to a single voxel in one fraction and zero dose is deliv-
ered in all of the other fractions; such solutions defeat the purpose of fractionation.
Although the overall prescient solution is the best possible solution, the fact that the
dose delivered on a given day may be very low reduces its value as a benchmark for

our adaptive and static robust treatments.

For these reasons, we consider two other kinds of prescient solutions. The first
type of prescient solution that we define is the daily prescient solution. It is obtained

by solving the following linear program:

minimize Z Z Z Z Amx,bﬁ(:c)%l’

1=1 veV zeX beB

. i,
subject to Z ZAv,m,bpl(x)% > P YoeT,ied{l,...,n},
zeX beB (4.6)
. i 0,
NN A @) < 0 e T ie {1, n},
z€X beB " n

wy >0, VbeB,ie{l,...,n}.

It is straightforward to see that the solution to this problem is obtained by setting each
w' to the solution of problem (3.1) with P = P = {p’}. Using this treatment, the

cumulative dose to every tumour voxel v is within the prescribed bounds 6, and ~0,.
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Furthermore, because each w’ is obtained from a nominal problem, the overall dose
delivered to the patient should be low compared to other treatments that also deliver
the minimum required dose to every tumour voxel. Unlike the overall prescient treat-
ment, this treatment is guaranteed to deliver a dose of at least 6, /n to every tumour
voxel v in every fraction.

The second type of prescient solution that we define is the average prescient solution.

It is obtained by solving the following linear program:

minimize Z Z Z Z Av,mvbp(x)%l’

=1 veV zcX beB

subject to Ay oop'(z i >0, YveT,
) ” n
i=1 z€X beB

(4.7)

i

Xn: DD Muaapl (@)L <98, Vo eET.

i=1 z€X beB
w'=w/  Vi,je{l,...,n}, i#j,
wy >0, VbeB,ic{l,...,n}.

This formulation is simply problem (4.5) with the additional constraint that the beam-
let intensity vector be the same in every fraction. The “average” in the name comes
from the fact (easily verifiable) that the common intensity vector w is the solution of
the nominal problem with P = {p.ys}, where p,,, = 1/n- >, p'. Like the daily pre-
scient solution, the final dose to every tumour voxel is within the prescribed bounds
for that voxel. Furthermore, because the intensity vector of every fraction is obtained
from a nominal problem, the overall dose delivered to the patient should be low com-
pared to other treatments that also deliver the minimum required dose to every tu-
mour voxel. While each tumour voxel v € 7 is not guaranteed to receive 6,/n in
each fraction, the fact that w* = w? for any two fractions ¢ and j ensures that the dose

delivered by this solution in any fraction cannot be too low.

4.2 Asymptotic optimality of the adaptive robust method

In this section, we develop our core result: if the sequence of breathing motion PMFs
(p")$2, converges to p* and the uncertainty set update algorithm belongs to a special

class of update algorithms, then as the number of fractions n tends to infinity, the dose
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distribution eventually enters the epsilon neighborhood of a set D of “ideal” dose
distributions. The set D is the set of dose distributions obtained when any optimal
solution to the nominal problem with respect to p* is delivered while the patient is

actually breathing according to p*.

The arc of reasoning we will take to prove this result is as follows. We begin by
defining an alternative robust problem, where instead of enforcing the minimum and
maximum tumour dose constraints for a (possibly infinite) set of PMFs P, we enforce
those constraints at finitely many PMFs q', ..., q". This problem is equivalent to the
original robust problem under a simple condition. Next, we show that if the defining
PMFs of the alternative robust problem, q', ..., q", all converge to a single PMF p* in
the usual mathematical sense, then the feasible regions of the alternative robust prob-
lems along the way converge to the feasible region of the alternative robust problem
with all M defining PMFs set to p*. We then build on this result to show that the

corresponding sets of optimal solutions also converge.

At this point, we define the notion of a convex-convergent update algorithm —
any update algorithm where the update is a convex combination of the most recent
lower /upper bound vector with the most recent PMF, and where the lower/upper
bound vector sequences inherit the convergence of the underlying PMF sequence. We
show that if the sequence of breathing motion PMFs (p*)$°,; converges to a PMF p* and
the sequences of lower and upper bound vectors (£')%2, and (u?)$°, are obtained by any
convex-convergent update algorithm, then the optimal solution sets of the original
robust problems enter the epsilon neighborhood of the set of optimal solutions to the
nominal problem with respect to p*. Finally, we prove our core result of convergence
of the dose distribution. We also establish the same convergence result for the dose

distributions obtained from the daily and average prescient methods.

We begin with the definition and properties of the alternative robust problem. All
of the proofs, auxilliary results and assumptions are stated in Appendix A. The norm
| - || is the 1-norm on the appropriate finite dimensional real vector space, although

technically any p-norm can be used. The set Z is the set of positive integers.
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4.2.1 An alternative robust problem

Given M PMFs q',...,q", the alternative robust problem is defined as

minimize Z Z Z Ay 2 pp(x)wp

veV zeX beB
subject to Z ZAw%bq"(aj)wb >0, YeT,je{l,...,M},
zeX beB (4.8)
ZZAU,quj(x)wb <~0,, YweT,je{l,..., M},
zeX beB

w, >0, VbeB.

We will refer to the M PMFs q',...,q" as the defining PMFs of the corresponding
problem (4.8). The convex hull of these PMFs is denoted as conv {q}, ..., q*}. Under
a very simple condition, the alternative robust problem is equivalent to the original

robust problem.
Lemmal If P = conv{q',...,qM}, then problems (3.1) and (4.8) are equivalent.

Now, let H(q!, ..., ") denote the feasible region of the alternative robust problem
(4.8) with the M defining PMFs q', ..., qM.

Proposition 1 Suppose that the ith instance of the alternative robust problem (4.8) is defined
by the M defining PMFs q"',...,q™", forall i € Z,. If ¢ — p* asi — oo for all
je{l,..., M}, then

M,i)

lim H(q",...,q = H(p*,...,p"),

i—00

where the notion of set convergence is that of Dantzig et al. [1967].

In other words, if the defining PMFs of (4.8) all converge to some PMF p*, then the
feasible region of (4.8) with those defining PMFs converges to the feasible region of
(4.8) with all defining PMFs set to p*. Note that when all M defining PMFs are set
to p*, problem (4.8) is equivalent to the nominal problem with respect to p*. The
proof of Proposition 1 uses Theorem II.2.2 of Dantzig et al. [1967] and the fact that the
affine functions that define the H(q'",...,q"") sets converge to the affine function
that defines H(p*, ..., p").
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Next, we show that the sets of optimal solutions converge. Define the function

Z :RBl 5 Ras
Z(w) =Y > > Ayup(z)wy;

veY zeX beB
Z is the objective function of both problems (3.1) and (4.8). Suppose that V' is a subset
of R" and ¢ : R — R is a function. Following Dantzig et al. [1967], we define the set
M(¢|V) as
M(¢|V) ={x e V|¢(x) = inf{(y) |y € V}}.

When the infimum can be attained, M (¢ |V) is the set of optimal solutions to the con-
strained minimization problem min,cy ¢(z). We define the epsilon neighborhood U (V/, €)
of a subset V. C R" as

U(V,e) = | Bla,e),

zeV

where B(z, €) is the open ball of radius € about = (B(x,€) = {2/ € R" |||z — 2/|| < €}).
The next result states that, if the defining PMFs of problem (4.8) all converge to
a PMF p*, then the corresponding optimal solution sets eventually enter the epsilon
neighborhood of the optimal solution set of problem (4.8) with all of the defining PMFs
set to p* (which, by our note above, is the optimal solution set of the nominal problem

with respect to p*).

Proposition 2 Suppose that for every j € {1,...,M}, ¢ — p*asi — oo. Then for
every € > 0, there exists an N € Z, such that for i > N, M(Z | H(q",...,q"")) C
UM(Z|H(p*,...,p")),€).

The proof of this proposition uses Theorem 1.3.3 of Dantzig et al. [1967].

4.2.2 Convergence of optimal solution sets and dose distributions

under convex-convergent update algorithms

Having developed convergence results for the alternative robust problem (4.8), we
now connect these results to the robust problem (3.1). We say that an uncertainty set

update algorithm is a convex-convergent update algorithm if it satisfies two conditions:

1. Foreveryi € Z,, £ and u™*! can be written as convex combinations of p’ with
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¢’ and u’ respectively; that is, there exists an «; € [0, 1] such that

= (1-— ai)ﬁi + a,p’,

u'tt = (1 - a;)u’ + op'.

2. If p' = p*asi — oo, then £' — p*and u’ — p*asi — oc.

In Proposition 6 in Appendix A, we verify that both the exponential smoothing and
running average update algorithms are convex-convergent.

Let w*(£,u) denote the set of optimal solutions for the robust problem (3.1) with
its uncertainty set P defined by lower and upper bound vectors £ and u. Let w*(p*)
denote the set of optimal solutions for the nominal problem with respect to p*. The

next result states that w*(£’, u’) eventually enters the epsilon neighborhood of w*(p*).

Theorem 1 Let (p')3°, be a sequence of PMFs that converges to p*. Let (£)32, and (u’)$2,
be lower and upper bound sequences generated from (p*):2, by any convex-convergent update

algorithm. Then for every e > 0, there exists an N € Z, such that for all i > N, w*(€',u’) C
U(w*(p*), ).

The key insight required in the proof is that the robust problem in fraction ¢ with P’
specified by £’ and u' is equivalent to the alternative robust problem with defining
PMFs q'7,...,q"", where g’' is obtained by repeatedly applying the update algo-
rithm on g’! with the observed PMFs p',...,p""!. This equivalence holds because
of Lemma 1 and the fact that modifying an uncertainty set P by applying the up-
date algorithm to £ and u is equivalent to applying the update algorithm to the M
PMFs q', ..., q" whose convex hull is P (we formally state and prove this fact in Ap-
pendix A as Lemma 2).

We now arrive at our core result. Define the set D, the set of dose distributions

when p* is realized while w € w*(p*) is being delivered, as
D = {d € RM|d = Ap*w for some w € w*(p*)}

where the product Apw is defined as

pr = [Z Z Av,x,bp(‘r)wb] .
veEV

zeX beB



CHAPTER 4. ADAPTIVE AND ROBUST IMRT OPTIMIZATION 29

For an n fraction treatment during which the intensity vectors were w', ..., w™ and the

realized PMFs were p', . .., p”, the final dose distribution is given by 1/n->""" | Ap'w".

Theorem 2 (Adaptive robust dose convergence.) Let (p*)2, be a sequence of PMFs that
converges to p*. Let (£')2°, and (u)2, be lower and upper bound sequences generated from
(p*)22, by a convex-convergent update algorithm. For eachi € Z, let w' € w*(£',u’). Then

for every € > 0, there exists an N € Z, such that for alln > N,

1 & o
EZAPZWZ e U(D,e).
i=1

The theorem states that the dose distribution obtained via any convex-convergent up-
date algorithm approaches a set of optimal dose distributions D. The intuition behind
this result is that as i — oo, w' is increasingly similar to some solution in w*(p*), and
p’ is increasingly similar to p*. Therefore, as n tends to infinity, each term in the tail of
the sum >_"" , Ap’w’ becomes increasingly similar to some d € D.

This set D of optimal dose distributions is the same set that is approached by both

the daily prescient and average prescient dose distributions.
Theorem 3 Let (p*)$2, be a sequence of PMFs that converges to p*.

(a) (Daily prescient dose convergence.) For each i € Z., let w* € w*(p’,p'). Then for
every € > 0, there exists an N € Z,. such that foralln > N,

1 & o
- E Ap'w' € U(D,e).
i=1

(b) (Average prescient dose convergence.) For eachn € Z., let w™ € w*(1/n-> " | p',
1/n- 37" p'). Then for every e > 0, there exists an N € Z such that for alln > N,

IR
- E Ap'w" € U(D;e).
i=1

When the nominal problem with respect to p* has a unique optimal solution, the dif-
tference between the adaptive robust and either prescient dose distribution tends to

Zero.



CHAPTER 4. ADAPTIVE AND ROBUST IMRT OPTIMIZATION 30

Corollary 1 Let (p*):2, be a sequence of PMFs that converges to p*. For each i € Z,,
let Wi € w*(£€',0’) (the adaptive robust intensity vector for fraction i), where (£, and
(u*)s2, are obtained by a convex-convergent update algorithm, and let wh, € w*(p’, p*) (the
daily prescient intensity vector for fraction i). For eachn € Z,., let wlyp, € w*(1/n- >, p’,
1/n - 3" p') (the average prescient intensity vector for fraction i). If the nominal problem
with respect to p* has a unique optimal solution (i.e., w*(p*) is a singleton), then

lim =0.
n—oo

% Z Ap'Wig — % Z Ap'wpp
i=1

=1

= lim
n—oo

% Z Ap'Wig — % Z Ap'Wip
i=1 i=1

4.2.3 Three theoretical insights

These theoretical results provide us with three insights about the limiting behavior of
the adaptive robust method. The first insight is that adaptive robust methods dom-
inate static robust treatments. To see this, suppose that w is a solution of the robust
problem with uncertainty set P. The static robust dose distribution after n fractions is

given by

If (p*)°, converges to p*, then this dose distribution converges to Ap*w. Whether
or not this dose distribution is satisfactory depends on whether or not p* is in P. If
p* € P, then every tumour voxel will receive sufficient dose in the limiting dose dis-
tribution. However, if p* ¢ P, then there is no guarantee that every tumour voxel
will sufficient dose. In contrast to the static method, the adaptive robust method al-
ways leads to sufficient tumour dose in the limit. The reason for this is that every
dose distribution d in D has the property that all tumour voxels receive the minimum
prescription dose. This property is a consequence of the fact that d = Ap*w for some
intensity vector w corresponding to the singleton uncertainty set {p*}; by the defi-

nition of problem (3.1), it is straightforward to see that the dose to tumour voxel v

dv = Z Z Av,x,bp*(x)wb > 91)-

zeX beB

satisfies

Furthermore, observe that every beamlet intensity vector in w*(p*) is an optimal
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solution of the nominal problem with respect to p*. As we discussed earlier, solutions
to nominal problems are ones that generally result in the lowest level of normal tissue
damage. Therefore, not only do the dose distributions in D meet the tumour dose
requirements, but they are also likely to lead to low levels of healthy tissue dose. In
contrast, a static robust treatment will generally not possess both of these qualities
simultaneously. If the treatment planner selects P to be a singleton (i.e., w is the solu-
tion of the nominal problem with a specific PMF), then the treatment is likely to result
in low healthy tissue dose, but the treatment planner is taking a major risk by assum-
ing what p* will be. If the treatment planner selects a larger P, then there is a better
chance that p* will be contained in P, but at the cost of increased healthy tissue dose.

The second insight is that the adaptive robust and prescient treatments, in the limit,
converge to the same set of ideal dose distributions. When the nominal problem with
respect to p* has a unique optimal solution, the difference between the adaptive robust
dose distribution and either prescient dose distribution must tend to zero by Corol-
lary 1. In the case that there are multiple optimal solutions to the nominal problem
with respect to p*, it seems reasonable to expect that the dose distributions that are
achieved when these solutions are delivered and the patient breathes according to p*
should not differ significantly. Therefore, the difference between either prescient dose
distribution and the adaptive robust dose distribution should also become small in
the limit.

The third insight is that in the limit, the adaptive robust method’s performance is
independent of the choice of the initial uncertainty set. In the proof of Theorem 2,
the choice of £' and u! is not important: the dose distribution always approaches
the set D, no matter what £ and u' are. Again, if D is a singleton, then any two dose
distributions that are obtained using the same adaptive method but different £' and u!
vectors will converge to the single distribution in D. Since the two dose distributions
converge to the same limiting dose distribution, the difference between those dose
distributions must tend to zero. In practice, we will still see some dependence on the
initial uncertainty set due to the finite number of fractions, but with a large number of
fractions, the effect of the initial uncertainty set will become diminished.

While it is unlikely for a real patient PMF sequence to converge in the mathematical
sense, as long as the patient’s PMF sequence stabilizes, we would expect to observe the
performance suggested by the convergence results. The real patient PMF sequences

used in Section 4.3 are relatively stable. In Appendix B, we empirically show that even
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with PMFs that do not stabilize, good performance can still be achieved with the right
update algorithm.

4.3 Computational study

4.3.1 Background

In order to compare our results with previous static robust optimization results, the
patient geometry and beam geometry used for this computational study were exactly
the same as in Bortfeld et al. [2008]. The patient geometry consisted of 110,275 vox-
els, of which 5,495 were tumour voxels, and each voxel was of size 2.93 mm x 2.5
mm x 2.93 mm. The robust problem solved in each fraction of the dynamic method
had 122,515 variables and 65,940 constraints, and took approximately 7 minutes to
solve on average. The parameter v was set to 1.1, while the minimum dose 0, was
set to 72Gy for every tumour voxel v. The set of motion states X consisted of five
motion states. The nominal PMF used in the objective function was the same nom-
inal PMF used previously. The adaptive robust and the static robust methods were
tested using two different PMF sequences derived from clinical lung cancer patient
data obtained at Massachussetts General Hospital. These PMF sequences were cal-
culated using the method of Lujan et al. [1999] from breathing data obtained using
Varian's real-time position management (RPM) system (Varian Medical Systems, Inc.,
Palo Alto, CA). In each imaging session, the RPM system was used to monitor the dis-
placement over time of an external marker on the patient’s abdomen. The full range
of this displacement was divided into subintervals corresponding to the motion states
obtained from the pre-treatment 4D-CT images. The proportion of the total time that
the marker spent in each of the subintervals was then calculated, leading to a breath-
ing motion PMF for that session. While the RPM system measures the external motion
of a marker, which is not necessarily the same as the internal tumour motion, studies
have shown that they are generally highly correlated (see, for example, Tsunashima
et al. [2004] and Gierga et al. [2005]). We emphasize here that our adaptive robust
method is not predicated on the use of the RPM system; any method is acceptable
so long as it can be used to measure the patient’s breathing motion and ultimately
estimate the patient’s breathing motion PMF. An imaging modality that can be used
is 4D cone-beam CT (4D-CBCT), first introduced in Sonke et al. [2005]. Using daily
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4D-CBCT imaging, the treatment planner can directly measure the internal motion of

the tumour and obtain accurate PMFs after each fraction.

The two PMF sequences consisted of the first 30 PMFs from the two experiments,
respectively, used in Bortfeld et al. [2008]. This number of PMFs was chosen to simu-
late a realistic six-week, Monday-to-Friday treatment course. For the adaptive robust
method, we tested the exponential smoothing update algorithm with « equal to 0.1,
0.5, 0.9 and 1, and the running average update algorithm. Three different initial un-
certainty sets were used for the dynamic and static robust methods. The first type of
uncertainty set was a nominal uncertainty set, with £ and u both equal to the nom-
inal PMFE. The second uncertainty set was the margin uncertainty set (P = P). The
third uncertainty set was a robust (intermediately-sized) uncertainty set, which was
neither a singleton nor the whole space of PMFs P; for each PMF sequence we used
the corresponding robust uncertainty set from Bortfeld et al. [2008]. In addition to the
dynamic and static robust methods, both prescient solutions were calculated for each
of the two PMF sequences.

The experiments were performed on a Dell workstation with a quad-core Intel
Xeon 2.67GHz processor and 6GB of memory. All of the steps of the adaptive robust
method — with the exception of the step where the robust problem is solved to obtain
w' ! — were implemented in MATLAB (The MathWorks, Inc., Natick, Massachusetts).
The robust problem in each fraction was solved using CPLEX 12.1 (IBM Corp., Ar-
monk, NY) via AMPL (AMPL Optimization LLC, Albuquerque, NM).

After the dynamic and static robust methods were executed with each of the PMF
sequences described above, the resulting treatments were evaluated by calculating
the final dose distribution. The final dose distribution is a vector d € RI of doses

delivered to the voxels in the patient geometry, defined component-wise as

n . ’u}i
=YY A )
=1 z€X beB
From the final dose distribution, we calculated three key statistics: the minimum tu-
mour dose, d?in = min,e7 d,; the mean left lung dose, djp**" = Zve - dy/|L], where
L is the set of voxels belonging to the left lung; and the mean normal tissue dose,

A =3 cn do/|N|, where N is the set of normal tissue (non-tumour) voxels.
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. Min. tumour dose Mean lung dose Mean n. tissue dose
Implementation

Gy Yo Gy % Gy %
(SN) 67.25 93.40 17.39  85.26 9.04 88.99
(ES(0.1),N) 70.79 98.32 1750  85.85 9.05 89.11
(ES(0.5),N) 71.74 99.63 17.57  86.16 9.06 89.13
(ES(0.9),N) 71.83 99.77 17.57  86.17 9.06 89.13
(ES(1),N) 71.84 99.77 17.57  86.16 9.06 89.13
(RA,N) 71.47 99.26 17.52  85.91 9.06 89.12
(SR) 71.37 99.13 18.19  89.20 9.44 92.93
(ES(0.1),R) 71.80 99.72 17.83  87.43 9.19 90.46
(ES(0.5),R) 71.99 99.98 17.65  86.55 9.09 89.50
(ES(0.9),R) 71.98 99.97 1760  86.33 9.07 89.28
(ES(1),R) 71.97 99.95 1759  86.29 9.07 89.26
(RA/R) 71.88 99.84 17.66  86.61 9.12 89.71
(SM) 72.04 100.06 20.39  100.00 10.16 100.00
(ES(0.1),M) 72.05 100.07 1831  89.78 9.44 9291
(ES(0.5),M) 72.03 100.04 17.80  87.27 9.16 90.10
(ES(0.9),M) 72.02 100.02 17.71  86.87 9.11 89.67
(ES(1),M) 71.99 99.98 17.67  86.65 9.09 89.49
(RAM) 72.03 100.04 1794 8797 9.23 90.86
(DLYP) 72.00 100.00 17.57  86.18 9.06 89.13
(AVGP) 72.00 100.00 17.54  86.02 9.06 89.13

Table 4.1: Dose statistics for the first PMF sequence.

4.3.2 Results

Table 4.1 displays dose statistics for the first PMF sequence. Under “Implementa-
tion”, the first term indicates the type of method: static (S), exponential smoothing
with parameter o (ES(a)), running average (RA), daily prescient (DLYP) and average
prescient (AVGP). For the non-prescient methods, the second term indicates which
of the uncertainty sets described in Section 4.3.1 was used as the initial uncertainty
set: nominal (N), robust (R) and margin (M). The percentage under “Min. tumour
dose” is the minimum tumour dose as a percentage of the prescription dose (72Gy).
The percentage under “Mean lung dose” is the mean left lung dose as a percentage of
the mean left lung dose delivered in the static margin treatment, indicated as imple-
mentation (S,M). The percentage under “Mean n. tissue dose” is defined analogously.
Table 4.2 displays the same statistics for the second PMF sequence.

In Figures 4.2 and 4.3, we plot the minimum tumour dose as a percentage of 72Gy
versus the mean left lung dose as a percentage of the static margin solution for each

method applied to the first PMF sequence. Figure 4.2 shows all of the treatments,
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Min. tumour dose

Mean lung dose

Mean n. tissue dose

Implementation Gy o, Gy o, Gy o,

(SN) 64.37 89.40 1718 85.11 8.99 88.92
(ES(0.1),N) 70.46 97.87 17.51  86.78 9.00 88.99
(ES(0.5),N) 71.61 99.46 17.55  86.96 8.98 88.87
(ES(0.9),N) 71.69 99.56 17.54  86.92 8.98 88.85
(ES(1),N) 71.68 99.56 17.54  86.90 8.98 88.84
(RAN) 71.49 99.30 17.55  86.97 8.99 88.90
(5R) 71.99 99.98 1799  89.12 9.39 92.90
(ES(0.1),R) 71.98 99.98 17.68  87.59 9.12 90.20
(ES(0.5),R) 72.00 100.00 17.59  87.15 9.01 89.16
(ES(0.9),R) 71.96 99.94 17.58  87.08 9.00 89.03
(ES(1),R) 71.94 99.92 17.57  87.04 8.99 88.97
(RAR) 71.96 99.95 1759  87.16 9.04 89.40
(SM) 72.05 100.07 20.18  100.00  10.11 100.00
(ES(0.1),M) 72.05 100.07 18.07  89.54 9.36 92.62
(ES(0.5),M) 72.01 100.01 17.69  87.67 9.06 89.65
(ES(0.9),M) 71.98 99.97 1765  87.43 9.02 89.27
(ES(1),M) 71.96 99.95 17.64  87.40 9.02 89.21
(RAM) 72.02 100.03 17.75  87.94 9.15 90.48
(DLYP) 72.00 100.00 17.55  86.97 8.98 88.84
(AVGP) 72.00 100.00 17.57  87.06 8.98 88.85

Table 4.2: Dose statistics for the second PMF sequence.

35
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Figure 4.2: Plot of minimum tumour dose versus mean left lung dose for the different
implementations applied to the first PMF sequence (full). The points in the bottom
left part of the plot are the adaptive robust and prescient treatments.

while Figure 4.3 zooms in on the dynamic and prescient treatments. On these plots,
points obtained by the same method (static, exponential smoothing with parameter
a or running average) from different initial uncertainty sets are joined together by
straight lines to illustrate the approximate Pareto frontiers generated by the corre-
sponding method. Figures 4.4 and 4.5 display analogous plots for the second PMF

sequence.

In Figure 4.6, we also provide dose volume histograms (DVHs) for two treatments
obtained from the first patient sequence — the exponential smoothing algorithm with
smoothing factor 0.5 and robust uncertainty set (implementation (ES(0.5),R)) and the
static method with the same uncertainty set (implementation (S,R)). A DVH is a plot
for a particular structure which indicates, for a given level of dose, what volume of the
structure receives at least that dose. Ideally, the healthy organ DVHs would be step
functions from 100% to 0% at 0Gy (i.e., no dose is delivered to the healthy organs), and
the tumour DVH would be a step function from 100% to 0% at 72Gy (i.e., the whole

tumour volume receives exactly 72Gy).
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Figure 4.3: Plot of minimum tumour dose versus mean left lung dose for the different
implementations applied to the first PMF sequence (zoomed-in).
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Figure 4.4: Plot of minimum tumour dose versus mean left lung dose for the different
implementations applied to the second PMF sequence (full). The points in the bottom
left part of the plot are the adaptive robust and prescient treatments.



CHAPTER 4.

ADAPTIVE AND ROBUST IMRT OPTIMIZATION 38

975 == Static
=== Exponential smoothing, a = 0.1
- (ESO.HN) L Exponent!al smooth!ng, a=05
® =m=Exponential smoothing, a = 0.9
~ o8I Exponential smoothing, a = 1
N~ Running average
u— " §
o 4 Daily prescient
) © Average prescient
(o)) -
< 98.5]
=8
c
(5]
o
@
o 99
ES(0.5)N
% (ES(0.5).N) RAN)
3
(ES(0.9),N)
o = S~
T 995 (ES)N) —> = °
— "
g s *\ RaR) (ES(0.1),R)
0
=] (ES(W)R) —> ““, ¢_ —_ (SR)
c 100 @ O BrunnnssrwweT =
2 oLYP) /7 \ | \ A EsODM
IS (ES(0.9)M)
= (AVGP) (ES(0.5),R) (ES(0.5),M)
-5 1005+ (ES(0.9).R) (ES(1).M)
1 1 1 1 1 1 1
86.5 88.5 89 89.5

87 87.5 88
Mean left lung dose as percentage of static margin dose

Figure 4.5: Plot of minimum tumour dose versus mean left lung dose for the different
implementations applied to the second PMF sequence (zoomed-in).
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Figure 4.6: Dose volume histogram comparing the treatments obtained by exponen-
tial smoothing with a = 0.5 started from the robust uncertainty set (implementation
(ES(0.5),R)) and the static method with the robust uncertainty set (implementation
(S,R)) with the first PMF sequence.
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4.3.3 Discussion

The computational results support the three insights discussed in Section 4.2.3. First,
the adaptive robust method generally dominates the static robust method, generating
solutions that can simultaneously improve on tumour coverage and healthy tissue
dose. As an example of this, compare the dose statistics of the static and the expo-
nential smoothing with o = 0.5 methods for the first PMF sequence in Table 4.1. For
the margin (M) uncertainty set, moving from the static (implementation (5,M)) to the
exponential smoothing with o« = 0.5 (implementation (ES(0.5),M)) treatment results
in a reduction in the mean left lung dose of 12.73% of the static margin dose, with
virtually no change in tumour coverage. For the robust (R) uncertainty set, moving
from the static (implementation (S,R)) to the exponential smoothing with a = 0.5 (im-
plementation (ES(0.5),R)) treatment results in an increase in minimum tumour dose of
0.85% of the prescribed dose, and a decrease in the mean left lung dose of 2.65% of the
static margin dose — both objectives are improved. For the nominal (N) uncertainty
set, moving from the static (implementation (5,N)) to the exponential smoothing with
a = 0.5 (implementation (ES(0.5),N)) treatment results in a significant increase in the
minimum tumour dose of 6.23% of the prescription dose with only a marginal increase
in mean left lung dose of 0.91% of the static margin dose. Clinically, the marginal
increase in lung dose (0.18Gy) would be acceptable given the increase in minimum

tumour dose (4.49Gy). Similar results are seen for the second PMF sequence.

The dominance of the adaptive robust method over the static robust method is
evident in Figures 4.2 and 4.3. On these plots, we can see that the frontiers of all of
the adaptive methods are generally below and to the left of the static frontier. The
DVHs in Figure 4.6 further support this insight. From Figure 4.6, we can see that the
left lung, esophagus and heart curves for the adaptive treatment are mostly to the left
of the corresponding curves for the static treatment, indicating an overall reduction
of dose in these structures. The maximum spinal cord dose is slightly higher in the
adaptive treatment, but is still clinically acceptable. The homogeneity of the tumour
dose is slightly better in the static treatment, as can be seen in the sharper decline
of the static treatment tumour dose-volume curve. However, the adaptive treatment
has less tumour underdose and still satisfies the maximum tumour dose constraint.
Again, Figure 4.6 supports the observation that the adaptive robust method generally

leads to simultaneous improvement in tumour coverage and healthy tissue sparing.
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These simultaneous improvements in tumour dose and lung dose together allow
for clinically significant dose escalation. For example, if the prescription dose for the
static robust treatment (implementation (S,R)) for the first PMF sequence is scaled up
so that the mean left lung dose matches that of the static margin treatment (imple-
mentation (S,M)), the resulting minimum tumour dose is 80.00Gy. Doing the same
for the exponential smoothing treatment with o = 0.5 and the robust uncertainty set
(implementation (ES(0.5),R)) for the first PMF sequence, the minimum tumour dose
is 83.17Gy. Using the estimated relationship between the 5-year local tumour control
rate and tumour dose from Kong et al. [2005] for non-small cell lung cancer (NSCLC),
this difference of 3.17Gy translates to a 4% increase in local tumour control. In ad-
dition to the mean lung dose, dose can also be escalated according to the commonly
used lung V20 metric, which is defined as the volume of the lung tissue that receives a
dose of 20Gy or higher. If the prescription dose is escalated so that the (ES(0.5),R) and
(S.R) treatments for the first PMF sequence have the same left lung V20 as the (S,M)
treatment, then the difference in minimum tumour dose grows to 6.40Gy; using the
relationship from Kong et al. [2005], this translates approximately to an 8% increase
in 5-year local tumour control. Given that the 5-year control rates for tumour doses in
the 63-69Gy and 74-84Gy ranges are on the order of 12% and 35% respectively (Kong
et al. [2005]), the gains in local control rate that we have described are significant. De-
pending on the stage of lung cancer in question, the benefits of dose escalation become
even greater: in Rengan et al. [2004], which studied the effect of dose escalation on lo-
cal failure rates for patients with stage Il NSCLC, a 10Gy increase in dose was found

to decrease local failure rates by 36%.

The second observation that can be made is that even though the adaptive robust
method is myopic and does not know what PMFs will be realized in future fractions,
its performance is comparable to solutions that can fully anticipate future PMFs. This
is evident in the fact that the treatments obtained from the adaptive robust method are
very close in tumour coverage and healthy tissue dose to the two types of prescient
solutions. For example, for the first PMF sequence, when the robust (R) uncertainty
set is chosen and exponential smoothing with a = 0.9 is applied (implementation
(ES(0.9),R) in Table 4.1), the minimum tumour dose as a percentage is 99.97% and the
mean left lung dose as a percentage is 86.33%. For both the daily and average prescient
treatments, the minimum tumour dose as a percentage is 100%; for the daily prescient

treatment, the mean left lung dose as a percentage is 86.18%, whereas for the average
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prescient treatment, the mean left lung dose as a percentage is 86.02%. Even at slower
rates of adaptation, the adaptive robust treatments perform similarly to the prescient
solutions. For instance, using exponential smoothing with o = 0.1 and starting with
the robust (R) uncertainty set (implementation (ES(0.1),R)), the minimum tumour dose
as a percentage of 72Gy is within 0.5% of the prescient solutions in minimum tumour
dose and within 1.5% of the prescient solutions in mean left lung dose.

The third observation that can be made is that the final dose distribution from any
of the adaptive robust methods is far less sensitive to the choice of initial uncertainty
set compared to the static method. For instance, for the first PMF sequence, con-
sider the treatments that use exponential smoothing with o = 0.9 (implementations
(ES(0.9),N), (ES(0.9),R) and (ES(0.9),M)). For the nominal (N), robust (R) and margin
(M) uncertainty sets, the minimum tumour doses achieved using exponential smooth-
ing with a = 0.9 are 71.83, 71.98 and 72.02Gy respectively, while the mean left lung
doses are 17.57, 17.60 and 17.71Gy respectively. Visually, this insight is evident in the
fact that the adaptive method frontiers are much smaller than the static frontier on
both Figures 4.2 and 4.4. This insight is significant because it indicates that the suc-
cess of this method is not contingent on having accurate knowledge of what the PMFs
will be before the treatment begins. From a clinical standpoint, this eliminates an
important barrier to clinical implementation, as the treatment planner may not have
enough detailed knowledge of a particular patient’s breathing patterns before the start
of treatment to create a single uncertainty set suitable for the entire treatment course.

Given the third observation, it may seem that adding adaptation diminishes the
value of robust optimization, as the adaptive treatments that begin with a nominal
uncertainty set have similar performance to the adaptive treatments that begin with
the other two larger uncertainty sets. Furthermore, the treatments from exponential
smoothing with o« = 1 ((ES(1),N), (ES(1),R) and (ES(1),M)), for which the uncertainty
set from fraction 2 on is always a singleton, perform almost as well as the prescient
solutions with respect to the final dose distribution. However, even though the final
dosimetry of the treatment after all of the fractions have been delivered may appear
acceptable, we must still evaluate the dose delivered in each fraction. In Figure 4.7, we
plot the mean and maximum underdose by fraction as a percentage of the prescription
dose per fraction (72/30 = 2.4Gy) for the three treatments obtained with exponential
smoothing with oo = 0.9 (implementations (ES(0.9),N), (ES(0.9),R) and (ES(0.9),M)) un-

der the first PMF sequence. From this plot, we can see that from fraction 8 on, the three
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Figure 4.7: Plot of mean and maximum underdose by fraction for the three exponential
smoothing with a = 0.9 treatments ((ES(0.9),N), (ES(0.9),R), (ES(0.9),M)) under the
tirst PMF sequence.

treatments are identical in mean and maximum underdose. However, before fraction
8, there is a difference in the mean underdose across the treatments — in general, the
(ES(0.9),M) treatment has the least mean underdose, followed by the (ES(0.9),R) treat-
ment, followed by the (ES(0.9),N) treatment. The same behavior is observed for the
maximum underdose in each fraction. High underdose is undesirable in any fraction.
It is especially undesirable in early fractions because the effect of delivering insuffi-
cient dose to parts of the tumour is compounded in the remaining fractions, poten-
tially leading to tumour growth that is not accounted for by the end of treatment. Due
to such biological considerations, there is a clinical desire to ensure that a sufficient
and consistent dose is delivered each day. By starting from a sufficiently large uncer-
tainty set, the robust optimization component of our method ensures that this clinical
objective is met in the early fractions of the treatment. Thus, robust optimization is

vital to ensuring the clinical acceptability of the final treatment.

In addition to biological considerations, there may be other situations in which
robustness is necessary for good performance from an adaptive method. The PMF
sequences that we have used here are well-behaved and relatively stable. However,

sequences that exhibit more variability may cause poor performance if there is too
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much adaptation and too little robustness (i.e., « is set close to 1 and the initial uncer-
tainty set is small); we explore such a sequence in Appendix B. Similarly, sequences
that exhibit transient behavior and drift outside of the initial uncertainty set towards
a new value could also necessitate the use of a large uncertainty set early on while
the lower and upper bound vectors are still “homing in” on the PMFs. Robustness
is also crucial when the number of treatment fractions is low, as in stereotactic body
radiation therapy. The lower number of fractions translates to an increased dose per
fraction, and so the underdose or overdose that is realized when the PMF during a
given fraction falls outside of the uncertainty set of that fraction is much greater. Fur-
thermore, the low number of fractions leaves limited room for those errors in dose to
be corrected in the future. In this situation, robustness and adaptation together clearly
lead to more clinical gains than adaptation or robustness alone.

Although the insights that we have described here hold for our two real patient
PMF sequences, they may not necessarily hold for all PMF sequences and all update
algorithms. In Appendix B, we give an example of a pathological sequence under
which the exponential smoothing treatments are significantly different from the pre-
scient treatments, but the running average treatments still exhibit comparable perfor-

mance.

4.4 Conclusions

In this chapter, we developed an adaptive robust optimization method for fraction-
ated IMRT treatment planning that is able to combat breathing motion uncertainty.
We studied the effectiveness of our method on two PMF sequences obtained from clin-
ical lung cancer patients and showed that our adaptive robust optimization method
improves upon the static method in both tumour coverage and healthy tissue sparing
simultaneously. We also studied the effectiveness of our method from a theoretical
standpoint and proved that the adaptive robust dose distribution approaches a limit-
ing set of optimal dose distributions. Even though this adaptive approach is myopic,
it performs well when the PMF sequence converges, and for some uncertainty set
update algorithms, performs well even when the PMF sequence does not converge.
Overall, the clinical value of this method is that it allows for the tumour dose to be

safely escalated without leading to additional healthy tissue toxicity, which may ulti-
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mately improve the rate of patient survival.

From an implementation standpoint, this method is feasible in most clinical en-
vironments. Determining the beamlet intensity vector for each fraction (i.e., solving
the robust optimization problem) takes no more than 10 minutes, which is certainly
clinically acceptable. A variety of imaging technologies that provide the capability
for measuring the patient’s breathing motion and determining the patient’s breath-
ing motion PMF already exist. As we have shown empirically and theoretically, our
method does not require perfectly accurate information to be available before the start
of treatment. The limiting factor for implementing this type of method in a clinical
environment is the additional time that physicians and medical physicists will need
to spend each day to perform quality assurance and to evaluate the dose that will be
delivered on that day. A relevant follow-up to this study, therefore, is a study to quan-
tify the costs of implementing this method on different adaptation schedules and to
compare them to the benefit to the patient and to the entire healthcare system.

Although the computational results from our two PMF sequences are very encour-
aging, testing with more real PMF sequences is necessary to fully determine the ben-
efit of this method. It would also be interesting to further stress-test the method with
artificial sequences, such as sequences where the PMF alternates among finitely many
PMFs (like the one considered in Appendix B), sequences that are randomly drawn
from some distribution on the probability simplex (e.g., the Dirichlet distribution) and
sequences where the PMFs are chosen by an “adversary” (e.g., the PMF that is real-
ized in a fraction is the worst possible one for the uncertainty set of that fraction). In
the theoretical direction, future work should consider what results can be obtained
when the convergence assumption is relaxed and the PMFs are instead drawn from a

distribution on the probability simplex.



Chapter 5
Dose-reactive methods

In Chapter 4, we developed an adaptive robust method that operates by solving a
sequence of robust optimization problems, one for each fraction, with the uncertainty
set updated each time with the most recent measurement of the patient’s breathing
motion PMFE

While the approach in Chapter 4 is adaptive with respect to new observations of
the uncertainty, it does not adjust the target dose requirements based on knowledge
of the dose delivered up until that point. That is, the beamlet intensities of each frac-
tion are always designed to deliver 1/n of the prescription dose to the whole tumour,
where n is the number of fractions, regardless of whether some parts of the tumour
received significantly more or significantly less than 1/n of the prescription dose in
previous fractions. Such underdose or overdose may occur in the adaptive robust ap-
proach because the uncertainty set in a given fraction may not necessarily contain the
breathing pattern that is realized in that fraction, and thus the beamlet intensities used
in that fraction may not maintain the tumour dose within specified upper and lower
bounds. Although the previous adaptive robust method performs quite well in com-
parison to the static robust method, it is an open question whether or not accounting
for the dose delivered in prior fractions will improve this performance. In principle,
such a method, which we will call a dose-reactive adaptive robust method, or dose-reactive
method for short, should be able to correct for relative underdosages or overdosages
in earlier fractions and lead to a better final dose distribution. However, it has been
hypothesized that the performance of such a dose-reactive method, from the perspec-
tive of the daily delivered dose, may be quite different to and potentially worse than

the performance of non-reactive adaptive robust methods. To distinguish it from the
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dose-reactive methods, we will refer to the adaptive robust method of Chapter 4 as
the non-reactive adaptive robust method, or non-reactive method for short.

In this chapter, we consider dose-reactive methods for lung cancer IMRT that are
able to react to the dose delivered in prior fractions. We consider three methods: the
reactive* method, which adjusts the target dose distribution in response to both under-
dose and overdose in previous fractions; the reactive™ method, which adjusts the target
dose distribution in response to underdose only; and the reactivet method, which ad-
justs the target dose distribution in response to overdose only.

Our contributions in this chapter as follows:

1. We formalize and develop three dose-reactive methods that adjust dose require-
ments over the course of the treatment in response to the dose that has been de-
livered in prior fractions. These methods are computationally tractable, as they
only involve solving a sequence of linear programming problems. We describe

these methods in Section 5.1.

2. We show, through computational studies using real patient data, that while these
dose-reactive methods can lead to an improvement over the non-reactive adap-
tive robust method with respect to the final dose distribution, they do not per-
form as well with respect to daily dose. More precisely, dose-reactive meth-
ods generally lead to higher levels of daily underdose and/or overdose than the
non-reactive method. We also show that the dose-reactive methods can result
in growth in the daily underdose and/or overdose and growth in the hetero-
geneity of the daily tumour dose distribution over the course of a multi-week
treatment horizon. This is the first study to highlight the characteristic behavior

of dose-reactive methods in this respect. We analyze these results in Section 5.2.

3. We provide a theoretical analysis to explain why non-reactive and dose-reactive
methods differ in their daily dose performance. We prove that the non-reactive
method guarantees diminishing daily underdose and overdose in an asymptotic
sense. We use the same theoretical framework to argue why dose-reactive meth-

ods will generally have growing daily underdose and/or overdose.

This chapter is organized as follows. In Section 5.1, we develop the reactive®,
reactive” and reactive™ methods. In Section 5.2, we provide the results of our compu-

tational study with these methods. In Section 5.3 we present our theoretical analysis.
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Finally, in Section 5.4 we conclude and provide some directions for future work on the

dose-reactive methods studied here.

5.1 Method

The dose-reactive methods build on Algorithm 1 by allowing the dose requirements
to change from fraction to fraction. To define the dose-reactive methods, we introduce

the modified robust optimization problem, which is defined as

minimize Z Z Z Ay zpp(x)wy

veY xzeX beB
subject to Ay zpp(@)wy >0, YoeT,peP,
) @, v
z€X beB (5.1)
DD Avewp@)wy <6, VoeT,peP,
zeX beB

wy >0, VbeB.

Here, ¢, is the target minimum dose for voxel v and 0, is the target maximum dose for
voxel v. This model is identical to the problem (3.1), except for §, and J, replacing 0,
and ~6,, respectively. We will use d and 4 to represent the vectors of ¢, and 0, values,
respectively.

In this method, the target minimum dose §, and target maximum dose J, represent
the minimum and maximum “dose-to-go” for a given tumour voxel v. After each
fraction i, the uncertainty set P’ is updated using the most recent PMF p’, as in the
adaptive robust method. In addition to P, the target minimum and maximum doses
&' and &' are adjusted according to how much dose was delivered to the tumour in
that fraction. With these new problem data — Pt § and 3“1 — the modified robust
problem (5.1) is solved to obtain a vector of beamlet intensities w'™!. Since the dose-
to-go vectors 8" and 5" are for the remaining n — 7 fractions, the intensity vector
w'™ /(n — i) is delivered in fraction i + 1. This process repeats until the end of the
treatment. This procedure is presented in algorithmic form as Algorithm 2. As stated
at the start of this chapter, we will refer to a method of this type as a dose-reactive
adaptive robust method, or dose-reactive method for short.

We consider three methods for updating § and & (Step 7 in Algorithm 2) after each

fraction. In the reactive™ method, after observing the PMF p’ in fraction i, we set 5™



CHAPTER 5. DOSE-REACTIVE METHODS 48

Algorithm 2 Dose-reactive adaptive robust method

Require: Total number of fractions n, initial uncertainty set P ! initial target minimum

dose 6! = 6, for all v € T, initial target maximum dose Si =~0, forallv € T.
1: Initialize 1 = 1
2: Solve problem (5.1) with P = P!, § = § land d = & to obtain a beamlet intensity
vector w!
Deliver w'/n to the patient
whilei <n —1do
Measure the patient’s breathing motion and construct the PMF p’

Generate the new uncertainty set P! from P’, p’
—<i+1

Generate the new target minimum and maximum dose vectors 4" "1 and &

from &, & and w' ’

8:  Solve problem (5.1) with P = P+, § = §'"' and § = 5" to obtain a new
beamlet intensity vector w'!

9:  Deliver w'*!/(n — i) to the patient

10  Seti=1¢+1

11: end while

for fraction 7 + 1 as

éi—’_l:maX{O, 51 ZZAvmbp TL—Zl—i—l}

rzeX beB

and SZH for fraction i + 1 as

gf] —maX{O 5 —ZZAMbp zz—l—l}

zeX beB
for each voxel v € 7. This update reduces the minimum and maximum dose-to-go for
a given tumour voxel v by the actual dose delivered to that voxel in fraction ; the more
dose a voxel v has accumulated by fraction 7, the smaller ! and 32 will be, and the less
dose will be delivered to voxel v over the remaining n — i fractions. If a given voxel v
has accumulated its prescribed minimum dose of 6, the use of max{0, -} ensures that
the minimum dose-to-go is set to zero, so that subsequent beamlet intensity vectors
are not forced to deliver any dose to that voxel. If a voxel v has accumulated a dose
equal to or higher than its prescribed maximum dose 70,, both §, and §, are set to
zero, forcing subsequent beamlet intensity vectors to deliver no dose to voxel v. Note

that the dose that is delivered in a fraction i, in addition to depending on the dose
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requirements &' and &' of fraction 4, also depends on whether or not the PMF p’ falls
in or outside the uncertainty set P; if p* ¢ P’, it is possible that the dose delivered to

a tumour voxel v falls outside of the interval [¢' /(n — i + 1), 32 /(n—i+1)].

In the reactive” method, after observing the PMF p’ in fraction i, we set QZ“ for

fraction i + 1 as

O = max { (n

and 51“ for fraction i + 1 as

3i+1_max{<”;2)73y’5 DY Ayar(@) —z+1} (5.3)

zeX beB

BT ED ) DIV ;H} 52

zeX beB

for each voxel v € T. The reactive™ method reacts to underdose: if a voxel v is under-
dosed, the second term in the max expression in equation (5.2) will dominate and the
requirement 6" will be larger than (n — i)/n - 6,, allowing for more than 6, /n units
of dose to be delivered to voxel v in the upcoming fraction. In the case that a tumour
voxel v is overdosed, however, the reactive™ update ensures that the minimum and
maximum dose-to-go & and 3:) for a given fraction 7 and a given voxel v € T never
drop below (n — i+ 1)/n -6, and (n — i + 1)/n - 76, respectively. As a result, the
reactive” method cannot exploit situations where a voxel v has received more than
i/n - 6, dose by the end of fraction i in order to deliver less than (n — i)/n - 6, over
the remaining n — 7 fractions. By its definition, the reactive™ method always creates
beamlet intensities that are designed to deliver at least 6, /n to each voxel v € T in

each fraction whenever the realized PMF falls inside the uncertainty set.

In the reactive™ method, we set 0! in each fraction i as

é;+1_max{o,mm{<” )ev,gz DY Ayar(x) +1}} (5.4)
n—1

zeX beB
—<i+1 . . .
and 9, in each fraction ¢ as

giJrl :max{o,min{(n;i) ZZAvxbp n_22+1}} (5.5)

r€X beB
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for each voxel v € 7. The reactive™ method is the opposite of the reactive™ method,
as it only responds to overdose. If a voxel v is overdosed, the second term in the
inner min expression in equation (5.4) will dominate, and so &' will be smaller than
(n—1i)/n-6,, allowing for less than 6, /n units of dose to be delivered to voxel v in the
upcoming fraction. If a voxel v is underdosed, however, the reactive™ update ensures
that the minimum and maximum dose-to-go ¢, and 32 for a given fraction ¢ and a
given voxel v € T never go above (n —i+1)/n-6, and (n —i+1)/n -0, respectively.
In this way, the reactive™ update ignores situations where too little dose is delivered
in a fraction.

The following example illustrates the differences between the three different reac-

tive methods.

Example Suppose that for a given tumour voxel v, the prescribed minimum dose is
¢, = 10 and the prescribed maximum dose is 70, = 11 (y = 1.1). Suppose also that the
number of fractions in the treatment is 10, in which case the daily dose in each fraction
should ideally be between 6,/n = 1 and +6,/n = 1.1. Suppose that the dose delivered
to voxel v in fraction 1 (mathematically, 1/(n —1+1) Y v > e Dvepp' (2)wy) is 0.9 —
less than the daily prescribed minimum dose of 1. In this situation we would have the
values shown in Table 5.1. From this table, we can see that the target minimum and
maximum dose for the reactive™ and reactive™ methods match (52 = 9.1, gi = 10.1),
because both methods account for underdose, but the target minimum and maximum
doses for the reactive® method are lower (8> = 9.0, gi = 9.9), because the reactive™t
method ignores underdose. In the next fraction, the reactive* and reactive™ methods
would strive to deliver more dose to voxel v than the reactivet method because their
target minimum dose requirements are higher; by doing so, they attempt to correct
the underdose to voxel v that occurred in fraction 1.

Now let us take the same problem setup, and suppose that in fraction 1, we deliver
1.2, which is higher than the daily prescribed maximum dose of 1.1. This would lead
us to the values shown in Table 5.2. Now, the target minimum and maximum dose for
the reactive® and reactivet methods match (éz = 8.5, Sz = 9.8), because both of those
methods respond to overdose, but the target minimum and maximum dose for the
reactive” method are higher (éﬁ = 9.0, 372} = 9.9), because the reactive™ method does
not account for overdose. In the next fraction, the reactive* and reactivet methods

would strive to deliver less dose to voxel v than the reactive™ method because their
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Quantity Expression Reactive* Reactive~ Reactive™
wl
Reduced target min. dose éij — D peX DbeB Avgybpl(x)n_il}l 9.1 9.1 9.1
Reduced target max. dose 8, — >, cx Y pep Dvasl () 7217 10.1 10.1 10.1
Underdose threshold n=lg, 9.0 9.0 9.0
Overdose threshold 21y, 9.9 9.9 9.9
New target min. dose 52 9.1 9.1 9.0
New target max. dose 5 10.1 10.1 9.9
Table 5.1: Reactive®, reactive™ and reactive’ underdose example.
Quantity Expression Reactive™ Reactive~ Reactive™
wl
Reduced target min. dose Q% =Y vex 2oven Dvasp! (x)fﬁﬂ 8.8 8.8 8.8
Reduced target max. dose 4, — -, cx Y pep Dve sl () 7157 9.8 9.8 9.8
Underdose threshold n=lg, 9.0 9.0 9.0
Overdose threshold n=1~0, 9.9 9.9 9.9
New target min. dose 52 8.8 9.0 8.8
New target max. dose 5 9.8 9.9 9.8

Table 5.2: Reactive®, reactive™ and reactive® overdose example.

target minimum dose requirements are lower, thus allowing them to take advantage

of the overdose experienced in fraction 1.

5.2 Results

5.2.1 Background

We tested the dose-reactive approaches described above using the same computa-

tional setup as in Section 4.3. Two PMF sequences consisting of 30 PMFs, obtained

from real lung cancer patients, were used to test the dose-reactive and non-reactive

methods. In this section, we only focus on results for the first PMF sequence, as the

results obtained using the second PMF sequence were qualitatively very similar; re-

sults for the second PMF sequence are given in Appendix D. The prescribed minimum

tumour dose 6, for each tumour voxel v was set to 72Gy, while the prescribed maxi-

mum tumour dose 76, was set to 79.2Gy (corresponding to v = 1.1). The reactive®,
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reactive™ and reactive® target dose updates for § and & were tested in conjunction
with the exponential smoothing update for the uncertainty set. The initial uncertainty
sets used for the resulting reactive®, reactive™ and reactive™ methods were the same
as those used in Section 4.3. Specifically, we considered a nominal uncertainty set (IN)
consisting of only the nominal PMF (P = {p}); a margin uncertainty set (M) con-
sisting of all PMFs (P = P); and a robust uncertainty set (R) that is in between the
nominal and margin uncertainty set in size. In addition to these implementations, we
also evaluated the performance of several different daily prescient treatments.Each of
the daily prescient treatments that we consider incorporates one of the different dose-
reactive target dose updates, thus resulting in non-reactive daily prescient, reactive™

daily prescient, reactive™ daily prescient and reactive™ daily prescient treatments.

In Section 5.2.2, we will discuss tables and figures that describe the final cumulative
dose distribution for each of the implementations that we test. For the non-reactive
method, given a sequence of beamlet intensity vectors w',..., w", the final dose to

voxel v € V is calculated as
33 AL
i=1 z€X beB
For the dose-reactive methods, the final dose is calculated as
d, = Ay o op' (1) —2—.
S At
i=1 zeX beB

Given the final dose d, to each voxel v in the patient geometry, the minimum tumour
dose, d" is calculated as
d¥™ = min d,,, (5.6)

veT

while the maximum tumour dose, d3*, is calculated as
A7 = d,. 5.7
T = max (5.7)
The mean left lung dose, d7°*", is calculated as

1
dmeen — ~_N"g 5.8

vEL
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where L is the subset of voxels in V belonging to the left lung. The mean normal tissue

dose, dif*", is calculated as

ﬁlfean = ‘N‘ Z dva (59)

veN

where N is the set of all normal tissue (non-tumour) voxels (i.e., N =V \ T).

In Section 5.2.3, we will discuss figures that describe the daily dose distributions
for each of the implementations that we test. For the non-reactive method and a given

fraction i, the dose delivered to voxel v € V in fraction ¢ is
G =33 Al (0) 22
’ ’7 n
zeX beB
For the dose-reactive methods, the dose delivered to voxel v in fraction 7 is
. wi
=2 D Avea (@) ——
r€X beB n—t+l

To calculate underdose and overdose, we first define two sets of tumour voxels. We

define 7, the set of tumour voxels underdosed in fraction i, as
T~ ={ve T\dm < 6,/n},

and in a similar fashion, we define 7., the set of tumour voxels overdosed in fraction
1 as

T ={veT|di,>0,/n}.

With these definitions, the mean tumour underdose in fraction i is defined as

O,/n —d;), if T, #0,
g;,mean _ “T | ZvGT ( / ) 7& (510)
0, it 7.7 =0,
while the maximum tumour underdose in fraction 7 is defined as
g max,er—(0o/n — diy), T # 0, (5.11)
0, if 7, = 0.

The definitions for mean tumour overdose and maximum tumour overdose are analo-

gous to those for mean and maximum tumour underdose; the mean tumour overdose
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in fraction 7 is

+,mean _ mLﬂ Zve'ﬁ* (div’U - 761}/”)? if 7;+ 7& @7 (5 12)
' 0, if 75 =0,
and the maximum tumour overdose in fraction ¢ is defined as
s max, +(d;, —v0,/n), f T," #0,
gmax — €7 L (5.13)
0, it 7.7 = 0.

5.2.2 Final cumulative dose results

Table 5.3 presents dose statistics for the final dose distribution obtained from the
non-reactive and reactive™ implementations, while Table 5.4 presents analogous dose
statistics for the reactive™ and reactive™ implementations. Under “Implementation”,
the first term in the parentheses indicates the method used: static (S); exponential
smoothing with smoothing constant o and no dose reaction (ES(«)); exponential smooth-
ing with smoothing constant « and the reactive® target dose update (R*ES(«)); expo-
nential smoothing with smoothing constant a and the reactive™ target dose update
(R™ES(«v)); exponential smoothing with smoothing constant a and the reactive™ tar-
get dose update (RTES(«)); non-reactive daily prescient (DLYP); daily prescient with
the reactive target dose update (R*DLYP); daily prescient with the reactive™ target
dose update (R"DLYP); and daily prescient with the reactive™ target dose update
(RTDLYP). The second term in the parentheses, where provided, indicates the initial
uncertainty set: nominal (N), robust (R) and margin (M). Under “Min. tumour dose”,
the minimum tumour dose (equation (5.6)) is provided for each implementation both
as an absolute value in Gy and as a percentage of the prescribed minimum dose of
72Gy. Under “Max. tumour dose”, the maximum tumour dose (equation (5.7)) is pro-
vided for each implementation as an absolute value in Gy and as a percentage of the
prescribed maximum dose of 79.2Gy. Under “Mean lung dose” and “Mean n. tissue
dose” the mean left lung dose (equation (5.8)) and the mean normal tissue dose (equa-
tion (5.9)) are given, respectively, as absolute values in Gy and as percentages of the
corresponding metric for the static margin implementation (implementation (S,M)).
Figures 5.1, 5.2, 5.3 and 5.4 plot the minimum and maximum tumour doses versus

mean left lung doses for the implementations that use exponential smoothing with a
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Min. tumour dose Max. tumour dose Mean lung dose Mean n. tissue dose

Implementation Gy o, Gy o, Gy o, Gy o,

(S,N) 67.25 93.40 82.35 103.98 17.39 85.26 9.04 88.99
(S,R) 71.37 99.13 79.28 100.10 18.19 89.20 9.44 92.93
SM) 72.04 100.06 78.40 98.99 20.39  100.00 10.16 100.00
(ES(0.1),N) 70.79 98.32 80.14 101.18 17.50 85.85 9.05 89.11
(ES(0.1),R) 71.80 99.72 79.24 100.05 17.83 87.43 9.19 90.46
(ES(0.1),M) 72.05 100.07 78.84 99.55 18.31 89.78 9.44 9291
(ES(0.5),N) 71.74 99.63 79.37 100.21 17.57  86.16 9.06 89.13
(ES(0.5),R) 71.99 99.98 79.16 99.94 17.65 86.55 9.09 89.50
(ES(0.5),M) 72.03 100.04 79.06 99.83 17.80 87.27 9.16 90.10
(ES(0.9),N) 71.83 99.77 79.30 100.13 1757  86.17 9.06 89.13
(ES(0.9),R) 71.98 99.97 79.19 99.99 17.60 86.33 9.07 89.28
(ES(0.9),M) 72.02 100.02 79.14 99.92 17.71 86.87 9.11 89.67
(DLYP) 72.00 100.00 79.20 100.00 17.57  86.18 9.06 89.13
(RTES(0),N) 71.86 99.81 79.34 100.18 17.57  86.19 9.10 89.53
(RTES(0),R) 71.94 99.91 79.22 100.03 17.76 87.08 9.19 90.46
(RTES(0),M) 72.00 100.00 79.20 99.99 18.57  91.06 9.50 93.54
(RTES(0.1),N) 72.00 100.00 79.20 100.00 17.55 86.08 9.06 89.17
(RTES(0.1),R) 72.00 100.00 79.20 100.00 17.72 86.89 9.08 89.41
(RTES(0.1),M) 72.00 100.00 79.20 100.00 17.92 87.89 9.18 90.32
(RTES(0.5),N) 71.99 99.99 79.21 100.01 17.58 86.21 9.06 89.14
(RTES(0.5),R) 71.99 99.99 79.21 100.01 17.62 86.42 9.06 89.21
(RTES(0.5),M) 71.99 99.99 79.21 100.01 17.77 8713 9.11 89.62
(RTES(0.9),N) 71.99 99.99 79.21 100.01 17.58 86.22 9.06 89.13
(RTES(0.9),R) 71.99 99.99 79.21 100.01 17.59 86.27 9.06 89.17
(RTES(0.9),M) 71.99 99.99 79.21 100.01 17.66 86.61 9.08 89.33
(R*DLYP) 72.00 100.00 79.20 100.00 17.59 86.25 9.06 89.12

Table 5.3: Dose statistics for the first PMF sequence under the non-reactive and reac-
tive methods.

set to 0, 0.1, 0.5 and 0.9 respectively. In each figure, the top plot displays the mini-
mum tumour dose versus the mean left lung dose, while the bottom plot displays the
maximum tumour dose versus the mean left lung dose. The minimum and maximum
tumour doses are shown as percentages of the prescribed minimum and maximum
doses of 72Gy and 79.2Gy, respectively, while the mean left lung dose is expressed as

a percentage of the static margin (implementation (5,M)) mean left lung dose.

From these results, we can see that incorporating dose reaction into the adaptive
robust framework leads to treatments that are clinically viable with respect to the final

dose distribution. With regard to the tumour dose, the three types of dose-reactive
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. Min. tumour dose Max. tumour dose Mean lung dose Mean n. tissue dose
Implementation

Gy % Gy % Gy % Gy %
(RTES(0),N) 71.89 99.85 81.60 103.03 17.52 85.93 9.16 90.14
(RTES(0),R) 71.95 99.92 79.23 100.04 18.07 88.60 9.36 92.08
(RTES(0),M) 7211 100.16 79.19 99.99 19.37 94.98 9.90 97.47
(RTES(0.1),N) 72.00 100.00 80.03 101.05 17.57 86.18 9.09 89.44
(RTES(0.1),R) 72.00 100.00 79.25 100.06 17.78 87.19 9.16 90.12
(RTES(0.1),M) 72.07 100.10 79.20 100.00 18.14 88.97 9.37 92.24
(R7ES(0.5),N) 72.00 100.00 79.39 100.24 17.57 86.18 9.06 89.20
(RTES(0.5),R) 72.01 100.02 79.21 100.01 17.70 86.79 9.11 89.63
(R-ES(0.5,M)  72.07  100.10 7921 10001  17.85 8756  9.18 90.38
(R7ES(0.9),N) 72.00 99.99 79.32 100.15 17.57 86.17 9.06 89.18
(R7ES(0.9),R) 72.00 100.00 79.21 100.01 17.59 86.26 9.07 89.26
(R7ES(0.9),M) 72.01 100.02 79.21 100.01 17.68 86.70 9.10 89.55
(R-DLYP) 72.00 100.00 79.20 100.00 17.57 86.17 9.06 89.13
(RTES(0),N) 67.74 94.09 79.31 100.14 17.37 85.17 8.99 88.48
(RTES(0),R) 71.36 99.12 79.17 99.97 17.88 87.68 9.28 91.30
(RTES(0),M) 72.00 100.00 78.19 98.73 19.07 93.52 9.69 95.34
(RTES(0.1),N) 70.84 98.38 79.20 100.00 17.54 86.02 9.03 88.86
(RTES(0.1),R) 71.78 99.69 79.18 99.97 17.77 87.15 9.12 89.78
(RTES(0.1),M) 72.00 100.00 78.69 99.35 18.00 88.29 9.25 91.04
(RTES(0.5),N) 71.72 99.61 79.20 100.00 17.57 86.17 9.05 89.07
(RTES(0.5),R) 71.96 99.94 79.11 99.88 17.70 86.79 9.10 89.53
(RTES(0.5),M) 71.99 99.99 78.99 99.74 17.80 87.28 9.13 89.84
(RTES(0.9)N) 7181 9974 7920 10001 1757 8619  9.05 89.09
(RTES(0.9),R) 71.96 99.95 79.19 99.98 17.60 86.30 9.07 89.22
(RTES(0.9),M) 72.00 99.99 79.13 99.91 17.67 86.67 9.09 89.43
(RTDLYP) 72.00 100.00 79.20 100.00 17.57 86.19 9.06 89.13

Table 5.4: Dose statistics for the first PMF sequence under the reactive™ and reactive®*
methods.
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Minimum tumor dose versus mean left lung dose
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Figure 5.1: Plots of minimum tumour dose and maximum tumour dose versus mean

left lung dose for implementations with o = 0 applied to the first PMF sequence.
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Minimum tumor dose versus mean left lung dose
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Figure 5.2: Plots of minimum tumour dose and maximum tumour dose versus mean
left lung dose for implementations with o = 0.1 applied to the first PMF sequence.
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Minimum tumor dose versus mean left lung dose
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Figure 5.3: Plots of minimum tumour dose and maximum tumour dose versus mean

left lung dose for implementations with o = 0.5 applied to the first PMF sequence.
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Minimum tumor dose versus mean left lung dose
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Figure 5.4: Plots of minimum tumour dose and maximum tumour dose versus mean
left lung dose for implementations with o = 0.9 applied to the first PMF sequence.
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methods — reactive®, reactive™ and reactivet —in general achieve minimum and max-
imum tumour doses that are very close to 100% of the prescribed minimum and max-
imum tumour doses of 72Gy and 79.2Gy, respectively. For example, for reactive™,
every implementation listed in Table 5.4 achieves a minimum tumour dose that is
above 99% of 72Gy, and only two achieve maximum tumour doses that are higher
than 100.5% of 79.2Gy. When « is not set to zero (i.e., the uncertainty set is updated on
a daily basis), Tables 5.3 and 5.4 show that all of the reactive®, reactive™ and reactive™
implementations have mean left lung doses that are less than 90% and mean normal
tissue doses that are less than 91% of their respective static margin treatment values.
We can also see from Figures 5.1, 5.2, 5.3 and 5.4 that the reactive®, reactive™ and
reactive™ treatments are in general close to the daily prescient (DLYP), reactive daily
prescient (R*DLYP), reactive™ daily prescient (R"DLYP) and reactive™ daily prescient
(RTDLYP) points, indicating that treatments obtained using dose reaction are good in
an absolute sense.

With respect to the minimum tumour dose specifically, the upper plots of Figures
5.1,5.2,5.3 and 5.4 show that the relative ordering of the dose-reactive methods, from
best to worst, is reactive™, reactive®, reactive®. This is because the reactive™ method
ignores overdose, and always aims to deliver at least #,/n to each voxel v in each
fraction, regardless of whether certain voxels have been previously overdosed. The
reactive® method reacts to underdose but does not ignore overdose, so it will take ad-
vantage of situations where a voxel has previously been overdosed to deliver less dose
to that voxel in future fractions, which results in a decrease in the final cumulative
dose to the tumour. The reactive® method ignores underdose, so naturally it results in
the lowest minimum tumour dose of the three dose-reactive methods. With respect to
the maximum tumour dose, the lower plots of Figures 5.1, 5.2, 5.3 and 5.4 show that
the relative ordering of the dose-reactive methods, from best to worst, is reactive™,
reactive™, reactive™. This is the reverse of the previous ordering, as expected.

These results also show us that the performance of the dose-reactive methods rela-
tive to the non-reactive method seems to vary. In some cases, the dose-reactive meth-
ods lead to improvement in both tumour coverage and healthy tissue dose. For ex-
ample, from the top plot of Figure 5.2, we can see that the reactive® point for o = 0.1
with the robust uncertainty set (R*ES(0.1),R) is below and to the left of the corre-
sponding non-reactive point (ES(0.1),R). In other cases, the dose-reactive methods lead

to a worsening of both tumour coverage and healthy tissue dose. For example, for
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a = 0.5, we can see in the top plot of Figure 5.3 that the reactive™ points are all above
and to the right of the corresponding non-reactive points, indicating a worsening of
both minimum tumour dose and mean left lung dose. In yet other cases, the perfor-
mance change brought about by dose-reaction is somewhat mixed. For example, from
the bottom (maximum tumour dose) plot of Figure 5.4, we can see that the reactive®
method point (R*ES(0.9,M)) is above and to the left of the non-reactive method point
(ES(0.9),M); in other words, the mean left lung dose was improved, but the maximum

tumour dose increased slightly.

5.2.3 Daily dose results

Figures 5.5, 5.6, 5.7 and 5.8 display the mean and maximum underdose by fraction
(equations (5.10) and (5.11), respectively) and the mean and maximum overdose by
fraction (equations (5.12) and (5.13), respectively) for the non-reactive, reactive®, reactive™
and reactive™ implementations with different exponential smoothing constants: o = 0
(Figure 5.5), « = 0.1 (Figure 5.6), a« = 0.5 (Figure 5.7) and a = 0.9 (Figure 5.8).
Figure 5.9 displays analogous results for the non-reactive, reactive®, reactive™ and
reactivet daily prescient implementations. In each of these figures, the rows of plots
correspond to different target dose updates (from top to bottom, non-reactive, reactive®,
reactive” and reactive™). In each row of each figure, the left-hand plot displays the
mean and maximum underdose performance of the relevant implementations, while
the right-hand plot displays the mean and maximum overdose of the relevant imple-
mentations. The mean and maximum underdose values are given as percentages of
the daily prescribed minimum dose of 2.4Gy (= 72Gy/30 fractions), while the mean
and maximum overdose values are given as percentages of the daily prescribed max-
imum dose of 2.64Gy (= 79.2Gy/30 fractions).

Figure 5.10 displays the 5th, 50th and 95th percentiles of the delivered dose for all
dose-reactive and non-reactive implementations that use the exponential smoothing
uncertainty set update for one example « value (0.1) and one example uncertainty set
(R). The left-hand plots of the figure display where these percentiles are with respect
to the daily prescribed minimum dose of 2.4Gy and the daily prescribed maximum
dose of 2.64Gy; the two dashed horizontal lines correspond to these two dose val-
ues. The right-hand plots of the figure display the delivered dose percentiles with the

percentiles of the normalized target minimum dose and target maximum dose distri-
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Percentage of 2.4Gy
Percentage of 2.64Gy

Fraction Fraction

(a) Mean and max. underdose, (S,-) imple- (b) Mean and max. overdose, (S,-) imple-
mentations. mentations.
Mean and maximum underdose as a percentage of 2.4Gy by fraction . Mean and maximum overdose as a percentage of 2.64Gy by fraction
i
(c) Mean and max. underdose, (R*ES(0),") (d) Mean and max. overdose, (R*ES(0),)
implementations. implementations.
Mean and maximum underdose as a percentage of 2.4Gy by fraction - Mean and maximum overdose as a percentage of 2.64Gy by fraction

e

rcentage of 2.64Gy

Percentage of 2.4Gy

Per

(e) Mean and max. underdose, (R™ES(0),") (f) Mean and max. overdose, (R™ES(0),")
implementations. implementations.
Mean and maximum underdose as a percentage of 2.4Gy by fraction o Mean and maximum overdose as a percentage of 2.64Gy by fraction
(:_ ’H// oot
(g) Mean and max. underdose, (RTES(0),-) (h) Mean and max. overdose, (RTES(0),")
implementations. implementations.

Figure 5.5: Mean and max. underdose and overdose by fraction for implementations
using the reactive, reactive™ or reactive™ exponential smoothing methods with o = 0
or the static (non-adaptive, non-reactive) method, under the first PMF sequence.
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Mean and maximum underdose as percentage of 2.4

Mean and maximum overdose as percentage of 2.64G;
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Figure 5.6: Mean and max. underdose and overdose by fraction for implementations
using the non-reactive, reactive®, reactive™ or reactive™ exponential smoothing meth-
ods with oo = 0.1, under the first PMF sequence.
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Figure 5.7: Mean and max. underdose and overdose by fraction for implementations
using the non-reactive, reactive®, reactive™ or reactive™ exponential smoothing meth-

ods with oo = 0.5, under the first PMF sequence.
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(c) Mean and max. underdose, (d) Mean and max. overdose,
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(g) Mean and max. underdose, (h) Mean and max. overdose,
(RTES(0.9),-) implementations. (RTES(0.9),-) implementations.

Figure 5.8: Mean and max. underdose and overdose by fraction for implementations
using the non-reactive, reactive®, reactive™ or reactive™ exponential smoothing meth-
ods with o = 0.9, under the first PMF sequence.
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Figure 5.9: Mean and max. underdose and overdose by fraction for the non-reactive,

reactive®, reactive™ and reactive™ daily prescient methods under the first PMF se-
quence.
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butions. For each fraction ¢, the target minimum and maximum dose distributions for
each dose-reactive method are divided by 1/(n—i+1) so as to be normalized and com-
parable to the actual delivered dose distribution of that fraction. For the non-reactive
method, the target minimum and maximum dose distributions in each fraction are
given by §' = 6, and 51 = 70, for all v € T to be comparable with the delivered dose
distribution, they are divided by 1/n. In both the left-hand and right-hand plots of the
tigure, the lower error bar, midpoint and upper error bar on each line correspond to
the 5th, 50th and 95th percentiles respectively for the appropriate distribution.

From the perspective of daily dose performance, the results shown in Figures 5.5
through 5.8 indicate that the reactive® method does not perform as well as the non-
reactive method. In particular, we can see that the reactive™ method’s daily underdose
and overdose grow over the course of the treatment and exceed the levels of under-
dose and overdose exhibited by the non-reactive method. For example, from Fig-
ures 5.6(c) and 5.6(d), starting from the margin uncertainty set with a = 0.1, the daily
maximum underdose and overdose of the reactive* method are 10% of 2.4Gy and
2.64Gy, respectively, in the later fractions of the treatment, whereas the non-reactive
method with the same uncertainty set and the same a results in daily underdose
and overdose that are both essentially 0% at the end of treatment. This growth in
underdose and overdose is also seen for the other reactive* implementations in Fig-
ures 5.5(c), 5.5(d), 5.7(c), 5.7(d), 5.8(c) and 5.8(d). This is in stark contrast to the non-
reactive method, for which the daily underdose and overdose decrease when « is set
to a positive value. When o = 0.1, for example, the mean and maximum underdose
and overdose for all of the non-reactive implementations in Figures 5.6(a) and 5.6(b)
drop below 2% and stay below 2% after the eighth treatment fraction. The most strik-
ing instance of the growth in daily underdose and overdose of the reactive* method
is with the margin uncertainty set and o = 0, shown in Figure 5.5(c). In this particular
case, the mean and maximum underdoses in fraction 30 are over 5% and 40%, respec-
tively, while the mean and maximum overdoses in fraction 30 are over 4% and 18%,
respectively.

The performance of the reactive™ methods with respect to daily dose is slightly
better than that of the reactivet method, but still retains some of its flaws. For the
reactive” method, the daily underdose decreases as the treatment progresses, even
when the uncertainty set is not modified; see, for example, Figures 5.5(e) and 5.6(e).

With high values of «, the non-reactive and reactive™ underdose curves look almost
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Figure 5.10: Daily delivered dose and daily target minimum and maximum doses by
fraction for the (ES(0.1),R), (R*ES(0.1),R), (R"ES(0.1),R) and (RTES(0.1),R) implemen-
tations under the first PMF sequence. The lower error bar, median and upper error
bar for each fraction correspond to the 5th, 50th and 95th percentiles of the appro-
priate distribution, respectively. On the left-hand plots, the dashed horizontal lines

correspond to 2.4Gy and 2.64Gy.
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identical: for a = 0.5, for instance, compare Figures 5.7(a) and 5.7(e). This is to be
expected, as the target minimum dose for each tumour voxel v under the reactive™
method in fraction i+ 1 is always above (n—i)/n-6,. However, the daily overdose still
grows as the treatment progresses and is higher than that found in the non-reactive
methods. For o = 0.1, for instance, the mean and maximum overdose in fraction 30
for all three reactive™ treatments in Figure 5.6(f) appear to be more than double their
corresponding values for the corresponding non-reactive treatments in Figure 5.6(a).

In a similar vein, the reactive™ method behaves like the reactive™ method with re-
spect to daily underdose. The daily overdose decreases, since the method explicitly
accounts for overdose, but the daily underdose grows as the treatment progresses, and
is generally higher than in the non-reactive case. For instance, in Figure 5.6(g), for the
reactivet method with o = 0.1 and the margin uncertainty set, the maximum under-
dose in fraction 30 is over 10%. In contrast, in Figure 5.6(a), the maximum underdose
in fraction 30 for the non-reactive method with a = 0.1 and the margin uncertainty set
is essentially zero. For other values of «, the same kind of difference in underdose can
be observed.

For the daily prescient treatments, Figures 5.9(a) and 5.9(b) indicate that the non-
reactive daily prescient treatment results in no daily underdose and no daily overdose,
as we would expect. For the reactive® daily prescient treatment, the daily underdose
and overdose both grow as the treatment progresses (Figures 5.9(c) and 5.9(d)), while
the reactive™ and reactive* daily prescient treatments exhibit only growing daily over-
dose (Figure 5.9(f)) and only growing daily underdose (Figure 5.9(g)), respectively.
The reactive™ daily prescient treatment does not exhibit any daily underdose because
the target minimum dose for each tumour voxel v is always (n—i+1)/n-6, in each frac-
tion ¢, and due to the correct anticipation of the PMF in each fraction, the delivered
beamlet intensities in each fraction i meet this requirement. Similarly, the reactive™
daily prescient treatment does not exhibit any daily overdose. We will comment more
on the cause of these results and their broader significance in Section 5.2.4.

The plots of delivered and target minimum and maximum dose percentiles in Fig-
ure 5.10 lead to several important observations about dose-reactive methods. In par-
ticular, from the left-hand plots, we can see that the distance between the 5th and 95th
percentiles of the daily delivered dose distribution grows more for the dose-reactive
methods than for the non-reactive method. This indicates that the heterogeneity of the

daily delivered tumour dose distribution grows more under the dose-reactive meth-
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ods than it does under the non-reactive method. From the right-hand plots, we can
also see the same percentiles for the target minimum and maximum dose distribu-
tions. This group of plots shows us that, in addition to the actual daily tumour dose
distribution, the daily target minimum and/or maximum dose distributions (i.e., the
dose requirements) become very heterogeneous by the end of treatment under the
dose-reactive methods. In contrast, the dose requirements under the non-reactive

method are always constant.

5.2.4 Discussion

The results of Section 5.2 allow us to characterize the effect of dose reaction in adaptive
robust radiation therapy treatments in several respects. From a final cumulative dose
perspective, the dose-reactive methods perform quite well. With respect to the non-
reactive method, they are comparable in final treatment quality — in some cases, the
dose-reactive methods dominate the non-reactive method, while in others they do not.
From a daily dose perspective, however, the dose-reactive methods do not perform as
well as the non-reactive method. As the results of Section 5.2.3 show, treatments ob-
tained via dose-reactive methods exhibit growing daily underdose and/or overdose,
whereas for the non-reactive method the daily underdose and overdose generally stay
roughly constant (for o = 0) or decrease as the treatment progresses (for a > 0).

Related to the daily dose performance, our computational experiments uncover an
important interaction between uncertainty set adaptation and dose reaction. In partic-
ular, the dose-reactive implementations with non-zero «, which do adaptively update
the uncertainty set, generally result in slower growth in daily underdose and over-
dose than the dose-reactive implementations with « set to zero, which do not modify
the uncertainty set. This result is new to the dose-reactive literature. In Webb [2008],
for example, the proposed framework possesses a dose-reactive element, but does
not update any estimate of the uncertainty, and the dose distribution planned in each
fraction is always planned on the tumour being in the same fixed reference position.
Our results indicate that by using dose reaction with uncertainty set adaptation — or
more generally, planning the daily dose distribution with some updated estimate of
the uncertainty — one can control the growth in daily underdose and overdose to some
extent.

There are two important questions that need to be asked in light of the difference
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between the non-reactive and dose-reactive methods in daily dose performance. The
tirst question is: what gives rise to the daily dose performance of the dose-reactive
implementations? Intuitively, as one repeatedly reacts to overdose, the future target
minimum and maximum doses will be adjusted further down, and so in future frac-
tions the tumour will on average receive a dose that is increasingly lower than 2.4Gy.
Similarly, as one repeatedly reacts to underdose, the future target minimum and max-
imum doses will be adjusted further up, resulting in the tumour receiving a dose that
is increasingly greater than 2.64Gy.

However, there is a deeper insight that helps us understand this question. Con-
sider Figure 5.9, which displays the daily underdose and overdose performance of
each of the daily prescient implementations. This figure provides us with an interest-
ing insight: even when we correctly anticipate the breathing motion PMF in each frac-
tion, performing an update to the target dose distribution can lead to growing daily
underdose (reactive™ daily prescient, (R"DLYP)), growing daily overdose (reactive™
daily prescient, (R"DLYP)) or both (reactive® daily prescient, (R*DLYP)). The reason
this behavior occurs in the case of these daily prescient algorithms is because for a
tixed breathing motion PMF, it is in general not possible to deliver a completely uni-
form dose to the entire tumour. In addition to this, beamlet intensity vectors that
achieve highly homogeneous tumour doses can be very different from beamlet inten-
sity vectors that aim to minimize the total dose delivered to the patient. Therefore, in
a given fraction there will be heterogeneity in the delivered dose across the tumour,
resulting in heterogeneity in the target minimum and/or maximum doses for the next
fraction. The heterogeneity in the target minimum and/or maximum doses for the
next fraction then leads to further heterogeneity in the dose delivered in the next frac-
tion. As this process continues, it inevitably results in the daily dose for some voxels
deviating below 2.4Gy and for some voxels deviating above 2.64Gy in the later frac-
tions of the treatment.

This process is further exacerbated when the prescience is removed and the uncer-
tainty set is updated according to exponential smoothing. For these methods (R*ES,
R7ES and R™ES), the daily PMF may fall outside the uncertainty set, and thus the de-
livered dose need not satisfy the target minimum and maximum dose requirements.
As a result, more underdose and overdose may be realized in each fraction, and the
target minimum and maximum dose requirements may grow more heterogeneous as

the treatment progresses. A concrete demonstration of the growth in tumour dose
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heterogeneity and target minimum and maximum dose requirement heterogeneity
is shown in Figure 5.10. We can see that the heterogeneity of the dose distribution
grows much more for the reactive®, reactive™ and reactive®™ methods than for the
non-reactive method. On the right-hand side, we see that for the non-reactive method,
these requirements stay constant and there is no change in their spread. However, for
the dose-reactive implementations, the target minimum and maximum dose distribu-
tions change significantly. For instance, for the reactive* method, we can see that the
median normalized values of the target minimum and maximum dose distributions
deviate significantly from their respective starting values of 2.4Gy and 2.6Gy. Fur-
thermore, the spread of the target minimum and maximum dose distributions also
increases, as shown in the increased separation between the lower and upper error
bars (corresponding to the 5th and 95th percentiles, respectively) as the treatment pro-
gresses.

Relative to the reactive™ method, the reactive™ method exhibits similar growth in
the target maximum dose but much less change in the heterogeneity of its target min-
imum dose distribution. This is because the target minimum dose for the reactive™
method is always constrained to be at least (n — i+ 1)/n - §,, and is not allowed to go
below this value. At the same time, because the uncertainty set is being updated and
the daily uncertainty set is becoming a more accurate representation of the patient’s
daily PMF, we expect the underdose that we encounter relative to the target minimum
dose in each fraction to decrease as the treatment goes on. As a result, we do not ex-
pect to see the explosive growth in the target minimum dose heterogeneity for the
reactive” method as we do for the reactive™ method. For the reactive™ method, we
see that the heterogeneity of the target minimum dose distribution grows as it does for
the reactive™ method, but the target maximum dose distribution does not change sig-
nificantly; this behavior can be explained in the same way as for the reactive™ method.

The second question that needs to be asked with regard to daily dose performance
is: why is the daily dose performance important? As noted in Section 2.4, the out-
come of a given treatment depends not only on the cumulative tumour dose that was
delivered by the end of the treatment, but also on how that dose was delivered to the
tumour. For example, if parts of the tumour are underdosed early in the treatment,
then fewer tumour cells will be killed, and the additional tumour cells that survive
will proliferate. This may lead to tumour growth that is not accounted for by the

treatment and ultimately, it may result in the failure of the treatment. Indeed, it has
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been shown in the medical physics literature that an increase in the intrafraction dose
variability (i.e., increases in the heterogeneity of the daily dose distribution) leads to
a decrease in tumour control probability and an increase in the probability of treat-
ment failure (Ebert [2000]). We have shown that dose-reactive methods generally lead
to increased heterogeneity in the daily dose distribution, as well as increased daily
underdose and/or overdose, over the non-reactive method. Therefore, a treatment
resulting from a dose-reactive method may be more likely to fail than a treatment re-
sulting from the non-reactive method, even if both treatments achieve similar final

dose distributions.

5.3 Theoretical insight into daily dose performance

In addition to the computational results that we have presented, we can gain some
more insight into the daily dose performance by building on the theory developed in
Section 4.2. There, the non-reactive adaptive robust method was analyzed by assum-
ing that the sequence of breathing motion PMFs, as an infinite sequence, converges to
a limiting PMF, and evaluating the dose distribution of an n-fraction treatment as n
tends to infinity. The key result in the asymptotic analysis was that for a wide class of
uncertainty set update algorithms, the final dose distribution approaches a set of opti-
mal dose distributions that exhibit no tumour underdose or overdose and low healthy
tissue dose. The same theoretical framework allows us to characterize the daily per-
formance of the non-reactive method, which we do next. Specifically, we will show
that under non-reactive methods, the daily underdose and overdose disappear as the
treatment progresses. We also use this framework to explain why the same kind of

guarantee is unlikely to extend to dose-reactive methods.

We define the epsilon neighborhood of a subset V' C R" as

U(V,e)= | Bly. o),
yev
where B(y,€) = {y € R"|||y’ —y|| < €} is the open ball of radius € about y. We take || - ||
to be the 1-norm on the appropriate finite-dimensional real vector space, and Z,. to be
the set of positive integers. We let w*(£', u’) denote the set of optimal solutions to the

robust problem (3.1) with uncertainty set P’ defined by the lower and upper bound
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vectors £' and u’. We also let the product Apw denote the vector defined as

Apw = [Z Z Av,x,bp(x)wb] ;

zeX beB

i.e., it is the dose distribution that results from delivering the beamlet intensity vector
w in a treatment session while the patient breathes according to the breathing motion
PMF p. Let w*(p*) denote the optimal solution to the robust problem when P = {p*}

(i.e., the uncertainty set is a singleton), and define the set D as
D = {d € R"|d = Ap*w for some w € w*(p*)}.

The set of dose distributions D is a set of optimal dose distributions. In particular, for
every dose distribution d € D we have that the prescribed minimum and maximum
tumour dose requirements are met; mathematically, 6, < d, < 76, for every tumour
voxel v € T. Furthermore, the healthy tissue dose associated with the distributions in
D is low because the uncertainty set associated with w is a singleton (P = {p*}). As
discussed in Bortfeld et al. [2008], a beamlet intensity vector protecting against a small
uncertainty set will generally result in less healthy tissue dose than one that protects
against a larger uncertainty set.

With these definitions, the following result describing the daily performance of
the non-reactive adaptive robust method is a consequence of the theory presented in
Section 4.2.

Theorem 4 Let (p')2, be a sequence of PMFs that converges to p*. Let (£')2, and (u’)2,
be lower and upper bound sequences generated from (p*)22, by any convex-convergent update
algorithm. For each i € 7., let w* € w*(£',u’). Then for every e > 0, there exists an N € Z,
such that forall i > N,

Ap'w' € U(D,e).

Proof: See Appendix C. B

This result states that in the limit, the dose distribution Ap‘w* approaches the set of
optimal dose distributions D. As stated above, the dose distributions in D meet the

full tumour dose requirements; since the dose distribution Ap’w* approaches D, in the
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limit it also meets the full tumour dose requirements. Note that in non-reactive treat-
ments, the patient is treated with (1/n) - w* and not w*; therefore, the actual delivered
dose distribution in fraction 7 is (1/n) - Ap'w’. From the above result, it is clear that
the actual daily delivered dose distribution (1/n) - Ap*w* tends to (1/n) - d for some
d € D, and the dose distribution (1/n) - d is such that each tumour voxel v receives
exactly between 6,/n and 76,/n. The insight from this result is that in the limit, the
non-reactive adaptive robust method will not exhibit any daily underdose or overdose
in any tumour voxel v with respect to the daily prescribed minimum and maximum

doses 0, /n and ~6, /n.

For the dose-reactive methods, Theorem 4 does not apply. The proof of Theo-
rem 4 relies on expressing the robust problem (3.1) in an equivalent alternative form
in which the minimum and maximum tumour dose constraints are enforced only at
the vertices of the uncertainty set P. With this alternative robust problem in hand, one
needs to show that the affine functions defining the feasible region of the alternative
problem converge to an affine function defining the feasible region of the robust prob-
lem with the uncertainty set P = {p*}. To be more specific, in the non-reactive case,

one defines for each fraction i an affine function f : RI8l — R2MITIH+IBI+1 55
Fi(w) = Al ... q" w4 c.

In this definition, the PMFs g, ..., g™+ are M PMFs obtained by iterating the chosen

M.l whose convex

uncertainty set update algorithm i — 1 times on M PMFs q™',... q
hull is the initial uncertainty set P! (defined by lower and upper bound vectors £' and

u'). The matrix A(q',...,q"") isa (2M|T| + |B| + 1)-by-|B| matrix that depends on

q'’,...,q""and cis a 2M|T|+ |B| + 1-element column vector. The vector c is defined
as i} i
vz
c=1| :
0

where 0 is a |B|-component column vector of zeroes, 0 is the scalar zero and z is a

column vector defined (component-wise) as

Z(v,5) = bv,
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foreachv € 7 and j € {1,...,M}. The vector c is used to represent the dose re-
quirements in the right-hand side of the constraints of the robust problem (3.1). In
the non-reactive case, we know from Proposition 5 in Appendix A that as i — oo,
the affine function fi((w) = A(q',...,q"")w + c converges to the affine function
f(w) = A(p*,...,p*)w + ¢, which defines the feasible region of the robust problem
with its uncertainty set equal to {p*}. This convergence is a direct consequence of the
fact that the matrix A(q'?,...,q"") converges to the limiting matrix A(p*,...,p"),
and that the offset c is the same for each affine function and therefore converges.

In the dose-reactive case, the affine function that defines the feasible region of the

ith problem will not only have a matrix A(q", ..., q"")

that is dependent on the frac-
tion, but also an offset that depends on the fraction, ¢’, because the target minimum
and maximum dose requirements are changing in each fraction. In the right-hand side
plots of Figure 5.10 we showed how the target minimum and maximum dose require-
ments, when scaled in each fraction i by a factor of 1/(n—i+1), change as the treatment
progresses for a given choice of exponential smoothing factor o and initial uncertainty
set. From this figure, we can see that the normalized target minimum and maximum
dose requirements for all of the voxels do not converge to 6, /n and ~6, /n by the end
of the treatment; the median target minimum and maximum dose requirements di-
verge from 6, /n and 6, /n, and the spread of these dose requirements, as indicated
by the distance between the lower and upper error bars, also increases. Since these
normalized target minimum and maximum dose requirements do not converge, the
affine functions defining the feasible regions of the modified robust problem (5.1) will
not converge to the affine function defining the feasible region of the robust problem
with the uncertainty set {p*}. As a result, it seems that in the limit, the dose-reactive
methods will exhibit underdose or overdose in certain tumour voxels with respect to
the daily prescribed minimum and maximum doses 6, /n and ~6, /n, respectively.
Furthermore, it seems unlikely that the daily dose distribution under any of the
dose-reactive methods will converge under a different set of assumptions. Our com-
putational results show that even when we consider the daily prescient treatments,
which perfectly anticipate the daily breathing motion PMF in every fraction, the dose-
reactive methods still lead to growing daily underdose and/or overdose (cf. Fig-
ure 5.9). These results give us strong reason to believe that in general, the daily dose
distribution under any of the dose-reactive methods will not converge, and will not

exhibit daily underdose and overdose that diminishes in the limit.



CHAPTER 5. DOSE-REACTIVE METHODS 78
5.4 Conclusions

In this chapter, we considered dose-reactive methods in an adaptive and robust frame-
work for lung cancer IMRT treatment planning. We formally described three different
dose-reactive methods: the reactive* method, which accounts for both underdose and
overdose; the reactive” method, which accounts only for underdose; and the reactive™t
method, which accounts only for overdose. We compared the performance of these
dose-reactive methods with the performance of the non-reactive method computa-
tionally using real patient data. Through these computational tests, we found that
although dose-reaction can be beneficial in terms of improving both overall end-of-
treatment tumour coverage and healthy tissue dose from the levels attained by the
non-reactive method, dose-reactive methods result in growing daily underdose and
overdose. Moreover, they result in growing daily tumour dose heterogeneity. In con-
trast, the non-reactive method performs well from a daily dose perspective, with daily
underdose and overdose decreasing as the treatment progresses. We also proved the-
oretically that the daily dose distribution from the non-reactive method will converge
to an ideal daily dose distribution that exhibits no tumour underdose or overdose.
The same theoretical framework, together with our computational results, suggests

that the dose-reactive methods will not exhibit the same convergence.

The characteristic behavior of the dose-reactive methods at the daily level arises
from the fact that there is always some heterogeneity in the delivered dose in a given
fraction, which causes the dose requirements for subsequent fractions to become more
heterogeneous. This effect is further compounded by the fact that there will be some
error in the delivered dose relative to the target dose, due to the PMF in each fraction
not always falling inside the uncertainty set for that fraction. As shown in prior re-
search from the medical physics community, such effects can have a significant effect
on the clinical treatment outcome. Our results thus highlight the need for treatment
planners to be cognizant of the type of daily performance we have described when
considering dose-reaction as a mechanism for combatting uncertainty in an ART set-
ting. Our results also affirm the current clinical emphasis on tumour dose homogene-
ity because as we have shown, performance in this objective is easily jeopardized if
there is too much focus on both minimizing healthy tissue dose and precisely meeting

a final dose target for the tumour.

A relevant direction for future work would be to examine the difference between
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the dose-reactive and non-reactive methods from a biological /treatment outcome per-
spective, rather than from a physical dose perspective. This could be done by using
an appropriate tumour control probability (TCP) model, for example. On the theoret-
ical side, a relevant challenge that remains is to characterize the limiting behavior of
the final dose distribution arising from a dose-reactive method under the assumption
that the PMFs converge. Another challenge is to theoretically quantify how much the
daily underdose and/or overdose from dose-reactive methods grow over the treat-
ment course and how this growth depends on the problem data, such as the specific
dose deposition coefficients, the anatomical geometry and the stability of the patient’s

breathing motion PMF sequence.



Chapter 6
Conclusions and future work

In this thesis, we have developed a novel methodology for lung cancer IMRT treat-
ments that combines offline adaptive radiation therapy and robust optimization. In
the first part of this thesis, we developed this method and showed, both theoretically
and computationally, that it leads to improved performance over the existing static
robust optimization approach on both tumour coverage and healthy tissue dose. By
improving on both tumour coverage and healthy tissue dose, this method can enable
treatment planners to safely escalate the dose, leading to improvements in treatment
outcome while maintaining the same level of toxicity to the lungs.

In the second part of this thesis, we considered an adaptive and robust method
that also incorporates dose-reaction, and we showed computationally that although
such a modification can lead to improvements in the overall dose distribution, it can
have a drastic effect on the daily dose distribution, resulting in increasing daily under-
dose and/or overdose. We also provided theoretical justification for why treatments
that modify the uncertainty set but do not modify dose requirements from fraction to
fraction should outperform treatments that also modify the dose requirements from
fraction. For biological reasons, the variability in the daily dose distribution may detri-
mentally affect the treatment outcome, which diminishes the value of dose-reaction as
a strategy for managing uncertainty in lung cancer IMRT treatments.

With regard to future work, we have already highlighted some potential directions
in Sections 4.4 and 5.4. At a higher level, the treatment of lung cancer using IMRT
requires a better understanding of the breathing motion uncertainty that is present.
For example, the robust optimization approach that is employed in this paper is based

on the use of breathing motion PMFs that describe the proportion of time that the
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patient spends in each of finitely many phases of the breathing cycle. These relative
frequencies are calculated from a continuous signal that represents the displacement
of tumour as a function of time. By aggregating this continuous signal into a single
PME, one loses sight of much information that may be useful. For example, within
any given breathing cycle, the time the tumour spends in each phase does not exhibit
significant variability; it may be possible to use such information to guide the design of
uncertainty sets. Similarly, there has been little research into the statistical properties
of patient PMF sequences. With enough data, it may be possible to identify which
kinds of assumptions are reasonable and incorporate these into treatment planning
models.

Another major direction for lung cancer IMRT research is the use of functional
imaging data. In the models that we have considered in this thesis, the treatment
plan is designed based on computed tomography (CT) images, which only allow for
the geometric delineation of different anatomical structures. However, there have
been recent developments in functional imaging modalities, such as positron emis-
sion tomography (PET), magnetic resonance imaging (MRI) and single photon emis-
sion computed tomography (SPECT). These imaging modalities are distinct from CT
in that they provide information about biological properties in different structures.
For example, PET and MRI can be used to measure how hypoxic (lacking in oxygen)
different parts of the tumour are, and SPECT can be used to measure the perfusion
capacity of different areas of lung tissue. These biological properties are of interest
because they all affect radiation therapy in some way. For instance, parts of the tu-
mour that are hypoxic are known to be more resistant to radiation, which warrants
an escalation of the dose to those parts. Similarly, by knowing the perfusion capacity
of different areas of lung tissue, the treatment can be designed to deliver less dose to

those functional areas. Functional imaging leads to further questions:

e Given functional images pre-treatment, how should that data be incorporated

into an optimization model?

e Given repeated functional images during treatment, how should the treatment
be adapted to changes in these functional images? Biological properties can vary
over the treatment course; for example, the spatial distribution of hypoxia within
a tumour may change due to temporary occlusions of blood vessels and due to

reoxygenation induced by radiation damage.
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¢ Given uncertainty in functional imaging data, how should the treatment be de-
signed? For instance, PET can be used to measure the metabolic activity within
a tumour, which can then be used to target the most metabolically active areas of
the tumour. However, healthy tissue at the boundary of the tumour can exhibit
an inflammatory response due to irradiation; when this occurs, the metabolic ac-
tivity of the healthy tissue also increases. In such cases, there may be uncertainty
as to whether a region of high metabolic activity at the tumour boundary is due

to new tumour growth, or damaged healthy tissue.

All of these issues remain important problems in incorporating functional imaging
information into adaptive radiation therapy treatments for lung cancer.

Lastly, it is worth taking a more comprehensive view of lung cancer. In this the-
sis, we have focused on how radiation therapy treatments for lung cancer can be im-
proved. However, in optimizing the design of radiation therapy treatments, we must
not lose sight of the fact that radiation therapy has certain fundamental limits as a
technology and may not be the best solution approach. Perhaps the best illustration
of this thought is in Table 4.1 of Chapter 4, where the adaptive robust optimization
method is compared to the prescient solutions for the first PMF sequence. We have
already presented one way of reading the results in this table: the adaptive robust
method attains performance comparable to that of the prescient solutions. Yet there
is another, more sobering way of reading these results: even with perfect foresight, as
simulated by the prescient solutions, the best we can hope for is a mean left lung dose
of 17.54Gy. From an engineering perspective, we should indeed ask how close we can
come to such barriers — but we must also ask whether those barriers can be broken.

Already there are technologies that promise this. In this thesis, we have exam-
ined the use of conventional photon-based radiation therapy. An alternative to this
is proton therapy, where instead of photons, protons are used to damage the DNA
of cancer cells. The key difference between protons and photons lies in their energy
deposition profile (Schulz-Ertner and Tsujii [2007]). As photons pass through tissue,
the energy deposited increases and reaches its peak early, and subsequently falls off
slowly. In contrast, as protons pass through tissue, the energy deposited increases
slowly and reaches its peak later, and then drops off much more sharply. The clinical
consequence of this physical difference is that protons can be used to treat tumours

with less damage to healthy tissue than photons. One challenge with using proton
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therapy is that due to artifacts in CT images and uncertainties regarding tissue den-
sities, there can be some uncertainty in when the point of maximal energy deposition
(known as the Bragg peak) occurs, which has prompted research into appropriate op-
timization models (Unkelbach et al. [2007], Fredriksson et al. [2011]). As these types
of issues are resolved, we can expect proton therapy to become a better option for the
treatment of lung cancer than conventional photon therapy.

But even with these possibilities, we need to remember that these are technolo-
gies for treatment; they do nothing to prevent new cases of cancer, which numbered
approximately 1.6 million in the United States (American Cancer Society [2011]) and
170,000 in Canada (Canadian Cancer Society’s Steering Committee [2011]). At the
same time, the American Cancer Society estimates that of the 570,000 deaths in the
United States that are due to cancer in 2011, approximately 170,000 of those (just un-
der one third) are expected to be attributable to tobbaco use and that one third of
those 570,000 deaths will also be related to “[obesity], physical inactivity and poor
nutrition” (American Cancer Society [2011]). Similarly, Anand et al. [2008] estimates
that only 5-10% of all cancer cases originate from genetic defects, while the remain-
ing 90-95% are due to environment and lifestyle. In light of these statistics, one may
therefore ask how we can effect appropriate changes in lifestyle and environmental
factors to reduce the incidence of cancer. Effecting such changes will by no means
be easy, but the benefits to the healthcare system and society at large would be quite
significant. The advancement of cancer prevention, therefore, represents an important

complementary research effort to the advancement of treatment technology.



Appendix A

Proofs for Chapter 4

In this section, we provide proofs of the results in Section 4.2. The first subsection
describes the assumptions that were made in the analysis; all subsequent subsections

follow the organization of Section 4.2.

A.1 Assumptions

Assumption 1 For every voxel v € T and motion state x € X, there exists a beamlet b € B
such that A, ., > 0.

This assumption is reasonable because it simply asks for the number of beamlets to not
be too small. If this assumption does not hold, then the margin problem is infeasible.

Let v* be defined as the optimal objective value of the following linear program:

minimize vy

subject to Z Ayppwp >0, YveT,zelX,
beB

> Apaywy <A, YweET, z€X, (A.1)
beB

v =1,
wsz, Vb € B.

It is the lowest value of the parameter v of problem (3.1) under which the margin prob-
lem remains feasible. Problem (A.1) is bounded because v > 1, and feasible because

of Assumption 1. Our next assumption is on how the maximum dose parameter ~ is
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selected:

Assumption 2 The parameter ~y of problem (3.1) satisfies v > ~*.

If v is strictly less than v*, then the margin problem is infeasible. If v is exactly equal
to 7*, then every feasible solution of the margin is such that there is some v € 7 and
some r € X such that >, s A, ,,w, = 70,. By setting 7 to be slightly higher than ~*,
we allow for a slightly higher amount of dose in the tumour. The importance of the
maximum dose constraint in the formulation of the robust problem is to control the
homogeneity of the tumour dose (see Bortfeld et al. [2008]); the homogeneity we lose
by increasing v by a small amount above 7* is negligible. This assumption is satisfied
for the data used in Section 4.3.

An immediate consequence of Assumptions 1 and 2 is the following proposition.

Proposition 3 There exists a beamlet intensity vector w such that for every b € B, w, > 0,

and for every v € T and every x € X, 0, < D g Doz pwWp < V0,

Proof: Since v* is the minimum of problem (A.1), there must be an intensity vector
w that is feasible for 7*, which means that for every v € 7 and every z € X, 0, <
ZbeB Ay zpwp < 7*0, and for every b € B, wy, > 0. Since v > v* by Assumption 2, this
means that for every v € T and r € X, 0, < >, s Ay pwy < 70,. We now need to
carefully modify w to satisfy the conditions of the proposition. In Step 1, we modify
w to obtain a w’ for which 0, < >, s A, ,sw; forevery v € T and x € X. In Step 2, we

take the w' of Step 1, and modify it so that all of the beamlet intensities are positive.

Step 1. Define the set L as

L:{(v,x)e’TxX

91} = Z Av,:z:,bu}b} .
beB

L is the set of voxel and motion state pairs for which the constraint 6, < > pei Do bWh

is active. If L is empty, we go to Step 2, substituting w for w’. Otherwise, for each

(v,z) € L, Assumption 1 furnishes a beamlet b such that A, ,, > 0. Let B be the set of

all such beamlets; that is,

B={becB|A,.; > 0forsome (v,z) € L}.
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Let ez be a vector which is 1 at every beamlet b € B and 0 at every other beamlet. Let

the constant k& be defined as

k — min {791) - ZbeB Av,a[:,bwb
Zbeé Avab

(v,x)ETxX}.

The constant k is positive and finite because for each (v,z) € L, >, 5 A, 2 is non-zero
and 0, — >,z Ay 2 pwy is positive.
Now, define a new intensity vector w' = w + (k/2)eg. For every (v, z) € L, we then

have

> Aaswy =3 Apaywy+ Y Ambg

beB beB b

> Z Av,r,bwb

beB
=0,,

where the strict inequality is due to ), 5 A, . > 0and k& > 0. For (v,7z) ¢ L,

Z Av,x,bw{) = Z A%z,bwb + Z A”U,E,bg

beB beB bel

Z Z AU,z,bU)b

beB

> 0,

because ), 5 Ay 4k is non-negative. Next we check that w’ still strictly satisfies the

upper bound constraint. For every (v,z) € T x X such that >, _sA, ., > 0, we have

Z Avaxabwé = Z Av,ac,bwb + Z Av,x,bg

beB beB el

< E Av,ac,bu}b + E Av,x,bk

bGB beB

3 3 10y — D pep Do bW
S Av,x,bwb + Av,z,b : Z _A

beB beli beB Zvab
= § Av,:zc,bu}b +70v - § Av,gv,bU)b

beB beB

= 701}7
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where the first inequality follows because £ is positive and the second inequality fol-
lows from the definition of k. For every (v,z) € 7 x X suchthat ", A, ., =0, we
simply have

Z Av,x,bw{) = Z Av%bwb + Z AU’IJ’S

beB beB bel

- E Av,m,bwb

beB

< 70,.

Therefore, w’ satisfies

0, < Z Ay pwy < 0,
beB

for every tumour voxel v and motion state z.

Step 2. Suppose we have a w’ that satisfies

O < D Ayaptwy <0,
beB

for every tumour voxel v and motion state z. Let B, be the set of beamlet indices b
such that w; = 0. If B, is empty, we are done; otherwise, let e, be the vector which is

1 at every beamlet b € By and 0 at every other beamlet.

If > i, Avap = 0 for every (v,z) € T x X, then select any y > 0 and define

w = W’ + yep,. In this case, we are done; it is easy to check that

91} < Z Avjva’u_}b < ")/(91,
beB

forevery v € 7 and = € X, and also that w, > 0 for every b € B.

If Zbego Ay zp > 0 for some (v,x) € T x X, then define y as

v,r) €T x X 3.
ZbGBo Av,:&b ( ) }

The constant y is positive and finite because v0, — >, s Ay zpw;, > 0and ), By Dozp >

0. Let w = w’ + (y/2)eg,. Since each beamlet’s intensity has either stayed the same or
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increased, it is clear that
91} < Z Av,a},bwb

beB
holds for every v € T, x € X. For every (v,x) € T x X such that ZbeBo Ay zp >0, we

have

Z Av,:z:,leb - Z Av,mwg + Z Av,m,b%

beB beB beBy
2 : ! 2 :
< Av,m,bwb + Av,m,by
beB beBy
O — > e Do zpW)
' Y0y beB Sz, b Wh
S E Av,x,bwb + E Av,x,b ( Z A
beB beBo beBy —v,T,b
§ : / § : /
= Av,a},bwb + 7911 - Av,a:,bu}b
beB beB
= 791”

where the first inequality follows from y being positive and the second inequality
follows from the definition of y. For every (v,z) € T x X suchthat ),z A, . =0,

we simply have

Z A1),36,1)11]17 = Z Av,x,bwg + Z Av,x,b%

beB beB beBo

/
= E Av,:z:,bujb

beB

< vb,.
In either case, w satisfies the condition of the proposition, for we have that

O < D Ayaptly < 70,
beB

for every v € T and « € X and that w, > 0 for every beamletb € 5. B

Assumption 3 For every beamlet b € B and every phase x € X, there exists a voxel v € V
such that A, ., > 0.

This assumption is reasonable, because it simply asks that the patient geometry ac-

counts for a sufficiently large amount of the healthy tissue around the tumour. This
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condition is satisfied for the data used in Section 4.3.
The importance of Assumption 3 is that it implies that the robust problem has a

bounded optimal solution set.

Proposition 4 The set of optimal solutions to the robust problem (3.1) for any uncertainty set

P is a bounded set.

Proof: Let w* be an optimal solution of the robust problem (3.1), and let &' € 5. We
know already that w;, > 0. Since ) _ p(x) = 1, there must be a phase ' for which
p(x’) > 0. By Assumption 3, there must be a voxel v € V such that A,/ .- > 0. Let
Z* be the optimal objective function value of the robust problem. This value is finite
because each component of every feasible intensity vector is bounded from below by
0. Then, we have that

Z" = Z Z Z Av,x,bﬁ(x)wz > Av’,x’,b’ﬁ(x/)w;‘
veV zeX beB

Since A, wp(x’) > 0, it follows that

Z*

wy < —mm——.
b Av’,z’,b’p(a:/)

Since each optimal beamlet intensity w; is bounded in this way, the set of optimal

solutions of the robust problem (3.1) must be bounded. B

A.2 An alternative robust problem

Proof of Lemma 1: We prove the result by showing that the feasible regions of the
two problems are identical. Suppose that w is feasible for (3.1). Then for every p € P

andv e T,
91} S Z Z Av,x,bp(x)wb S ’791)
rzeX beB
Sinceq',...,qM € P,
6)11 S Z Z Av,z,bqj(x>wb S 79v
zxeX beB

holds for every j € {1,..., M} and every v € T, which proves that w is in the feasible
region of (4.8).



APPENDIX A. PROOFS FOR CHAPTER 4 90

For the reverse inclusion, suppose that w is feasible for (4.8), and let p be an arbi-
trary PMF in P. Since P = conv{q',...,q"}, there exist scalars A, ..., A\yy > 0 such
that Zj\il A; =1land

M .
Z A4’ = p.
j=1

Because w is feasible for (4.8), foreach j € {1,..., M} and v € T we have

91} S Z Z Av,x,bqj(x)wb S '7011’

reX beB

or equivalently,
)\jev S Z Z Av,x,b)\jqj(x)wb S Ajfye”'

zeX beB

Adding up all three terms over j produces the desired inequality

91} S Z Z Av,a:,bp(x)wb S '7011 |

zeX beB

Before we prove Proposition 1, it is helpful to introduce some additional notation.
Let the matrix A(q', ..., q") be defined as

T(q',...,q")
~T(qd",....q")
A‘(q17 A 7q]\/[) == I )

OT

where I is the | B|-by-|B| identity matrix, 07 is a row vector of zeroes of length |B| and

T(q',...,q") is a matrix defined (component-wise) as

T(v,j),b(qla cee 7qM) = Z Av,x,bqj<x)-

zeX

The rows of T(q',...,q") correspond to (v,j) pairs (v € T, j € {1,..., M}) and the

columns correspond to beamlets b € B.
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Let the column vector ¢ be defined as

where 0 is a |B|-component column vector of zeroes, 0 is the scalar zero and z is a

column vector defined (component-wise) as

Z(ij) = 91}.

To understand why A and c are defined in this way, consider the set
W = {W GR‘B“A(ql,...,qM)w—I-C < 0},

where 0is a 2M|T| + |B| + 1-component column vector of zeroes and the inequality is

taken component-wise. The set VW is the set of all w € R!8l such that

Z Ayapd (x)wy —~0, <0, Vie{l,....M},veT,

zeX

—ZAvﬁx,bqj(x)wb—l—@U <0, Vje{l,....M},veT,

zeX

—w, <0, VbeBRB,

which is precisely the set of feasible solutions to problem (4.8) with the defining PMFs
q!,...,qM. In other words, the set of feasible w can be written as a set of the form

{w € RIFl| g(w) < 0}, where g is an affine function.

We first show that if the defining PMFs all converge to a PMF p*, then the affine

functions defined using the matrix A(,...,-) and the vector c above also converge.

Proposition 5 Let (q')°,, ..., (g™, be sequences of PMFs in P, each of which con-
verges to p*. The sequence of affine functions (%), where f* : RIBl — REMITIHBIHL defined
as

Fiw) = A", @ w e,
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converges pointwise to the affine function f defined as

Proof: For every j € {1,..., M} we have that as i — 0o, ¢/* — p*. This means that

for every (v, j) pair and beamlet b,

T(U,j),b(qLia o 7q1\/j7i> = Z Av,:p,bqj7i(x) — Z Av,x,bp*<x> = T(’U,j),b(p*a o 7p*)

zeX rzeX
asi — oo. In other words, T(q'%, ..., q*") converges component-wise to T(p*, ..., p*).
Since the only other matrices used to form A(q!, ..., q") are always constant (—I and

07), regardless of q',...,q", we can deduce that A(q",...,q™") — A(p*,...,p")
component-wise as i — 0o.

Let w € R8I, Let k be the index of a row of A(-, ..., -); the kth coordinate function
of f%is then

fulw) = Z Arp(a™, -, q™wy + ¢
beB

We have already established that Ay ,(q", ..., ™) — Ax,(p*,...,p*) as i — oo for
every b € B and every row k of A. Since the kth coordinate of f* is just a linear
combination of components of A(q'?, ..., q*") plus ¢, it must converge to the same

linear combination of the limits of those components plus ¢, — in other words,

f]i(W> = Z Alﬁb(ql’i, . ,qM’i)wb + Cr — Z Ak,b(P*, e ,p*)wb + Cr, — fk(W)
beB beB

Since this holds for every coordinate function k, we must have that f'(w) — f(w) as

i — 0o, which is the required result. B

Before we prove the next proposition, we need some additional definitions. Fol-
lowing Dantzig et al. [1967], we say that a sequence of subsets (A4,)22; of a metric
space X converges to a set A if lim, , A, = lim, ,,, 4, = A. This is the form of set

convergence used in Proposition 1. The two limit operations are defined as

lim A, = {x eX ‘ x = lim z,,where x,, € A, for all but a finite number of n}

n—o00 n—oo
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and

lim A, = {x €X ‘ z = lim x,,, where {n,} is an infinite subsequence in Z,and z,,, € Ani} :
n—oo

n—oo

We define the rank of an affine function g(w) = Aw + c as the rank of the matrix A. If
g:R" = R™and I C {1,...,m}, then the function g, is the function consisting only of
those coordinates of g corresponding to indices in [, i.e., g;(z) = A;x + c¢; where A;

(cr) consists of the rows of A (components of c¢) corresponding to indices in /.

We can now prove Proposition 1.

Proof of Proposition 1: Let (f*)3°, and f be defined as in the statement of Proposi-
tion 5. Let H(f*) = {w e RIF!| fi(w) <0} and H(f) = {w € RIFl| f(w) < 0}, where
Oisa2M|T| + |B| + l-component column vector of zeroes and the inequality is taken

component-wise. We can immediately see that
H(f)=H(q",...,q"")

and

The margin problem uncertainty set contains the singleton set {p*}, so the feasible re-
gion of the margin problem is contained in the feasible region of the nominal problem
with respect to p*. The nominal problem with respect to p* is equivalent to the alter-
native robust problem (4.8) with all M defining PMFs set to p*. By Proposition 3, the
margin problem has an interior solution, so the feasible region of the margin problem

is non-empty. Therefore, H( f) is also non-empty.

Now, define I as
I ={k|fi(w)=0forallw e H(f)},

with £ ranging over all the coordinates of f (row indices of the matrix A(p*, ..., p*)).
The set I consists of only the index corresponding to the last row of the matrix A(p*, ..., p*).
This is because the w of Proposition 3 satisfies —Iw < 0 (from the condition on the w;’s
being strictly positive), —T(p*,...,p*)w+z < 0 (because w satisfies ), .z A, ;. ywy, > 0,
forallv € T,z € X)and T(p*,...,p*)w — 7z < 0 (because w satisfies ),z A, ; pwy <
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~0, for all v € T, x € X). In contrast, the last coordinate of the affine function f is
0'w+0=0

regardless of w. Therefore, the set I consists of only the index of this last coordinate.
This means that rank f; = rank [0”] = 0 and for every i, rank f; = rank [07] =0,
and in particular that
lim sup (rank f}) < rank f;. (A.2)

i—00
Invoking now Theorem I1.2.2 of Dantzig et al. [1967] which requires (A.2), we have
that either lim; ,o, H(f") = H(f) or H(f*) is empty for infinitely many . The latter
case is not possible by Proposition 3 (the w of Proposition 3 belongs to every set H(f*)).
Therefore, we must have lim; ., H(f*) = H(f) or equivalently, lim; ,., H(q', ..., q™")
H(p*,...,p"). 1

We now prove Proposition 2 (the convergence of optimal solution sets of the alter-

native robust problem).

Proof of Proposition 2: By Proposition 1, whenever (q'*,. .., g*") converges to (p*, . ..

My

as i — oo, H(q"",...,q"") converges to H(p*,...,p*). For any (q',...,q")-tuple,

H(q',...,q")isnon-empty because it contains the w of Proposition 3. The set H(q', ...

is also a closed and convex set (it is a polyhedron). The function Z is a linear function
on R/8l, and therefore continuous and quasiconvex. The set M(Z | H(p*,...,p*)) is
non-empty because by the constraints in H(p*, ..., p*), each beamlet’s intensity w is

non-negative, so Z is always bounded from below by 0, and

minimize Z(w)

subject tow € H(p*,...,p")

is a linear optimization problem. The set M (Z | H(p*,...,p*)) is a bounded set, be-
cause it is the set of optimal solutions of the nominal problem with respect to p*,
which is bounded by Proposition 4. The set U(M(Z | H(p*,...,p")),¢) is therefore
the epsilon neighborhood of a bounded set, and so it must also be bounded. Since
U(M(Z| H(p*,...,p")),€) is the union of open sets, it is open.

From these observations, the hypotheses of Theorem 1.3.3 of Dantzig et al. [1967]

are satisfied. Invoking it furnishes a neighborhood of (p*, ..., p*) such that whenever
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(d',...,q")isinside that neighborhood, M (Z|H(q',...,q™)) CU(M(Z|H(p*,...,p")),€).
Since each (g’"):2; sequence converges to p*, there must be an N € Z, such that for

i> N, (q",...,q"") is within that neighborhood, and thus M (Z | H(q"", ..., gM?")) C
U(M(Z|H(p*,...,p")),c). B

A.3 Convergence of optimal solutions sets and dose dis-

tributions under convex-convergent update algorithms

First we prove that the exponential smoothing and running average update algo-

rithms are convex-convergent.

Proposition 6 The exponential smoothing update algorithm with o € (0, 1] and the running

average update algorithm are convex-convergent update algorithms.

Proof: The first defining property of a convex-convergent update algorithm is that
for each i € 7Z,, there exists an o; € [0,1] such that £*' = (1 — ;)€ + a;p’ and
ut = (1 — a;)u’ + a;p’. From equations (4.1), (4.2), (4.3) and (4.4) in Section 4.1.1,
we know that both the exponential smoothing and running average updates satisfy
this property: for exponential smoothing, we set a; = « for every i € Z,, while for
running average, we set a; = i/(¢ + 1) for every i € Z,.

The second defining property is that if (p)$2, converges to p*, then so must (£)2°,
and (u’)°,. To show the convergence property for the running average update, re-
call that for any real-valued sequence (a;):2, that converges to a € R, the sequence
of arithmetic means (0;);2, where 0; = (a1 + - -- + @;)/i also converges to a (see Ex-
ercise 14 of Chapter 3 in Rudin [1976]). The vector sequence (£')2, is the sequence
of arithmetic means of the vector sequence (£',p!,p? p?,...), and similarly (u’):,
is the sequence of arithmetic means of the vector sequence (u', p',p? p?,...). For
every x € X, the scalar, real-valued sequence (¢*(z))°, converges to p*(z) because
(0 (z),p'(x), p*(x), p*(x),...) converges to p*(x) and similarly (u’(x))°, converges to
p*(z) because (u'(z),p'(z),p*(z),p*(z),...) also converges to p*(z). Therefore, the
lower and upper bound vectors converge to p* in every component (z € X), which
means that as i — oo, £° — p* and u’ — p* as vectors.

To show the convergence property for the exponential smoothing update, let us

consider (£')22,; the proof for (u’)2, follows in exactly the same way.
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Let € > 0 be given. Since p* — p* as ¢ — oo, there is an N; € Z, such that for all
i > Ny, ||p* — p*|| < €/2. Also, since 0 < a < 1, there is an N, € Z, such that N, > N,

and for all i > Ny, (1 — )M [N — p*|| < €/2.

For ¢ > N, note that by iterating the definition of exponential smoothing, we can

write ¢ as

Ei — (1 o Oé)iiNleNl 4 (1 o Oé)iiNlilO[le + (1 o Oé)iiNlizOéleJrl

N O./(l _ a)pi—Q + api—l
i—N1

=(1—a) MM+ Y (1 —a) M TapMti-!
j=1

Note also that

i— N1
Y l-a)f M Ta=1-(1-a)".
j=1

Putting equations (A.3) and (A.4) together, we have, for i > N,

i—Ny
Ei N p* _ (1 N a)i—N1£N1 + Z (1 _ a)i_Nl_japN1+j_1 N p*
j=1

1—N1

(A.3)

(A.4)

= (=)™ £ 37 (1= @) N Tap™ I - (1= (- a) M)p — (1 - )V’
j=1

i—N1p i—N7

=(1—a)™" (" —p") + Z (1—a)~MTap™MHi—t — Z (1 —a) =M ap*

j=1 j=1
i—Ny
— (=) (0 =)+ 3 (1= a) N (pNH - )
j=1
Taking norms, for ¢ > N,
i—Ny
€= p*ll = || (1= o)™ (€% —p?) + 30 (1 ) Ve (pN  p)
7=1
i—Ny

<(1—a) M eN —p*| 4+ ) (1 —a) M Ha|pM T - p|
j=1
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i— N1
€ i—Ni—j €
<§+Z(1—a) ! ag
7j=1
€ . €
=—+(1-(1—-a) ™M)=
;T -(=a)™) 3
<€
=22

(@)

where the first inequality follows from the triangle inequality, the second inequality
tollows from our choice of N; and N,, and the last inequality follows because 0 <
(1-(1—a)~™) < 1. This proves that £ — p* as i — oo. The proof that u’ — p*

follows in exactly the same way. B

Before proving Theorem 1, we need to establish an auxilliary lemma. This lemma
states that if we modify an uncertainty set P by taking the convex combination of £ and
u with an observed PMF p, then the resulting uncertainty set is the same as one ob-
tained by applying the same convex combination to the M defining PMFs ¢, ..., q"

whose convex hull is P.

Lemma 2 Let o € [0,1]. Let P be an uncertainty set defined by £ and u, and let q*, ..., g™
be M PMFs such that P = conv {q},...,qM}. Let p € P, and let P be the uncertainty set
defined by

&~
Il

(1 — )l + ap,

(1 —a)u+ ap.

gl
I

Then P = conv {q",...,qM}, where

¢ = (1 —a)q’ +ap,
forevery j € {1,...,M}.

Proof: Ifa = 1,thenf =01 = p,so P = {p}. At the same time, ¢’ = p for every j, so
conv {6117 L 7(~1M} = {13}
Now consider o < 1. We will first show that P C conv {q',...,q"}. Let p> € P,

and define p' as
(6%

l—«

1
1 b.

— 2 _
p _1—ap
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We claim that p' € P. Forany = € X,

= (1= a)l(x) + op(w)] — ———p(x)
={(x) + %]5(95) 7 faﬂ@

= {(z).

A similar argument can be used to establish that p'(z) < u(z) for each z € X.

Since pt € P and P = conv{q},...,q"}, there exist \j,...,A\yy > 0 such that
ij‘il A; =1land

M
p' =) Nd'.
j=1
If we now form the sum Zjvil \;@’, we see that
M M
> nd => N [(1-a)d +ap]
j=1 j=1

M M
= (1 —OC)Z)\jq] +aZ)\jf)
j=1 j=1

=(1—-a)p' +ap
1 a -
=(1-a) [I_QPQ— 1_ap} +ap
in other words, p? € conv{q?,...,q"}.

To prove that conv {q',...,q"} C P, note that since P = conv {q',...,q"}, each
q’ € P. Then, forany j € {1,..., M} and any component = € X,

@ (2) = (1 - )¢ (2) + ap(z) = (1 - a)l(z) + ap(z) = ()

and

¢ (x) = (1 = )¢’ (z) + ap(z) < (1 - a)u(z) + ap(z) = a(z).
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As a result, each ¢’ belongs to P. Since P is a convex set, it will contain any convex
combination of ', ..., . It therefore follows that conv {q',..., "} C P, and thus
that P = conv {g',...,q"}.

We use Lemma 2 in the proof of Theorem 1.

Proof of Theorem 1: The first lower and upper bound vectors £' and u! correspond
to the uncertainty set P!, which is a bounded polyhedron. As such, it can be written
as the convex hull of finitely many PMFs g, ..., q""!. Since the update algorithm is

convex-convergent, for every ¢ € Z, there is an «a; such that

£ = (1 — o)l + a;p’,

ui+1

(1 —a;)u’ + ayp'.
Foreach j € {1,..., M} and each i € Z,, define ¢’**! recursively as
= (1 - a)d” + ap.

Let P’ denote the uncertainty set specified by £ and u’. By repeatedly applying
Lemma 2, we can see that P' = conv {q",...,q""}. By Lemma 1, problem (3.1) with
the uncertainty set P’ and problem (4.8) with defining PMFs q'*,. .., q"" are equiva-

lent and have the same feasible region. Therefore, it follows that
W€ u') = M(Z|H(q",...,q"")).

Also, as we noted immediately after Proposition 1, the nominal problem with respect
to p* is equivalent to the alternative robust problem (4.8) with all M defining PMFs

set to p*; we therefore have that
w*(p*) = M(Z|H(p",...,p")).

By the definition of the sequences (q’*):°, for each j € {1,..., M} and by the con-
vergence property of convex-convergent update algorithms, ¢/ — p* for each j €
{1,..., M} asi — oo (each (q’*):°, sequence can be treated as a lower or upper bound

vector sequence in the definition of a convex-convergent update algorithm). Applying
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Proposition 2 with any € > 0, we obtain an N € Z, such that for every i > N,
w (€', ') C U(w"(p"),e),

as required. H

Before we can prove Theorem 2 (the dose distribution from the adaptive robust

method approaches the set D), we need two additional lemmata.

Lemma 3 Let p' € Pand w,y € RIBl. Then
|AP* (W —y)|| < [V] - max Ay oy - [w =y,

where the maximum is taken over all voxels v' € V, motion states ' € X and beamlets b/ € B.

Proof: We have

|Ap (w — )’H—Z ZZAMW Wy — Yp)

veY |xeX beB
<N A (@) wy —
veV x€X beB
<SS max Awp o) s —
veV xeX beB
= V| - max Ay p - Z (Zp > |wy — v
beB \zeX

== ’V‘ - maXx Av/,x/,b/ . HW — yH,

as required. W

Lemma4 Let p,q € P and w € RIBl, with each wy, > 0. Then

|A(P - QW|!<maXZZAm'bwb Ip—all-

veY beB

Proof: We have

I1A(P — qWH_Z ZZAvxb —q(x))wy

veV |zeX beB
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< Z (Z Z Av,x,bwb> Ip(z) — q(z)]

zeX \veV beB
= o] (25 ) oS IR E R
zeX veV beB
= (gl}g)}gz Z Av,z’,bwb> Ilp —all,
veV beB

as required. W
We now prove Theorem 2.

Proof of Theorem 2: Let ¢ > 0 be given. The set of optimal solutions of problem (3.1)
with P = {p*}, denoted w*(p*), is closed (it is a polyhedron) and is bounded by
Proposition 4. Since w*(p*) C RI®l, w*(p*) is compact.

The function Y : RIBl — R defined as

Y(w) = max Y A,

veV beB

is a continuous function, so by the extreme value theorem, it attains a maximum on
w*(p*). Let Y denote that maximum value.

Since p' — p* as i — oo, there must exist an N, € Z, such that, fori > N,

, €
T K < —
P =Pl <55

By Theorem 1, there must also exist an N, € Z, such that, for i > Ny,

x(pi i - €
W(E’U)QU(W(p)’3~]V|~maxA/,b,)'

Set N3 = maX{Nl, NQ}
Define the functions Q; : R8I — R for each i < N; as

Qi(w) = [|[Ap'W' — Ap*w||.

Recall that for each i, w' € w*(€',u’) is the optimized intensity vector determined
by the adaptive robust method for fraction ¢ and w'/n is delivered to the patient in

fraction i. Like Y, each (; is also a continuous function, and since the set w*(p*) is
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compact, each (; attains a maximum on w*(p*). Let ; denote each of those maximum
values. Since 1/n is a decreasing function on Z. , there must be an N, € Z,, Ny > N3,
such that, for n > Ny,

N3
=1

Now, let n > N,. To prove our result, we will construct a dose vector inside D

S|
Wl m

whose epsilon neighborhood contains 1/n -y | Ap‘w'.

For each i > N3, select y* € w*(p*) so that

€

3 ’V| - max A'U’,m’,b’ .

W' =yl <

Such a y’ exists because w' is contained inside the union of all open balls of size
€/ (3-]V] -maxA, ) centered at points in w*(p*), so there must be at least one

y' € w*(p*) such that

. . €
‘e By, .
W (y 3 . ’V‘ - max A’U/,:t/,b/)

For i < N3, select any y* € w*(p*).

Lety = 1/n- > ", y". The beamlet intensity vector y belongs to w*(p*) because
it is the convex combination of the beamlet intensity vectors y', ..., y", which are all
elements of the convex set w*(p*). Since y € w*(p*), the dose distribution d defined

as
P o ;1 P

belongs to D. We will now verify that the epsilon ball of d indeed contains 1/n -
> Ap‘w'. We have

%;Apiwi —-d

=1

—_

3|

N3

Z (Apzwz o Ap*yz) + ﬁ

i=1

IA
SN

1=N3+1
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| RE . . 1
_ _ Z (Apzwz . Ap*yz) i
n 1 n
1| . . 1
SE Zz_;(pr—Apy) +ﬁ

1 - o ,

+ = Z (Apzyz . Ap*yz)

i=N3+1

1N3 o n
SEEHAPW
+— D [lapy - Ap'y|

i=N3+1

Y

i=N3+1
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n

i=N3+1

n

—Apy'[[+— > [|ap'w - Aply'|

i=N3+1

where all of the inequalities follow by the triangle inequality. By Lemmata 3 and 4

and by our definitions of Y and (2;, we have

1N37 1 n
<= O+ -
_n; +n

n

1 & o

— E Ap'w' —d

n 4 )
=1 i=N3+1

Y Vlmax Ay - W -y

+% > glg)}(cZZAv,m/,byi'l|Pi—P*||

veY beB

n

>

n.
i=N3+1

1=N3+1

1 n 1 N3 1 n
=1 =1 i=N3+1
e (n—N3) € (n—Nj3) €
<_ PR —
3+ n 3+ n 3
€ € €
< 4L
-3 3 3

n

) ) 1 _ )
. Ale//. T st _ Y. Z_*'
max Ay - W=y 42 S0V p - |

i=N3+1

. . 1 < .
. Ale/ .. A - Y . i K
max Ay 4y - ||[W .VH+n E Ip' —p7|

i=N3+1

We have just shown that 1/n- > | Ap'w’ € B(d, ¢). Since B(d,¢) C U(D,¢), we have

that
1 o
- Z Ap'w' € U(D,e),
i=1
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which proves the theorem. B

Lastly, we prove the dose distribution convergence results for the daily and av-
erage prescient methods. For the purposes of this proof, we use H(q) to denote the
feasible region of the alternative robust problem (4.8) with only one defining PMF
q. In this case, H(q) corresponds to the feasible region of the nominal problem with

respect to q.

Proof of Theorem 3: (a) (Daily prescient dose convergence.) First, observe that the
robust problem (3.1) with £ = p’ and u = p’ contains only one PMF: p’. Therefore,
the robust problem (3.1) with £ = u = p’ is equivalent to the alternative robust prob-
lem (4.8) with p’ as its one and only defining PMF. For every i € Z., it then follows
that

w*(p’,p') = M(Z|H(p')).

The feasible region of the nominal problem with respect to p* is equal to H(p*), and
we have that
w'(p*) = M(Z[H(p")).

The PMF sequence (p’):2; converges to p*, so we can invoke Proposition 2. Doing so
we obtain that for every € > 0, there exists an NV € Z, such that foralli > N,
M(Z|H(p") €U (M(Z|H(p")),e),
or equivalently,
w(p',p') C U (W' (p"),€).

From this point forward, the proof proceeds in exactly the same way as the proof of

Theorem 2.

(b) (Average prescient dose convergence.) Just as in the proof of part (a), the robust
problem (3.1) with £ = u = 1/n - Y, p’ is equal to the alternative robust problem
with 1/n - Y " | p* as its one and only defining PME. Analogously to that proof, we

have that
L1 - ;1 . i) _ 1 i
(5] vl (i)
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and that
w(p*) = M(Z| H(p")).

The sequence of averages (1/n - > "' p')52,, converges to p* (again, we appeal to
Exercise 14 of Chapter 3 in Rudin [1976], which shows that 1/n- " | p'(x) — p*(x) as
n — oo if p'(x) — p*(z) as i — oo for every z € X).

Since 1/n - """, p" — p* as n — oo, we can invoke Proposition 2. Doing so we

obtain that for every e > 0, there exists an N € Z, such that foralln > N,
M (Z

w (ﬁzplagzpl> CU (W' (p*),e).
i=1 i=1

From this point forward, the proof proceeds in the same way as the proof of Theorem 2

u (% sz)) CU(M(Z|H ), o).

or equivalently,

with suitable modifications; for completeness, we provide the full proof here.

Fix an € > 0. Just as in the proof of Theorem 2, we observe that w*(p*) is compact.
The function Y : RI¥l — R defined as

Y(w) = max Z Z Ay pWh
veY beB
is a continuous function, so by the extreme value theorem, it attains a maximum on
w*(p*). Let Y denote that maximum value. Since 1/n - Y 1", p* — p* as n — oo, there

must exist an N; € Z, such that, for n > Ny,

By the result that we proved at the beginning of this proof, there is an N, € Z,
such that for every n > N,

Ies - 1< . .
ol L ? cU * [ %k '
v (o) v (v s

Set N3 = max{N, N-}.
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Suppose now that we have an n > Ns;. To complete the proof, we will construct a
dose vector d inside D whose epsilon ball contains 1/n - Y, Ap‘w™. Recalling that
whew* (1/n-> 1 p,1/n-> 0 p'), select y" € w*(p*) such that

€
2- |V‘ - max Avlylﬁlvb/ '

Iw" =yl <

This is possible because of the fact that

€
n E U * * I ’
W (W (p ) 2. |V| - max Av’,w'7bl>

which is made possible by our choice of N3;. Define the dose distribution d as d =

Ap*y"; since y" € w*(p*), clearly d € D.
We now verify that 1/n - > | Ap'w” belongs to the epsilon ball of d. We have
RINESS
- n i=1 P
= n 4 p y Ty Py
= Zp (W' —y") + A lip" y" — Ap*y”
n i=1
: I
=IA | — i n_ ,n Al = i %
(n;p> (W' —y") + (n;p p)y
Applying the triangle inequality to this last expression, we have
Zp (w" —y")|[+ || A lZn:pi—p* y"
n

=1
By Lemmata 3 and 4 presented at the beginning of this section and by our definition

%;Apiwi —d

+

%;Apiwi —d

of Y, we then have

%;Apiwi —d

o . I .
< V] max Ay e " — 57+ (293?22%@ . Hﬁzp —p

veY beB

1<
< V - 1m Av/x/ / VVn— n Y — ¥
<[V ax @b | y"|l + Hn E_ P —P
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By our choice of Ny, N,, N3 and y", we have that

V‘ - max A’U’,x’,b’ HW” — ynH + Y .

IA

]' . 7 *
‘E;p —p

%;Apiwn —d

We have just shown that 1/n- """ | Ap'w™ € B(d,¢). Since B(d,¢) C U(D,¢), we have
that
IR
— E Ap'w" € U(D;e),
n
i=1

which is the required result. B



Appendix B

Pathological PMF sequence example
for Chapter 4

Consider a sequence of 30 PMFs where

p?*1 = (0.05,0.20,0.50,0.20,0.05), k=0,...,14,
p?**? =(0.30,0.15,0.10,0.15,0.30), k=0,...,14.

This PMF sequence oscillates between two PMFs over all 30 fractions, and these PMFs
differ quite significantly from each other. Due to the oscillatory nature of this PMF se-
quence, we would expect that the lower and upper bounds from exponential smooth-
ing would be constantly “out-of-sync” with the PMF that is realized on each day, re-
sulting in tumour underdose by the end of the treatment.

We can verify this by plotting the realized PMFs and the lower and upper bound
vectors from three exponential smoothing implementations for the last two fractions:
Figure B.1 shows fraction 29, while Figure B.2 shows fraction 30. (For the oo = 0.5 and
a = 0.9 methods, the lower and upper bound vectors are virtually identical by the last
fraction, which is why there is only one line for each of these methods on each of the
plots.) We can very clearly see that in both fractions, the realized PMF is not in any of
the uncertainty sets.

The consequences of trying to track the oscillating PMFs are visible in the dose
statistics that are shown in Table B.1. In Figures B.3 and B.4 we also plot the minimum
tumour dose as a percentage of 72Gy versus mean left lung dose as a percentage of

the static margin dose for each of the treatments for this PMF sequence. The same
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Plot of observed PMF in fraction 29 versus lower/upper bound vectors for

for three different exponential smoothing treatments.
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Plot of observed PMF in fraction 30 versus lower/upper bound vectors for

for three different exponential smoothing treatments.
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implementations (with the exception of a = 1) considered for the first PMF sequence
in Section 4.3 were considered for this sequence. The same patient anatomy and robust
optimization parameters used for the real patient sequences were also used here. As
we can see from Table B.1 and Figure B.3, the exponential smoothing update algorithm
exhibits poorer performance with increasing a under this sequence. When o = 0, the
exponential smoothing and the static solutions are identical, so as a approaches 0,
the exponential smoothing treatment will approach the static treatment with the same
initial uncertainty set. For this particular sequence, it happens that the static nominal
and robust treatments actually lead to high levels of tumour coverage, due to the fact
that the nominal and robust uncertainty sets are very close to the average PMF of this
sequence.

In contrast to exponential smoothing, the running average method is relatively in-
sensitive to the oscillatory nature of this PMF sequence. The reason for this is that
this particular PMF sequence has a well-behaved average. When the running aver-
age update algorithm is applied to this sequence, the lower and upper bound vectors
tend to the average of the sequence, and the intensity vector delivered in each fraction
converges to the intensity vector that protects against the average PMF. As we noted
in our discussion of prescient solutions in Section 4.1.2, delivering the intensity vector
that protects against the average PMF in every fraction results in no tumour under-
dose, and the running average treatment, for a large number of fractions, is delivering
a very similar intensity vector to the average PMF intensity vector, which is why it is
still able to ensure a high level of tumour coverage.

These results are not too concerning from a clinical standpoint, because a patient
PMEF sequence that changes so drastically from fraction to fraction is very unlikely to
be observed in practice. In the context of the patient anatomy that we have used for
this sequence and for the real patient sequences, a patient breathing according to this
sequence would alternate between spending 10% of the time in full inhale or exhale
(motion states 1 and 5 respectively) during one treatment session, and spending 60%
of the time in those same breathing phases during the next treatment session. As
long as the uncertainty set update algorithm retains enough memory to avoid simply
tracking the latest PMEF, these pathological cases will not significantly affect the quality

of the final adaptive robust treatment.
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Min. tumour dose Mean lung dose Mean n. tissue dose

Implementation Gy % Gy o, Gy %

(SN) 71.25 98.96 17.39  85.31 9.01 89.00
(ES(0.1),N) 70.58 98.02 1737  85.22 9.01 88.96
(ES(0.5),N) 63.46 88.14 1741  85.39 9.00 88.82
(ES(0.9),N) 54.02 75.03 17.37  85.21 8.94 88.25
(RA,N) 70.76 98.28 17.37  85.24 9.01 88.94
(SR) 71.97 99.96 18.19  89.23 9.41 92.92
(ES(0.1),R) 71.86 99.80 17.76 ~ 87.11 9.16 90.48
(ES(0.5),R) 64.27 89.26 1749  85.81 9.03 89.20
(ES(0.9),R) 53.89 74.85 1740  85.37 8.96 88.43
(RA,R) 71.50 99.30 17.57  86.17 9.08 89.64
(SM) 72.06 100.08 20.38  100.00 10.13 100.00
(ES(0.1),M) 72.04 100.06 18.34  89.97 9.42 92.97
(ES(0.5),M) 64.76 89.95 1762  86.43 9.09 89.71
(ES(0.9),M) 54.29 75.40 1750  85.83 8.99 88.75
(RA,M) 72.03 100.04 17.89  87.76 9.20 90.86
(DLYP) 72.00 100.00 17.39  85.31 8.91 88.01
(AVGP) 72.00 100.00 17.39  85.30 9.01 88.98

Table B.1: Dose statistics for the pathological PMF sequence.
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Figure B.3: Plot of minimum tumour dose versus mean left lung dose for the different
implementations applied to the pathological PMF sequence (full).



APPENDIX B. PATHOLOGICAL PMF SEQUENCE EXAMPLE FOR CHAPTER 4 112
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Figure B.4: Plot of minimum tumour dose versus mean left lung dose for the different
implementations applied to the pathological PMF sequence (zoomed-in).



Appendix C

Proofs for Chapter 5

To prove Theorem 4, we will make the same three assumptions (Assumptions 1, 2 and
3) made in Appendix A. The proof leverages a large part of the proof of Theorem 2 in

Chapter 4; for completeness, we provide the full proof here.

Proof of Theorem 4: Let ¢ > 0. By Proposition 4, the set w*(p*), which is the set of
optimal solutions to the robust problem (3.1) with P = {p*}, is a bounded set. Since

it is also a closed set, it must therefore be a compact subset of RI®. The function

Y : RIBI — R defined as
Y(w) = max Z Z Ay 2 pWp
veV beB

is a continuous function, so by the extreme value theorem, it attains a maximum on
w*(p*). Let Y denote that maximum value.
Since p' — p* as i — oo, there must exist an N, € Z, such that, fori > N,

, €
7 _ * < I
Ip* =Pl <5<

By Theorem 1, there must also exist an N, € Z, such that, for i > Ny,

. . €
W* e’L u’L C U W* *
o) U (W) gyt ).
where the maximum, max A, ,/, in the denominator of the radius is taken over all
voxels v' € V, motion states 2’ € X and beamlets V' € B.
Set N3 = max{N;, N2}, and let i > N;. To prove the result, we will construct a

dose vector inside D whose epsilon ball contains Ap'w’. Given w' € w*(£',u'), select

113
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y" € w*(p*) such that ||y’ — w'|| < ¢/(2|V|max A, . ); this is possible by our use of
Theorem 1 above. Define d = Ap*y". Since y* € w*(p*), clearly d € D.

Now, we have that

”Apzwz _ dH — HAPZWZ . Apiyi + Apiyi _ Ap*yiH
< [[Ap'w' — Ap'y’|| + |Ap’y’ — Ap*y’||
< V] max Ay W=y 4+ max 30T At 1p° - o)
veEV beB
where the first inequality follows by the triangle inequality, and the second inequal-
ity follows by applying Lemmata 3 and 4. By our choice of N;, N; and N3 and the
definition of Y, we have that

.. € . €
Ap'w' —d|| < [V|- JANWEWEES JANRIEY VL g—
AR =l < V] Ay - Ry TR 2 A Ty

€ — €

< V A/ RN Y —

_‘ | max Ay 4/ b 2'|V|'maXAvlvzl7b/+ 5.y

€

‘
2" 2

= €.

This shows that Ap‘w’ € B(d, €) for some d € D, and thus that Ap‘w’ € U(D, ¢). R
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Minimum tumor dose versus mean left lung dose
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(b) Max. tumour dose vs. mean left lung dose.

Figure D.1: Plots of minimum tumour dose and maximum tumour d

0Sse versus mean

left lung dose for implementations with a = 0 applied to the second PMF sequence.
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Minimum tumor dose versus mean left lung dose
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(b) Max. tumour dose vs. mean left lung dose.

Figure D.2: Plots of minimum tumour dose and maximum tumour dose versus mean
left lung dose for implementations with o = 0.1 applied to the second PMF sequence.
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Minimum tumor dose versus mean left lung dose
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Figure D.3: Plots of minimum tumour dose and maximum tumour dose versus mean
left lung dose for implementations with o« = 0.5 applied to the second PMF sequence.
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implementations with o = 0.9 applied to the second PMF sequence.
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(a) Mean and max. underdose, (S,-) imple-
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Figure D.5: Mean and max. underdose and overdose by fraction for implementations
using the reactive, reactive™ or reactive™ exponential smoothing methods with o = 0
or the static (non-adaptive, non-reactive) method, under the second PMF sequence.
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Figure D.6: Mean and max. underdose and overdose by fraction for implementations
using the non-reactive, reactive®, reactive™ or reactive™ exponential smoothing meth-
ods with oo = 0.1, under the second PMF sequence.
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Figure D.7: Mean and max. underdose and overdose by fraction for implementations

using the non-reactive, reactive

*, reactive™ or reactive™ exponential smoothing meth-

ods with o = 0.5, under the second PMF sequence.
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Figure D.8: Mean and max. underdose and overdose by fraction for implementations
using the non-reactive, reactive®, reactive™ or reactive™ exponential smoothing meth-

ods with o = 0.9, under the second PMF sequence.
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Figure D.9: Mean and max. underdose and overdose by fraction for the non-reactive,
reactive®, reactive™ and reactive™ daily prescient methods under the second PMF se-

quence.
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(f) Daily dose and target minimum and
maximum doses, (R7TES(0.1),R) imple-
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tation.

Figure D.10: Daily delivered dose and daily target minimum and maximum doses by
fraction for the (ES(0.1),R), (R*ES(0.1),R), (R"ES(0.1),R) and (RTES(0.1),R) implemen-
tations under the second PMF sequence. The lower error bar, median and upper error
bar for each fraction correspond to the 5th, 50th and 95th percentiles of the appro-
priate distribution, respectively. On the left-hand plots, the dashed horizontal lines

correspond to 2.4Gy and 2.64Gy.
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Min. tumour dose

Max. tumour dose

Mean lung dose

Mean n. tissue dose

Implementation Gy o, Gy o, Gy o, Gy o,

(SN) 64.37 89.40 85.82 108.36 17.18  85.11 8.99 88.92
(SR) 71.99 99.98 79.06 99.83 1799  89.12 9.39 92.90
S.M) 72.05 100.07 78.42 99.02 20.18 100.00 10.11 100.00
(ES(0.1),N) 70.46 97.87 80.74 101.95 17.51 86.78 9.00 88.99
(ES(0.1),R) 71.98 99.98 79.13 99.91 17.68  87.59 9.12 90.20
(ES(0.1),M) 72.05 100.07 78.84 99.54 18.07  89.54 9.36 92.62
(ES(0.5),N) 71.61 99.46 79.49 100.37 1755  86.96 8.98 88.87
(ES(0.5),R) 72.00 100.00 79.17 99.97 1759  87.15 9.01 89.16
(ES(0.5),M) 72.01 100.01 79.10 99.87 1769  87.67 9.06 89.65
(ES(0.9),N) 71.69 99.56 79.43 100.29 1754  86.92 8.98 88.85
(ES(0.9),R) 71.96 99.94 79.20 100.00 17.58  87.08 9.00 89.03
(ES(0.9),M) 71.98 99.97 79.15 99.94 17.65  87.43 9.02 89.27
(DLYP) 72.00 100.00 79.20 100.00 1755  86.97 8.98 88.84
(R*ES(0),N) 71.82 99.74 79.40 100.26 1755  86.96 9.07 89.75
(R*ES(0),R) 71.99 99.99 79.20 100.00 1755  86.96 9.10 90.02
(R*ES(0),M) 72.00 100.00 79.20 99.99 18.35  90.93 9.43 93.25
(R*ES(0.1),N) 71.97 99.96 79.20 100.00 17.56  87.02 8.99 88.91
(R*ES(0.1),R) 71.98 99.97 79.20 100.01 1759 8713 9.00 89.06
(R*ES(0.1),M) 72.00 100.00 79.20 100.00 17.68  87.59 9.09 89.95
(R*ES(0.5),N) 71.96 99.94 79.20 100.00 17.57  87.03 8.98 88.87
(R*ES(0.5),R) 71.96 99.94 79.21 100.02 17.58  87.08 8.99 88.92
(R*ES(0.5),M) 71.96 99.94 79.20 100.01 17.68  87.61 9.02 89.19
(R*ES(0.9),N) 71.94 99.91 79.23 100.03 17.56  87.02 8.98 88.86
(R*ES(0.9),R) 71.94 99.92 79.22 100.03 17.57  87.06 8.99 88.89
(R*ES(0.9),M) 71.94 99.91 79.22 100.03 17.64  87.39 9.00 89.04
(R*DLYP) 72.00 100.00 79.20 100.00 17.56  87.00 8.98 88.83

Table D.1: Dose statistics for the second PMF sequence under the non-reactive and
reactive™ methods.



APPENDIX D. SECOND PMF SEQUENCE RESULTS FOR CHAPTER 5 127

. Min. tumour dose Max. tumour dose Mean lung dose Mean n. tissue dose
Implementation

Gy % Gy % Gy % Gy %
(RTES(0),N) 71.83 99.76 83.73 105.72 17.55 86.94 9.17 90.74
(RTES(0),R) 72.02 100.03 79.20 100.00 17.95 88.93 9.33 92.33
(R-ES(0),M) 7212 100.16  79.19 99.99 19.18 9503  9.87 97.59
(RTES(0.1),N) 71.99 99.99 80.41 101.53 17.57 87.03 9.03 89.35
(R-ES(0.1),R) 7202  100.02 7920  100.00  17.65 87.45  9.10 90.00
(RTES(0.1),M) 72.04 100.06 79.20 100.00 17.98 89.07 9.30 92.02
(R7ES(0.5),N) 71.99 99.99 79.53 100.41 17.57 87.05 9.00 88.99
(RTES(0.5),R) 72.01 100.01 79.20 100.01 17.60 87.18 9.02 89.24
(R-ES(0.5),M)  72.02  100.03 7920  100.00  17.69  87.65  9.08 89.79
(R7ES(0.9),N) 71.99 99.98 79.48 100.35 17.56 86.98 8.99 88.95
(R7ES(0.9),R) 72.00 100.00 79.29 100.11 17.58 87.12 9.00 89.06
(R7ES(0.9),M) 72.01 100.01 79.24 100.05 17.64 87.42 9.03 89.27
(R-DLYP) 72.00 100.00 79.20 100.00 17.55 86.95 8.98 88.83
(RTES(0),N) 67.79 94.15 79.36 100.20 17.25 85.45 8.94 88.44
(RTES(0),R) 71.98 99.98 79.04 99.80 17.57 87.06 9.15 90.54
(RTES(0),M) 72.00 100.00 78.09 98.60 18.81 93.19 9.59 94.89
(RTES(0.1),N) 70.63 98.09 79.20 100.00 17.51 86.75 8.96 88.59
(RTES(0.1),R) 71.97 99.95 79.14 99.92 17.56 87.02 9.03 89.29
(RTES(0.1),M) 72.00 100.00 78.74 99.42 17.77 88.03 9.16 90.57
(RTES(0.5),N) 71.59 99.43 79.20 100.00 17.55 86.93 8.97 88.76
(RTES(0.5),R) 71.94 99.91 79.14 99.93 17.58 87.10 9.00 89.01
(RTES(0.5),M) 71.82 99.75 79.07 99.83 17.67 87.54 9.03 89.33
(RTES(0.9),N) 71.66 99.53 79.20 100.00 17.55 86.95 8.97 88.77
(R*ES(0.9),R)  71.87  99.83 7917  99.96 1757 8704 899 88.93
(RTES(0.9),M) 71.90 99.86 79.13 99.92 17.64 87.38 9.01 89.11
(RTDLYP) 72.00 100.00 79.20 100.00 17.57 87.06 8.98 88.84

Table D.2: Dose statistics for the second PMF sequence under the reactive™ and
reactivet methods.
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